Mathematica 11.3 Integration Test Results

on the problems in the test-suite directory "1 Algebraic functions\1.1
Binomial products\1.1.2 Quadratic"

Test results for the 1071 problemsin "1.1.2.2 (c x)*m (a+b x*2)p.m"

Problem 38: Result more than twice size of optimal antiderivative.

2\3
J(a+bx) ax
X9
Optimal (type 1, 19leaves, 1 step):
(a+bx2>4

8ax8

Result (type 1, 43 leaves):

a3 a’b 3ab? bl

8x8 2x® 4x* 2x?

Problem 65: Result more than twice size of optimal antiderivative.

2\ 5
J(a+bx) dx
X13
Optimal (type 1, 19leaves, 1 step):
(a+bx2>6

12 ax1?

Result (type 1, 69 leaves):

a° a*b 5a3*b? 5a%?b?> 5ab* b°

12 x12  2x1e 4 %8 3 x° 4x* 2x?
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Problem 90: Result more than twice size of optimal antiderivative.
sz’ (a+bx2)8d1x

Optimal (type 1, 34 leaves, 3 steps):
a(a+bx2)9 (a+bx2)16
- +

18 b? 20 b?

Result (type 1, 106 leaves):
atx* 4 7 28 35 7 4 b8 x2°
+—a’bxb+—afb?x®+ —atb3xP s = atb*x?+4a3bP xM*+ —a?b®x® 1+ —ab’ x4

4 3 2 5 6 4 9 20

Problem 101: Result more than twice size of optimal antiderivative.

2\8
J(a+bx) ix
X19
Optimal (type 1, 19leaves, 1 step):
(a+bx2>9

18 a x18

Result (type 1, 100 leaves):
a8 a’b 2a°b%2 14a°b3> 7a*b* 7a*b® 14a2b® 2ab’ bl

18 x18 2 x16 x14 3 x12 x1e x8 3 x° x4 2 x2

Problem 102: Result more than twice size of optimal antiderivative.

2\8
J(a+bx) i
X21
Optimal (type 1, 40leaves, 3 steps):
(a+bx2>9 b (a+bx2)9

+
20 a x2° 180 a2 x18

Result (type 1, 106 leaves):
a8 4a’b 7a®°b%> 4a°b®> 35a*b* 28a*b° 7a’b® 4ab’ bl

20x% 9 x!8 4 x16 x14 6 x12 5 x1@ 2 x8 3x8  4x4
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Problem 196: Result more than twice size of optimal antiderivative.

17

in dx
(a+b x2) 10

Optimal (type 1, 19leaves, 1 step):

X18

18 a (a + bx2)9
Result (type 1, 101 leaves):
a8 +9a’bx2+36a°b2x*+84a°b3x%+126a*b*x8+126ab>x® +84a2b®x12+36ab’ x14+9bsd x1°

18b° (a+bx?)?

Problem 197: Result more than twice size of optimal antiderivative.

X15
— dx
J (a+b x2) 1o

Optimal (type 1, 39leaves, 3 steps):

X16 X16

.
18 a (a+bx2)9 144 a2 (a+bx2)8

Result (type 1, 90 leaves):

a’+9a°bx2+36a°b2x*+84a%*b3x%+126a%b*x8+126a%b>x1®+84abd x12+36b7 x14

144 b8 (a+bx2)?

Problem 337: Result more than twice size of optimal antiderivative.

J\/?

1 - x2

dx

Optimal (type 3, 15leaves, 4 steps):

~ArcTan[V/x | + ArcTanh[/x |

Result (type 3, 35leaves):

“ArcTan[Vx | - = Log[1- Vx| + = Log[1+ Vx|
2 2
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Problem 559: Result more than twice size of optimal antiderivative.

1
——dx
J\/ -9 +4x?
Optimal (type 3, 19leaves, 2 steps):

1 2 X
= ArcTanh|

2 V-9+4x?

Result (type 3, 43 leaves):
2 X 1 2 X

Problem 589: Result unnecessarily involves imaginary or complex numbers.
J(cx)7/2xla+bx2 dx

Optimal (type 4, 184 leaves, 5steps):
20a%2c3\ex Va+bx? 4dac (cx)??a+bx? 2 (cx)?2+a+bx?
- +

+ ¥

231b? 77b 11c
10 all/4 ¢7/2 (\/;Jr\/Fx) \/7(\5%\;)()2 EllipticF[ZAr‘cTan[%%], 5]

231b%4/a+bx?
Result (type 4, 155leaves):
iva

! 2c3/ex iva (-10a°-4a%bx?+27ab?x*+21b>x®) +10ia> [1+ az V/x EllipticF[i ArcSinh| i ], -1]

231 [ L2 p2 /b vb i \d

Vb

Problem 590: Result unnecessarily involves imaginary or complex numbers.
J(CX)5/2\/a+bX2 dx

Optimal (type 4, 301 leaves, 6 steps):
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4 3%/4 ¢5/2 (ﬁﬁ-\/FX) AZZ EllipticE[ZAr‘cTan[%E}, i]
4ac (cx)¥?~a+bx? 2 (cx)”?a+bx* 4a’c*/cx Va+bx? (Va /o x| Ve
- +

+

45b 9c 15 b3/2 (\/?H/Fx) 15b74\/a+bx?
229452 (Va +/b x| |22 EllipticF[2ArcTan|2Yex ) 1
e >\/ [ | Caiye 12l
15b7/4~/a+bx?
Result (type 4, 191 leaves):
1 ivVb
2c2/ex |\/b x i\/b x (2a®+7abx*>+5b%x*) -
; a
45 b3/2 /MJ@ Va+bx? Va
a

b x2 ivVb b x2 1Vb
6252 |14 2 EllipticE [i ArcSinh| = X |, -1] +6a2 |1+ X EllipticF[i ArcSinh| = X |, -1]
a Va a Va

Problem 591: Result unnecessarily involves imaginary or complex numbers.
J(cx)3/2w/a+bx2 dx

Optimal (type 4, 153 leaves, 4 steps):

2 37/4 c3/2 (ﬁJr\/FX) (\/;+3XF><)Z EllipticF |2 Ar'cTan[bal/Ag | ;]

4acycx Vva+bx? 2 (cx)*?+a+bx?
N _
21b 7c 21 b54/a + b x2
Result (type 4, 142leaves):

2c~/cx iva (2a2+5abx?+3b2x*) - 21 a2 1+b""7 \/TEllipticF[iAr'cSinh[ - ], -1]
X

NG
21 l@ b+va+bx?
Vb
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Problem 592: Result unnecessarily involves imaginary or complex numbers.

J\/cx 7Ja+bx? dx

Optimal (type 4, 269 leaves, 5 steps):

2 (cx)32+/a+bx? 4a+/cx Va+bx? (Va +b
+ _

4a5/4\/?(\g+\/gx) —asbx?

> EllipticE [2 ArcTan [

bY/4 \/c x ] ;}
al/d\/c_ 2

5.¢ 56 (va + Vb x| 5143 s bxt

2254/ (Va + /b x| /ﬁ E1lipticF [2 ArcTan[ 20 ec ] 1]
a +/b x avive

5b24\/asbx?
Result (type 4, 174 leaves):
VX

1
2
SW\/IW
VT
" b x2 L0
JEx | ey 2 (102 Ediptice s arcsinn[ | Y0 X
= a Va

|, -1] -2a%¥2 |1+ bx

a

Problem 593: Result unnecessarily involves imaginary or complex numbers.

dx

Varbx®
e

Optimal (type 4, 126 leaves, 3 steps):

2294 (a + /b x| [ =X Elliptice[2aneTan| U] ]
W rearonrva [Vo e e
)

)

3¢ 3b/4+/c Va+bx?
Result (type 4, 103 leaves):

2
EllipticF[i ArcSinh|
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<

2ia (12 WEllipticF[iArcSinh[—JE ].-1]

2x |a+bx?+

iva
Jo
3+vcx Vva+bx?

Problem 594: Result unnecessarily involves imaginary or complex numbers.
J\/a+bx2

(C X>3/2

dx

Optimal (type 4, 263 leaves, 5 steps):

4 al/4 pl/a (\/?w/b x) —abxt EllipticE[ZArcTan[%@}, 2]
2va+bx?  4+/b \/cx Va+bx? (Va /b x| a4y 72
_ . _

cVex c? (\/?+Wx) 3’2+ a+bx?
1/4 pl/4 / a+b x? st b*/* /e x 1
2at*b ('\/?‘F'\/FX) (\EH/FX)Z ElllpthF[ZArcTan[ = }, 2]
2 aroxd

Result (type 4, 174 leaves):

. 2 .
X |-2 i Vb x (a+bx?) +4/a Vb x |1+ bx EllipticE[i ArcSinh| i+/b x |, -1] -
vE . vz

| b i /b i /b
4+va Vb x |1+ -2 EllipticF[iArcSinh|[ | ——= 1, 1] /[ YO X ex)2Jasbx?
a

Problem 595: Result unnecessarily involves imaginary or complex numbers.
J\/a+bx2

(€ X) 5/2

dx

Optimal (type 4, 126 leaves, 3 steps):
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26%% (Va +V/b x| | —*X— EllipticF[2ArcTan[ P ], 1]
2+vVa+bx? (\/?H/F X) at/*[c 2
- +
3¢ (cx)3/? 3al/4¢52/3+ b x2
Result (type 4, 106 leaves):

e
I

2ib [1+-2 XS/ZEllipticF[iAr‘cSinh{J o },71]
bx2 \/x

N
Vb

3 (cx)*2+a+bx?

2x |-a-bx2+

Problem 596: Result unnecessarily involves imaginary or complex numbers.
J\/a+bx2

(cx)7/?

dx

Optimal (type 4, 303 leaves, 6 steps):

4654 (a +\/b x| [ —22X— EllipticE[2 ArcTan[ 7 e ] 1]
2vVa+bx? 4b+va+bx?2 4b¥2/cx Va+bx? (Va Vb x| at/*+c 2
. N .

5¢(cx)®?  s5ac3/cx 5ac4(\/?+\/Fx) 5a34c”2+a+bx?
2 b>/4 (\/?+\/Fx) % EllipticF[ZAr‘cTan[M], l}
(Va +b x| at/4c 2
5a%4c”/2+/a+bx?
Result (type 4, 196 leaves):

Ji\/Fx
Va

(a2 +3abx?+2b>x*) +4+/a b3 %
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Problem 597: Result unnecessarily involves imaginary or complex numbers.

J(c x)7/? (a+bx2)3/2 dx

Optimal (type 4, 212 leaves, 6 steps):
8ac3Vex Va+bx? 8a%c (cx)®>?+a+bx* 4a(cx)??2+Va+bx?
- + +

+

231 b2 385b 55 ¢
4314 c72 [+Ja +4/b x —abx! E11ipticF[2 ArcTan|Bivex ] 1
2 (cx)?? (a+bx2)?? ( i ) (Va +vb x)* P [ [ at/* ¢ [l
+
15¢ 231b°4a+bx?
Result (type 4, 166 leaves):
1
1155 | 22 p2 /3 bx?
Vb
i+a
iva a Vb
2c¢3Vex iVa (-20a*-8a*bx?+131a2b?x* +196ab>x° + 77b* x®) + 201 a* [1+ V/x EllipticF|[i ArcSinh| ], -1]
Vb b x? N

Problem 598: Result unnecessarily involves imaginary or complex numbers.

J(CX)S/Z (a+bx2)3’/2 dx

Optimal (type 4, 329 leaves, 7 steps):
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+

8a2c (cx)¥2+a+bx? 4da(cx)’?+a+bx* 8a*c?ycx Va+bx?
- +

195b 39c 65 b3/2 (\/;H/gx)
gall/4c5/2 b x| | —22% — EllipticE[2ArcTan|0lYex] 1
2 (cx)7? (a+bx2)?? TS (\/?+WX) (Va b x)* 1pticE[2Arc an[amﬁ}, ,|
+ -
13c 65b7/4/a+bx>
4 a13/4 ¢5/2 (\/?Jr\/Fx) ,7(J?aisz_2x)z EllipticF |2 Ar‘cTan[Q:b;;jc_X | i]
65b7/4a+bx?

Result (type 4, 202 leaves):

]l\/FX
Va

2

2c¢2/ex |Vb x

b x
(4a3+29a2bx2+40ab2x4+15b3x6) -12a”’% |1+

2

12372 1+

EllipticF[i ArcSinh]
a

Problem 599: Result unnecessarily involves imaginary or complex numbers.

J(cx)”2 (a+bx2)3/2 dx

Optimal (type 4, 181 leaves, 5steps):

i 4 gll/4 ¢3/2 (\/?+Wx) % EllipticF[ZAr‘cTan[%@}, i]
8a?c~/cx Va+bx? 12a(cx)¥2a+bx2 2 (cx)¥2? (a+bx?)¥ [V VB %) BV
+ -

+

77 b 77 c 11 c 77 b5/4/a + b X2
Result (type 4, 153 leaves):

1

77 [+2 pa+bx?
NN

iva
b

2cvVex

iva
a Vb
(42°+17a’bx* +20ab’x* + 7b°x®) ~4ia’ [1+ —— +/x EllipticF[iArcSinh| |, -1]
b x

Vx
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Problem 600: Result unnecessarily involves imaginary or complex numbers.

J\/cx (a+bx2)3/2d1x

Optimal (type 4, 297 leaves, 6 steps):

ga®iv/c (Va +i/b x| |2 E1lipticE|[2 ArcTan|2Vex ] 1]
4a(cx)¥2/a+bx?  8a?-/cx Va+bx? 2 (cx)¥?(a+bx?)*? (Va /o x| e ’
+ +

- +

15c 15\/?(\/?+\/FX) 9c 15b3/4+a+bx?
4294+ c (Va ++/b x| | —22X  EllipticF[2ArcTan]|Blvex | 1
Ve (Va b x) /Wm)z pHicF | [BlEE ), 1)
15b3/4~/a+bx?
Result (type 4, 188 leaves):
1 i Vb
2+/cx |vVb x ivb x (11a2+16abx2+5b2x4)+
. Vva
45+/b /M% Va+bx2
a
b x2 i Vb b x? i /b
12252 |14 % EllipticE[i ArcSinh| ivh X |, -1] -122%% |1+ X EllipticF[i ArcSinh| ivh X ], -1]
a Va a Va

Problem 601: Result unnecessarily involves imaginary or complex numbers.

(a+bx2)3/2
J;m
VX
Optimal (type 4, 152 leaves, 4 steps):
4374 (\/a_+\/Fx) % EllipticF[ZAr‘cTan[M}, 2]
4a/cx Va+bx2  2Vcx (a+bx?)?? (Va /b x| at/te 72

+

7c 7c 7b%4/c VJa+bx®
Result (type 4, 141 leaves):
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3

4‘

Vx VarbxZ [8a¥x | 2452
7 7
Ve x

Vx

8ia2 [1+ ;7 x>/2 EllipticF|i Ar‘cSinh[E] , 1]
N

7 [ Ve Ve

Problem 602: Result unnecessarily involves imaginary or complex numbers.

b 2\3/2
JMM

(C X)3/2

Optimal (type 4, 296 leaves, 6 steps):

, 24 a5/4 pl/4 (\/?+Wx) LZZ EllipticE[ZAr‘cTan[%@], i]
12b (cx)32\/a+bx? 24a+/b Vcx Varbx2 2 (a+bx?)¥ NERERY Ve
N _

5¢? SCZ(\/?+WX) cVex 5c3/2+/a+bx?
5/4 |W1/4 a+b x? . . bY/4 \/cx 1
12a°*b (\/?+Wx) ,7(\E+ o EllipticF[2ArcTan| = I 3]
5¢32~/a+bx?

Result (type 4, 190 leaves):

1+b b x2 1+b
X |2 i+b x (—5a2—4abx2+b2x4) +24a32+/b x |1+ X EllipticE[jAr‘cSinh[ i Vb x }, _1] .
Va a Va

| bx? i /b i Vb
242%2/b x |14 EllipticF[i ArcSinh| | - X |, -1] / s | 222X (cx)¥2[arbx?
a

Problem 603: Result unnecessarily involves imaginary or complex numbers.

b 2\3/2
J@*X) ax

(C X)S/Z

Optimal (type 4, 152 leaves, 4 steps):



4234 p3/4 (\/?+Wx) —a:b EllipticF[2Ar‘cTan[4Eb1f4 x|
4b+/cx Va+bx? 2(a+bx2)3/2 (Va +b x| al/4/c

1

)

]

+

3¢3 3¢ (cx)3/? 3¢5/2+/3+ b x2

Result (type 4, 130leaves):
ia

x|-2 |22 (a2_p2x%) +8iab [1+ -2 x5/2EllipticF[iArcSinh[-1——], —1]
Vb b x VX

3 M\/FE (cx)%2+/a+bx?

Problem 604: Result unnecessarily involves imaginary or complex numbers.

(a+ bx2)3/2
Jid]x
(C X)7/2

Optimal (type 4, 297 leaves, 6 steps):

, 24 al/4p5/4 (\/?+Wx) LZZ EllipticE[2ArcTan|
12bvVa+bx? 24b32+/cx Va+bx? 2(a+bx2)3/ (ﬁ*ﬁx)
_ . _
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1
)

5c3/cx 5c4(\/?+\mx) 5c (cx)>/? 5c¢7/2+/a+ bx2
12 /4 p5/4 b a+b x? EllipticF[2 ArcT bY/4 \/cx , 1
a (\/?+V—x) /7(\/;\/?)()2 ipticF[2ArcTan]| i fC ] 2}
5c¢’/2+/a+bx?

Result (type 4, 193 leaves):

i Vb b x? i Vb
X (a?+8abx?+7b>x*) +24~/a b>2x® [1+ X PR X
Va a Va

X |-2

b x? i /b i /b
243 b2 140 EllipticF[i ArcSinh| | - . |, -1] / 5 | 22X (cx)72 [arbx?
a
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Problem 605: Result unnecessarily involves imaginary or complex numbers.

(a+bx?) 3/2
J ST ax
(C X)9/2
Optimal (type 4, 152 leaves, 4 steps):

4b7/4 (\/;Jr\/Fx) —ashx EllipticF[ZArcTan[i’l’/‘j X1, 2]
4bJarbx? 2 (a+bx?)’? (Va +Vb x| avie 72
- - +
7¢3 (cx)3/? 7¢ (cx)7/? 7al/4¢92\/3+bx2

Result (type 4, 121 leaves):

ifa
8ib? |1+ xEllipticF[Ji Ar‘cSinh[L} ,71]
%92 | _ 2 (a+bx?) (a+3bx?) . bx Jx

ifa
Vo

7 (cx)®?2+a+bx?

x7/2

Problem 606: Result unnecessarily involves imaginary or complex numbers.

dx

J<a+bx2)3/2

(C X>11/2

Optimal (type 4, 331 leaves, 7 steps):

4b+a+bx? 8bZ+vVa+bx? 8b%2+/cx Va+bx? 2(a+bx2)3/2
_ , . _

15¢ (cx)**  15ac5/cx  15act (ﬁ+ﬁx) 9c (cx)%?

8 bo/4 (\/?+\/Fx) /7(\/;%)()2 EllipticE[ZAr‘cTan[ézt’;:;\/c?X | %} 4 p%/4 (\/?+Wx) /7(\/;:3’;)()2 EllipticF[2Ar‘cTan[éit’;;\/c?X ] %}

+

15 a3/4 c1/2+/a + b x? 15a3/4 c1t/2+/a+bx?
Result (type 4, 213 leaves):



i Vb x b x2 i Vb x
- 12+/ex = (5a®+16a’bx?+23ab>x*+12b°x°) -12+/a b*2x° l1+ E1lipticE[i ArcSinh| | - ], -1] +
a

Va

b x? i /b i Vb
1242 b52x5 140 EllipticF[i ArcSinh| | - . ], -1] / a5ac5xs | 2% \[aibx?
a Va \a

Problem 613: Result unnecessarily involves imaginary or complex numbers.

(C X) 7/2
J LB gk
Va+bx?
Optimal (type 4, 156 leaves, 4 steps):

5a’/4c7/? (\H+\mx) % EllipticF[ZArcTan[%E], i]
10ac3/cx Va+bx2 2c (cx)¥2/a+bx? SERNERY aie
- +

+

21b2 7b 21b9/4“’a+bx2
Result (type 4, 144 leaves):

ifa
2c3/cx MWE (-5a2-2abx?+3b2x*) +5ia? [1+ 2 /x EllipticF[iArcSinh| Wb |, -1]

21 M\% b2+ a+bx?

Problem 614: Result unnecessarily involves imaginary or complex numbers.
5/2
[0 g
Va+bx?
Optimal (type 4, 273 leaves, 5steps):

1.1.2 Quadratic.nb | 15
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6 a4 c5/2 (\/?Jr\/Fx) % EllipticE[ZAr‘cTan[%E], i]
2c (cx)¥2+/a+bx? 6ac’ycx Va+bx? (Va /o x| Ve
- +

5b 5b%2 (Va + Vb x| 5b7/4\/arbx2
5/4 ~5/2 a+b x2 - b4 \[cx 1
325452 (Va +b x| | NN ELLipticF [2 ArcTan| 253, 2]
5b7/%+/a+bx?

Result (type 4, 177 leaves):

1
2c?+/cx
5 b3/2 /4% Va+bx2
a

i /b b x? i /b b x?
Vb x | 2K (a+bx?) -3a%2 |1+ X E1lipticE[i ArcSinh[ | - X |, -1]+3a¥2 |1+ . EllipticF[i ArcSinh|
A/ a a 4/ a a

Problem 615: Result unnecessarily involves imaginary or complex numbers.

(C X) 3/2
J B gk
Va+bx?
Optimal (type 4, 127 leaves, 3 steps):

242 (Va + b x| ,(FLJi)Z ELLipticF [2ArcTan [ 27 ], 2]
2cVex Va+bx? 2ovb X T

3b 3b5/4/a+bx?
Result (type 4, 106 leaves):

ia [1+.2 VX Elliptick [i Arcsinh| “/: ],-1]

2cvex |a+bx?-




Problem 616: Result unnecessarily involves imaginary or complex numbers.

Ji VEX  ax
Va+bx?
Optimal (type 4, 236 leaves, 4 steps):
2al4+/c (\/?M/Fx) —abx E111pt1cE[2ArcTan[1—/4\E}, i]
2+/cx Va+bx? (Va /o %)’ Ve
_ +
\/g(\/a—ﬂ/gx) b34~a+bx?
al’a~/c (\H+Wx) ﬁ E111pt1cF[2ArcTan[ﬁ%], i]
b%4/a:bx?

Result (type 4, 111 leaves):

e ot

r

EllipticE[i ArcSinh[ | £¥B% | _1] ~EllipticF[i Arcsinh[ | 1bx |, -1]J

3/2

Problem 617: Result unnecessarily involves imaginary or complex numbers.

1
——  dx
J\/cx Va+bx?
Optimal (type 4, 97 leaves, 2 steps):
(\E + Wx) ﬁ E111pt1cF[2 ArcTan[ﬁ%] l]
a1/4b1/4\/?“/a + b x2

Result (type 4, 90 leaves):

ia
zjﬁxwz EllipticF|[i Ar‘cSinh[g], -1]

X

1.1.2 Quadratic.nb | 17
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Problem 618: Result unnecessarily involves imaginary or complex numbers.

1

dx
J(cx)3/2x/a+bx2
Optimal (type 4, 268 leaves, 5 steps):

5 b/ (\/?M/Fx) —2:0x  E10ipticE[2ArcTan | 2L X 1]
2vaibx  2b Vex Vaibx? (Va b x| e ©7 2

acycx ac? (\/?+\mx) a3/4c3/2+/a+bx?
+b x2 . . b1/’4 1
pl/4 (\/;+\/Fx) m E111pt1cF[2Ar*cTan[al—/;%], ;}
a3/4 323+ bx2

Result (type 4, 176 leaves):

. 2 .
- l2x i Vb x (a+bx?) -~/a Vb x 1. 2% EllipticE[i ArcSinh| “/FX],fl%
Va a Va

b x2 1Vb 1Vb
va Vb x [1+ EllipticF[i ArcSinh| = X ], -1] /[a = X (cx)32~/a+bx?
\ a

Problem 619: Result unnecessarily involves imaginary or complex numbers.

1
dx
J(cx)5/2\/a+bx2
Optimal (type 4, 129leaves, 3 steps):

p3/4 (\/?+\/Fx) Azz EllipticF[zAr‘cTan[M}, ]
2/a+bx2 (Vo /B x) Hive e
3ac(cx)3/2_ 3a5/4¢52+/a3+ b x2
Result (type 4, 109 leaves):
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ib |1+ x5/2 EllipticF[Ji Ar‘cSinh{— L },71]
2 b 2 b x2 \/T
X |-a-bx?-

NN
Jo

3a (cx)®?+/a+bx?

Problem 620: Result unnecessarily involves imaginary or complex numbers.

1
J dx
(cx)7/2+/a+bx?

Optimal (type 4, 306 leaves, 6 steps):
2+a+bx? 6b+a+bx? 6b32+/cx Va+bx?
5ac (cx)®? 5a2c3+/cx 5a2c4(\5+\mx)

oot ({3 VB x] [ espnce a1 ] a0t (e o) [ et et S5

5a’/c’/2+/a+bx? 5a’/4c’/2+/a+bx?

Result (type 4, 198 leaves):

. b b x2 i b
|, iV x (-a2+2abx?+3b2x*) -6+/a b¥2x3 |1+ - EllipticE[i ArcSinh| ivh ], -1] +
= a Va

b x? i Vb x ivVb x
6va b¥2x3® |1+ EllipticF[i ArcSinh| = ], -1] / 5a2 | - (cx)72+/a+bx?
\ a

Problem 621: Result unnecessarily involves imaginary or complex numbers.
7/2
[
(a + bXZ)B/2
Optimal (type 4, 153 leaves, 4 steps):

a’’*c a + X —abx ¢ ipticF |2 ArcTan e y T
5a34¢72 [\/a +/b a+b x ~ Ellipti @ 1
c(cx)%% 5c3+/cx Va+bx? (Va /b x) aVtye 772

- +
b+a+bx2 3b? 6b%4/a+bx?
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Result (type 4, 131 leaves):

A

&,

SAvex | |2 (sas2bx?) -5ia [1+ 2 \/?EllipticF[jArcSinh[E}, -1]

Vb Vx
3 [ pyaroxd
Vb
Problem 622: Result unnecessarily involves imaginary or complex numbers.
5/2
JL dx
(a + bX2)3/2
Optimal (type 4, 266 leaves, 5 steps):

3 gl/4 572 (\E+\/FX) —asbx EllipticE[ZAr‘cTan[%E], ﬂ
c(cx)??2  3c?+/cx Va+bx? (Va /b x| =AVe

- + +
bva+bx? b3/2 (\/?+\/Fx) b7/4a+bx?
3 g1/4 ¢5/2 b a+b x? EllipticF[2 ArcT bY/4 /o x 1
al/4 ¢ (\/?+\ﬁx) | (ﬁ+ﬁx)2 iptic [ rc an[ e }, 2]
2b7/%4+a+bx?

Result (type 4, 168 leaves):

1
p3/2 | ibx [y
Va
i Vb b x? L Vb b x? iVb
c2Vex [Vb x i Vb x ~34/a |1+ -2~ EllipticE|i ArcSinh| IWX],—1}+3\/? 1+ -2 EllipticF[i ArcSinh| l\/ix],f1]
Ve 2 Ve . Ve

Problem 623: Result unnecessarily involves imaginary or complex numbers.
J (c X)3/2 dx
(a+bx?)*?

Optimal (type 4, 125leaves, 3 steps):




c3/2 (\/?+Wx) —asbxt E111pt1cF[2ArcTan[TA*E] l]
cVex [Va b x ) Ve
byaibx 214054 b
Result (type 4, 115leaves):
ia
cvex % 1+ 2 - V/x EllipticF[i ArcSinh| \Jﬁj s

[ide pyarbx
Vb

Problem 624: Result unnecessarily involves imaginary or complex numbers.

dx

Vex
s

Optimal (type 4, 266 leaves, 5steps):

(cx)3/2 Vex Va+bx? (Va /b x|*

e (\/?Jr\/Fx) —asbx® E111pt1cE[2Ar‘cTan[

N
acVa+bx® ax/?(ﬁ+x/?x) a¥4 b4 Jarbx?
Ve (Va +Vb 20 E1lipticF[2ArcTan| 2] L
c ( a + x) ool o] ipticF[2ArcTan| o ] }
2a34p34\Jarbx?

Result (type 4, 166 leaves):

a/b ,IW@ Vva+bx?
i Vb x

Vex Vb x -+/a
Va

E111pt1cE i ArcSinh [

\ﬁ EllipticF JlAr‘cSmh[
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Problem 625: Result unnecessarily involves imaginary or complex numbers.
1

Jm (a+bx?)??

dx

Optimal (type 4, 126 leaves, 3 steps):

Va +Vb x| | —22X _ EllipticF[2ArcTan|2iYex] 2L

Vex SERSER (Va b x|’ pricF| e bl
+

acva+bx? 2a%4bY4+/c a+bx?

Result (type 4, 117 leaves):

ia
. s 32 e11s s el . 1B
i [1+ 2 x*?2EllipticF[iArcSinh| ], -1]
X b x VX
+
avecx Va+bx?

a [ Vex Varbx

Problem 626: Result unnecessarily involves imaginary or complex numbers.

1
J dx
(cx)¥2 (a+bx2)??

Optimal (type 4, 296 leaves, 6 steps):
1 3va+rbx2 3+4/b Vex Va+bx?
_ + _
acvecx Va+bx? a?c/cx azcz(\/a_+\/Fx)

3pl/4 (\/?+Wx) li(ﬁaixx)z EllipticE[ZAr‘cTan[Lb;i;\/c?x [, 2] 3 (\/?+Wx) /ﬁ EllipticF[zArcTan[%], L

+

37/4C3/2“/a+bX2 237/4C3/2“/a+bX2

Result (type 4, 180leaves):
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. 2 .
x |- ivh X (2a+3bx?) +3+a Vb x 1. 2 EllipticE[i ArcSinh]| i Vb x ], -1] -
Va a Va

[ bx? i /b i /b
3va Vb x |1+ EllipticF[i ArcSinh| | - X ], -1] / a2 | 22X (ex)32[aibx?
a

Problem 627: Result unnecessarily involves imaginary or complex numbers.

1
J dx
(c x)3/2 (a+bx2)3/2

Optimal (type 4, 154 leaves, 4 steps):

s (Va o b x) [ entipticr [2ancran [ 5] 2]
. T (oo o e
acex)2Vaiba 3a2c (cx)3/2 6a%4c52/a+bx?

Result (type 4, 130leaves):

x |- |2 (2a+5bx2) -5ib |1+ -2 x¥2EllipticF[i ArcSinh[ L], —1]
b b x VX

3 a? % (cx)®2+a+bx?

Problem 628: Result unnecessarily involves imaginary or complex numbers.

1
J dx
(cx)7/2 (a+bx2)3/2

Optimal (type 4, 331 leaves, 7 steps):
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1 7+ a+bx? 21bva+bx? 21b32+/cx Va+bx?
- + - +
ac(cx)%2/a+bx? 53°c(cx)®?*  s533c3+/cx 5a3c4(\/?+\/Fx)

216%4 (Va + b x| /m EllipticE[zArcTan[";—j‘;%}, Y2104 (Va e b x| /(W:bﬁ EllipticF[2 ArcTan]|

)
b4/ cx
al/4+/c

]

1

)

J

5811/4C7/2“/a+bX2 10a11/4c7/2“/a+bxz

Result (type 4, 197 leaves):

i Vb x b x2 i Vb x
ivh x (-2a%+14abx?+21b2x*) - 21+/a b¥2x* 1+ EllipticE[i ArcSinh]| ivh ], -1] +
Va a Va

b x? i Vb i Vb
21a b2 14 2 EllipticF[i ArcSinh| | - X ], -1] / 52> | 2" (cx)72\[arbx
a

Problem 629: Result unnecessarily involves imaginary or complex numbers.
7/2
JL dx
(a+bx?)>?
Optimal (type 4, 155leaves, 4 steps):

5c’/2 (\/a +Vb x) % Ellip‘cicF[ZAr‘cTan[%@]J 2]
C (C X)5/2 SCBH (\/?+\/Fx) al/4 /¢ 2
N +

3b<a+bx2)3/2 6b2+/a+bx? 12 at/4b%4+/a+ b x?

Result (type 4, 117 leaves):

5i [1+-2 /x (a+bx?) EllipticF[iAr‘cSinh{— L },—1}
bx2
c3vex |-5a-7bx?+ Jx
iva
Jo

6b2 (a+bx?)>?

Problem 630: Result unnecessarily involves imaginary or complex numbers.

(c X)S/Z dx
fem
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Optimal (type 4, 304 leaves, 6 steps):

c (cx)3/? c (cx)3/2 c2vex Va+bx?
. _
3b<a+bx2)3/2 2abva+bx? 2ab3/2 (\/?Jrﬁx)

b x2 . . pl/4 1 +b x? . . bl/4 1
/2 (Va /b x| /7(51&@2 ElllptlcE[2Ar‘cTan[—\:al/4g [, 1] 2 (Va « b x) /7(\53+\%x)2 E111pt1cF[2ArcTan[£al/AE I 3]

+

2a¥4p7/4Ja+bx? 4234p74\[a+bx?
Result (type 4, 195leaves):

. ) .
ex [Vb x |- b x (a+3bx*) -3+/a (a+bx?) 1+bX EllipticE|i ArcSinh| = bx},—1]+
Va a Va

2 . .
3+/a (a+bx?) 1. 2X EllipticF[i ArcSinh| ivh X ], -1] / 6ab’? ivh x (a+bx?)*?
a Ja

Problem 631: Result unnecessarily involves imaginary or complex numbers.
3/2
[
(a + bXZ)S/2
Optimal (type 4, 156 leaves, 4 steps):

32 (\/?+Wx) —ashx EllipticF[ZAr‘cTan[M], ]
cVex cVex (*/"’T“/FX) /e ?
+ +
3b<a+bx2)3/2 6ab+a+bx? 12 a°/4b>*+a+bx?

Result (type 4, 137 leaves):

&’

ifa
cVex M\m@ (-a+bx?) +1 1+b"“7 x (a+bx?) EllipticF[jArcSinh[g], -1]

6a |12 p (a+bx2)3’/2
Vb
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Problem 632: Result unnecessarily involves imaginary or complex numbers.
J Vex
<

)5/2

dx
a+bx?

Optimal (type 4, 302 leaves, 6 steps):
(cx)3/2 (cx)3/2 Vex Va+rbx?

+ +

3ac(asbx?)*? 2a2cvarbx  2a24/b (va + Vb x|

Ve (\/?Jr\/Fx) lﬁv’;x)z EllipticE[ZAr‘cTan[%%], i] Ve (\/?Jr\/FX) /ﬁ EllipticF[ZAr‘cTan[bali:Ag ] i]

2a74b¥4a+b X2 4a74b*4 /a1 bx?

Result (type 4, 194 leaves):

. 2 .
ixvex |[V/b x iVb x (5a+3bx2)—3\/?(a+bx2> 1+bX EllipticE|i ArcSinh| IWX},—1]+
Va a Va

; . ) 3/2
3vVa (a+bx?) |1+ bx E1lipticF i ArcSinh| ivh x |, -1] /{635/2 [—IWX) (a+bx2>3/2]
a Va “a

Problem 633: Result unnecessarily involves imaginary or complex numbers.
1

Jm (a+bx?)®?

dx

Optimal (type 4, 157 leaves, 4 steps):

5 (x/a +/b x) —ashx EllipticF[ZAr‘cTan[&t\E}, ]
Vex 54/cx (Va +v/b x| at/4 2
+ +
3ac(a+bx2>3/2 6aZcVa+bx? 12a°/4b¥4+/c Va+bx?

Result (type 4, 115leaves):
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5i [1+° /X (arbx?) EllipticF[i ArcSinh[ -
bx

X|7a+5bx2+ x
iva
Jo

6a2+/cx (a+bx2)3/2

Problem 634: Result unnecessarily involves imaginary or complex numbers.

1
J dx
(cx)3/2 (a+bx2)5/2

Optimal (type 4, 333 leaves, 7 steps):

1 7 7vVa+bx2  7+/b Vecx Va+bx?
+ - + -
3ac+cx (a+bx2)3/2 6a2ccx varbx? 2adc+/cx 2a3c2(\/?+\/3x)

_abX E11ipti bY4/c 1 a:bx? . b4 ex ] 1
7 pl/4 (\/?Jr\/gx) (\EM%X)Z EllipticE[2ArcTan] al/A\/?X ], 2} 7 pl/4 (\/?+\/Fx) (\EH%)()Z EllipticF[2ArcTan| al/M/?X ], 2}
2 gl1/4 ¢3/2 m ’ 4 gli/a c3/2 m

Result (type 4, 208 leaves):
. 2 .

x |- iV X (1222 +35abx?+21b?x*) +21+va Vb x (a+bx?) 1. 2 EllipticE[i ArcSinh] lwx],_l}_
Va a Va

2 . .
21v/a Vb x (a+bx?) 1+bX EllipticF[i ArcSinh| lﬁx ], -1] / 6 a3 ivb x (cx)3/2 <a+bx2)3/2
a a

Problem 635: Result unnecessarily involves imaginary or complex numbers.

1
J dx
(cx)%2 (a+bx2)*?

Optimal (type 4, 185leaves, 5steps):

5 p3/e (ﬁﬂmx) ——abxX_ E11ipticF [2 ArcTan | PO e ] 1]
1 3 512 bx’ [V o x) e o

. _
3ac(cx)¥2 (a+bx?)?? 2a2c (cx)32a+rbx® 2a’c (cx)¥? 431374 52 /3 1 b2
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Result (type 4, 127 leaves):

155b [1+° X2 (asbx?) E1lipticF [i Arcsinh| AL ],-1]
X |-4a?-2labx?-15b2x* - - il

ia
Jb

6a° (cx)52 (a+bx?)*?

Problem 636: Result unnecessarily involves imaginary or complex numbers.

1
J dx
(cx)7/2 (a+bx2)®?

Optimal (type 4, 362 leaves, 8 steps):
1 11 77 a+bx? 77b~va+bx?  77b32+/cx Va+bx?
+ - +

+ —

3ac (cx)¥2 (a+bx?)¥? 6a2c (cx)¥2/a+bx2 30a’c (cx)¥? 193t c3+[cx 19a4c4(\/;+\/Fx>

n 2 . . 1/4 4 2 . . 1/4
77654 (Va + b x| /ﬁ E111pt1cE[2ArcTan[ﬁ%}, L] 7704 (Va + b x| /ﬁ ElllpthF[ZAPCTM[Zﬁ%], L

10 a4 c’7/2/a + b x? 20 a4 c7/2/a + b x?
Result (type 4, 222 leaves):
iVb x b x? iVb x
x ivh (-12a%+132a2bx?+385ab? x* +231b%x°) - 231+/a b¥2x* (a+bx?) [1+ EllipticE[i ArcSinh| ivh ], -1]+
Va a Va

2 . .
231+a b*2x* (a+bx?) 1.2 EllipticF[i ArcSinh| lﬁx],-l] /30a4 iV x (cx)7/2 (a+bx?)?

: Ve Ve

Problem 649: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

1

Optimal (type 4, 21 leaves, 2 steps):

2 EllipticF [ArcSin[va /x|, -1]
Va
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Result (type 4, 65 leaves):

|k

zj\/i a\/l azlxz x E1lipticF [i ArcSinh| JT ], -1]

V1-a?x?

Problem 650: Result unnecessarily involves imaginary or complex numbers.

1
—dx
J\/? V1+ax?
Optimal (type 4, 67 leaves, 2 steps):

(1+\/?x) ﬁ EllipticF[2ArcTan[al*+/x |, >

al’4\/1+ax?
Result (type 4, 68 leaves):

[ EllipticF s i \ e
2i ., —= xEllipticF[iArcSinh| s |, -1]
vja_ Vi+ax?

Problem 651: Result more than twice size of optimal antiderivative.
Jx’" (a+bx2)3/2d1x

Optimal (type 5, 50leaves, 2 steps):

XM (a+bx?) *’? Hypergeometric2F1|[1, 6;"' m M]

a(1+m)

Result (type 5, 109 leaves):
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1

(1+m) (3+m) 14 8¢

2 2
x1*"+/a + b x? (a (3+m) Hyper‘geometr‘icZFl[—l, 1+m’ 3+m, _bix} +b (1+m) x? Hyper‘geometr‘icZFl[—l, 3em 5+m, _bix]

27 27 27 a 27 27 27 a

Problem 659: Result more than twice size of optimal antiderivative.

X—1+m
J X ax
va+bx?
Optimal (type 5, 46 leaves, 2 steps):
X"+ a+bx? Hypergeometric2F1[1, 1;’" , un, b

am

Result (type 5, 105leaves):

1 me [a (2+m) Hypergeometr‘icZFl[—l, T

) 2" 2
azm(2+m> 14+ bx

a

b x? 5 . 1 m m b x?
) 7—] -bmx Hyper‘geometr‘1c2F1[f, 1+—,2+—, 77]
a 2 2 2 a

NS

Problem 660: Result more than twice size of optimal antiderivative.

X—2+m
J S ax
vV a+bx?
Optimal (type 5, 51leaves, 2 steps):

x’l”“\/mHyper‘geometr‘iczFl[l, f, 1;"', —M]
a

a(1-m)

Result (type 5, 110leaves):
1

a2 (—1+m2) 1+M

a
x " /a+bx?

1+m b x? 5 . 1 1+m 3+m b x?
» -~ -b(-1+m) x? Hypergeometric2F1] -, , y -]
2 a 2 2 2 a

a (1+m) Hypergeometric2F1|- 1,
2

N |

(—1+m),
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Problem 661: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

Jxl*"‘ (a(2+m) +b (3+m) x?)
JarbaE

Optimal (type 3, 17 leaves, 1step):

X2 +/a+ b x?

Result (type 5, 97 leaves):

1
x> \/a+bx?

(2+m) 1+M

a

dx

. 1 m m b x? . 1 m m b x?
(3+m) Hypergeometric2F1 |- =, 1+ —, 2+ —, - ——| - Hypergeometric2F1[ ~, 1+ —, 2+ —, - —|
2 2 2 a 2 2 2 a

Problem 662: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

dx

J[a (2+m) xtm p (3+m) x3+m
+
Va+bx? Va+bx?

Optimal (type 3, 17 leaves, ? steps):

x>\ a + b x?

Result (type 5, 97 leaves):

1
x>/ a + b x?

(2+m) 1+M

a

. 1 m m X2 . 1 m m b x2
(3 +m) Hypergeometric2F1[- =, 1+ —, 2+ —, - —— | - Hypergeometric2F1[ =, 1+ —, 2+ —, - ——|
2 2 2 a 2 2 2 a

Problem 663: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

dx

Jxl*m (am+b (-1+m) x?)

(a+bx2)3’/2

Optimal (type 3, 15leaves, 1 step):
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o
Va+bx®
Result (type 5, 131 leaves):

1 1 m m b x2
x"+/a+bx? |a (2+m) Hypergeometric2F1[-—, —, 1+ —, - |-
2 2 2 a
a? (2+m) [1+ ba—xz
) . 1 m m b x2 . 3 m m b x2
bx? |mHypergeometric2F1[ =, 1+ —, 2+ —, - | + Hypergeometric2F1[ =, 1+ =, 2+ —, - —]
2 2 2 a 2 2 2 a

Problem 664: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J[ b x1+m m x-1+m x

- +

(a+bx2)3/2 ‘a+bx?

Optimal (type 3, 15leaves, ? steps):

Xm
Va+bx?

Result (type 5, 131 leaves):

1 1 m m b x?
x"+/a+bx® |a(2+m) Hypergeometric2F1[-—, —, 1+ —, - | -
2 2 2 a
a2 (2+m) [1+ ba—xz
) . 1 m m b x2 . 3 m m b x2
bx? |mHypergeometric2F1][ =, 1+ —, 2+ —, - | + Hypergeometric2F1[ =, 1+ =, 2+ —, - —]
2 2 2 a 2 2 2 a

Problem 669: Result unnecessarily involves higher level functions.

J(a+bx2)1/3

X

dx

Optimal (type 3, 101 leaves, 6 steps):
at’34+2 (a+bx2>1/3

\/? al/3

<a+bx2)1/3—1\/?al/3Ar‘cTan[
2

Nl w

- = a2 Log[x] + ial/3 Log[a'/? - (a+bx2)1/3}
2 4

Result (type 5, 61 leaves):



6 (a+bx?) -3a (1 + ;‘7)2/3 Hyper‘geometr‘icZFlE, i, %, - ;7]

4<a+bx2)2/3

Problem 670: Result unnecessarily involves higher level functions.

(a+ bx2)1/3
J x3

Optimal (type 3, 107 leaves, 6 steps):

1/3, ( +b 2)1/3
(a+bx?)'? bArcTan [ ® 3;31,: ] bLlog(x] blog[al?- (a+bx?)'?]
- - - +

2X2 2'\/?32/3 6a2/3 4a2/3

dx

Result (type 5, 67 leaves):

2

-2 (a+bx2) -b (1+ ﬁ)Z/B x? Hyper*geometr‘icZFl[%, f, 2, L]

4 x? <a+bx2)2/3

Problem 671: Result unnecessarily involves higher level functions.

(a+bx?)??
——dx
J x°
Optimal (type 3, 135leaves, 7 steps):
b2 ArcTan | 2242 (arh )

(a+bx2>1/3 b <a+bx2)1/3

- - +

Result (type 5, 82 leaves):

2/

_332_4abx?-b2x*+b? (1+ ;‘7) x4 Hyper*geometr‘iCZFl[i, f, 2T

12 a x4 (a+bx2)2/3

Problem 672: Result unnecessarily involves higher level functions.

JX4 (a+bx2)1/3 dx

Optimal (type 4, 314 leaves, 5steps):

J3 4 ] b2 Log[x] b?Llog[al?- (a+bx?)'?]
. -
4 x4 12 ax? 6+/3 a5/3 18 a°/3 12 a%/3
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13 gsax3 (a+bx2)1/3 3 a2/3 4 gl/3 (a+bx2)1/3+(a+bx2)2/3

. s 2 (ab) o sa 3023 @ (a2 (ar b))
((17\/?) al/':‘f(a+bx2)1/3)2

54a%x (a+bx?)

935 b2 187 b 17

1+\/?) al/3 _ (a+bx2>1/3

(17\/?) al/3 _ (a+bx2)1/3

al/3 (31/3_ (a+bx2>1/3)

((1—\/?) al/3 - (a+bx2)1/3)2

EllipticF[ArcSin|

|, -7+4~/3] / 935 b® x

Result (type 5, 90 leaves):

2/3
3 (718a3x—8a2bx3+65ab2 x> +55b3 x7 + 18 a3 x (1+baiz) / Hyper‘geometr‘icZFl[%, f, i, —M])

935b2 (a+ bx2>2/3

Problem 673: Result unnecessarily involves higher level functions.
sz (a+bx2)1/3 dx

Optimal (type 4, 290 leaves, 4 steps):

6 a X (a+bx2>1/3

3
+ — %3 (a+bx2)1/3+
55b 11

32/3 | g1/3 (a+bx2)1/3+ (a+bx2>2/3 1+\E) al/3 _ (a+bx2>1/3

EllipticF [ArcSin|
((1—%?) 131/3—(a+bx2)1/3)2 —\/?) a1/3—(a+bx2)1/3

6 3¥4/2-4/3 a? (a1/3—(a+bx2)1/3)

|, -7+4+/3] /

=

al/3 (a1/3_ (a+bx2)1/3)

((1—\/?) al/3 - (a+bx2)1/3)2

55 b2 x

Result (type 5, 78 leaves):

3 X

2/3
2a2+7abx?+5b2x*-2a2 (1+ ba—xz) Hyper‘geometr‘icZFl[%, %, 3, —baiz])

55 b <a+bx2)2/3

Problem 674: Result unnecessarily involves higher level functions.
J(a+bx2)1/3 dx

Optimal (type 4, 266 leaves, 3 steps):
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ix (a+bx2)1/3—

5
2/3 , g1/3 bx2)1/3 b x2)2/3 1++/3 ) a3~ (a+bx2)¥3
2 33/4\/2—\/?a(a1/3—(a+bx2)1/3) a3t (arbxd) e (arbx) EllipticF{ArcSin[( ) ( ) ],—7+4\/?}/
((1—\/?) a1/3—(a+bx2>1/3)2 (1—\/?) 31/3—(a+bx2)1/3
al’3 (313 _ (3+bx2) Y3
5bx |- ( ( ) )
((17\5) a1/3—(a+bx2)1/3)Z
Result (type 5, 63 leaves):
3x (a+bx?) +2ax (1+ ba—xz)Z/B Hyper‘geometr‘icZFl[%, f, %, —ba—xz}

5 (a+bx2) 2

Problem 675: Result unnecessarily involves higher level functions.

dx

J(a+bx2)1/3

x2

Optimal (type 4, 260 leaves, 3 steps):
(a +b X2> 1/3

X

=

a??+al? (a+bx?)Y? 4+ (a+bx?)?? ( +\/?) al? - (a+bx?)*?
EllipticF [ArcSin|

—\/— 1/3 +bx2 1/3
242 3 (a (a b ) ) ((17\/?) a1/37(a+bx2>1/3>2 (1—ﬁ) a1/3—<a+bxz)1/3

|, -7+4+/3] /

31/3 <a1/3— (a+bx2)1/3)

_ ((1—\/?) al/3 - (a+bx2)1/3)2

31/4 X

Result (type 5, 68 leaves):

bxz]

2/3
(a+bx2)¥3 2bx (%) Hypergeometric2F1[Z, f, 3, -0

.
X 3<a+bx2)2/3
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Problem 676: Result unnecessarily involves higher level functions.

)1/3

(a+ b x2
[leesi?,

X

Optimal (type 4, 290 leaves, 4 steps):

(a+bx2>1/3 2b (a+bx2)1/3

+
3x3 9ax

2/3 1/3 bx2)1/3 b x2)2/3 1+\/? al’3 _ (a+bx2)Y3
24/2-+/3 b(a1/3— (a+bx2)1/3) a??+a'? (a+bxt) T+ (arbx) EllipticF [ArcSin| ) ( )

((17\/?) al/3 - (a+bx2)1/3>2 (17\/?) al/3 _ (a+bx2)1/3

|, -7+4+3] /

al/3 (31/37 (a+bx2)1/3)

((17\/?) al/3 - (a+bx2)1/3)2

9  3Y43x

Result (type 5, 88 leaves):

2, [asbx?)2/3 ; 12 3 _bx?
2b x( - ) Hyper‘geometr‘1c2F1[2, 2 - ]

[_ 1 B 2b ) <a+bX2)1/3—
3x3 9ax 27a(a+bx2)2/3

Problem 681: Result unnecessarily involves higher level functions.

J(a+bx2)2/3

X

dx

Optimal (type 3, 101 leaves, 6 steps):

1/3 .9 b x2 1/3
E(a+bx2)2/3+1\/?a2/3Ar'cTan[a *2(arbx) }7—a2/3Log[x]+§a2/3Log[a1/3f(a+bx2)1/3}
4 2 ﬁala 2 4

Result (type 5, 61 leaves):

3(a+bx?) -6a (1+ ;‘7)1/3 Hyper‘geometr‘icZFlE, 1 f - 2]

bl Bl

4 (a+bx2)1/3



Problem 682: Result unnecessarily involves higher level functions.

(a+ bxz)Z/3
J x3

Optimal (type 3, 104 leaves, 6 steps):

/3, +b x? /3
(a+bx2>2/3 bArcTan[*(_)fa 3;‘31/: } b Log [X] bLog[a1/3— (a+bx2)
- + - +

2 x? J3 al/3 3 3/3 2al/3

dx

1/3]

Result (type 5, 67 leaves):

1/

3 .
_a-bx2-2b (1+ ;7) x? Hypergeometr‘lc2F1[§, %, I

2 x2 (a+bx2)1/3

Problem 683: Result unnecessarily involves higher level functions.

dx

J(a+bx2)2/3

x>

Optimal (type 3, 135leaves, 7 steps):

(a+bx?)?? b (a+bx?)?? bzAr‘cTan[M

73 a3 ] b2 Log[x] b?Llog[a??- (a+bx2)'?]
- - - N -

4 x4 6 ax? 6+/3 a%/3 18 a%/3 12 a%/3

Result (type 5, 83 leaves):

1/3 .
-3a?-5abx?-2b%x*+2b? (1+ :7) x4Hyper‘geometr‘1c2F1[i, i, 4, -2

12 a x4 (a+bx2)1/3

Problem 684: Result unnecessarily involves higher level functions.

Jx“ (a+bx2)2/3 dx

Optimal (type 4, 601 leaves, 7 steps):
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188a2x (a+bx?)?? 12ax* (a+bx?)?? 3 23 324a° x
- + +—x° (a+bx?)*7 - +
1729 b2 247b 19 1729 b2 ((1—ﬁ) al/3 _ (a+bx2)1/3)

a??+al? (a+bx?)? 4 (a+bx?)??

((1—%?) al/3 - (a+bx2)1/3’)2

162  31/44/2++/3 al%/3 (a1/3— (a+bx2)1/3)

1+\/?) al/3 - (a+bx2)1/3

(1—\5) al/3_ (a+bx2)1/3

},77+4\/?} / 1729b3x | - al/3 (31/3—<a+bx2) ) )
(7] 2 (s m) )’

EllipticE [Ar‘cSin [

a??+al? (a+bx?)Y? 4 (a+bx?)?? 1+\/?> at? - (a+bx?)*?
EllipticF [ArcSin|

((1—\/?) al/3 _ (a+bx2)1/3)2 (1—\/?) al/3 (a+bx2)1/3

1082 3%/4a1 (a'2 - (a+bx?) )

|, -7+4+/3] /

al/3 (a1/3_ (a+bx2)1/3)

((17\E> al/3 - (a+bx2)1/3)2

1729 b3 x

Result (type 5, 90leaves):

1/3
3(-36a3x-8a2bx3+119ab?x5+91b3x” +36a3x (1+ bi) Hypergeometric2Fi[ 2, L, 2, _bx })
a

1729b? (a + bxz)l/3

Problem 685: Result unnecessarily involves higher level functions.

sz (a+bx2)2/3 dx

Optimal (type 4, 577 leaves, 6 steps):
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12ax(a+bx2)2/3+ix3 (abxt] 7 36 a2 x
91b 13 91b((1—\/?) a1/3—(a+bx2)1/3)

18 31/ TJ”/? 473 (a1/3—(a+bx2)1/3) a2/3 , al/3 (a+bx2>1/3+(a+bxz>2/3
((1—\/?) a1/3—(a+bx2>1/3)2

1+\/?) al/3 - (a+bx2)1/3

(1—\5) al/3_ (a+bx2)1/3

},77+4\/?}/91b2x - il il i v
((17\/?)a1/37(a+bx2)1/3)2

EllipticE [Ar‘cSin [

a2/3 4 al/3 (a+bx2)1/3+ (a+bx2>2/3 (1-%—\/?) al/3 _ (a+bx2>1/3
EllipticF[ArcSin|

((1—ﬁ) al/3 _ (a+bx2)1/3)2 (1—\/?) al/3 (a+bx2)1/3

12/2 33/437/3 (a1/3— <a+bx2)1/3)

|, -7+4+3] /

al/3 (a1/3_ (a+bX2)1/3)

((17\5) al/3 - (a+bx2)1/3)2

91 b? x

Result (type 5, 79 leaves):

1/3
3 (4 a?x+11labx3+7b2x5-4a2x (1+ M) Hyper‘geometr‘icZFl[i, i, %, - bx ])
a

91b (a+bx2)1/3

Problem 686: Result unnecessarily involves higher level functions.
J(a+bx2)2/3 dx

Optimal (type 4, 550 leaves, 5steps):
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zx<a+bx2)2/3— 12ax e 31/4ma4/3 (a1/3—(a+bx2)1/3) a?3+al3 (a+bx?)¥? ¢ (a+bx?)??
7 7((1—\/?) a1/3_<a+bx2)1/3) ((17\/?) a1/37(a+bx2)1/3)2

1+\/?) al/3 _ (a+bx2>1/3

(17\/?) al/3 _ (a+bx2)1/3

},-7+4\/?}/7bx _ a1/3(31/3_<a+bxz) ) B
((1—\/?)a1/3—(a+bx2)1/3)2

EllipticE[ArcSin|

a2 13l (a+ bX2)1/3 +(ax bX2)2/3 (1+ ﬁ) al’? - (a+ bx2)1/3
EllipticF [ArcSin|

((1—\/?) al/3 - (a+bx2)1/3)2 (1—ﬁ) al/3 - (a+bx2)1/3

42 33/43%/3 (31/3_ (a+bx2)1/3)

|, -7+4+/3] /

al/3 (31/3_ (a+bx2)1/3)

((1—\/?) al’3 - (a+bx2)1/3)2

7bx | -

Result (type 5, 63 leaves):

1/3
3x (a+bx?) +4ax (1+ ﬁ) Hyper‘geometr‘icZFl[i, 30 50
a

7 <a+bx2)1/3

Problem 687: Result unnecessarily involves higher level functions.

dx

J(a+bx2)2/3

XZ

Optimal (type 4, 538 leaves, 5 steps):
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_(a+bx2>2/3_ 4bx Ly 31/4mam (a1/3—(a+bx2)1/3) a2/3  al/3 (a+bx2>1/3+(a+bx2>2/3
X (1_\/?) a1/3—(a+bx2)1/3 ((17\/?) a1/37(a+bx2)1/3)2

1+\/?) al/3 _ (a+bx2>1/3

(17\/?) al/3 _ (a+bx2)1/3

},—7+4\/?} / X |- al’? (31/3—<a+bx2>1/3) )
R

EllipticE[ArcSin|

(1+\E) al/3 _ (a+bx2)1/3
—\/?) al/3 - (a+bx2)1/3

a2/3 4 al/3 (a+bx2)1/3+ (a+bx2)2/3

((1—\/?) al/3 _ (a+bx2)1/3)2

4-/2 al/3 (a1/3 S CE: bxz)l/?’) EllipticF [ArcSin|

|, -7+4+/3] /

=

a1/3 (a1/3_ (a+bx2)1/3)

([1-E] 8 (2] )

31/4 X

Result (type 5, 68 leaves):

13

(a+bx?)2? 4bx (%) Hyper‘geometr‘icZFl[i, T

- +
X 3 (a+bx2)?

Problem 688: Result unnecessarily involves higher level functions.

dx

J(a+bx2)2/3

X4

Optimal (type 4, 575leaves, 6 steps):
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(a+bx2)?? 4b (a+bx?)?? 4 b2 x
- - - +
33 9ax 9a((1—\/?>a1/3—(a+bx2)1/3)
2/3 , g1/3 bx2)1/3 b x2)2/3 1++/3 ) a3~ (a+bx2)Y3
2 2+ﬁb(a1/3—(a+bx2)l/3) @ +al? (arbx?) 77+ (arbx) EllipticE[ArcSin| ) ( ) },—7+4\/?}/
((1—\/?) a1/3—(a+bx2)1/3>2 (1—\/?) a1/3’—(a+bx2)1/3
al/3 (a1/3_ (a+bx2)1/3)
3 334 52/3
((1—\/?) a1/3—(a+bx2)1/3)2
2/3 1/3 bx2)1/3 b x2)2/3 1+ﬁ al’3_ (a+bx2)3
4\/7b(a1/3—(a+bx2)1/3) 27 +aP arbxd) e (arbxd) EllipticF[Ar‘cSin[( ) ( ) ],—7+4\/?]/
((1—\/?) a1/3’—(a+bx2)1/3)2 (1—\/?) at?- (a+bx?)*?

31/3 (a1/3_ (a+bx2)1/3)

((17\/?) al/3 - (a+bx2)1/3)2

9 31/4 a2/3X

Result (type 5, 88leaves):

1 4b
[——— )(a+bx2)2/3+
3x3 9ax

2\1/3 . 2
4b2x (%) Hyper‘geometr‘1c2F1[§, %, 3 -]

27 a (a+bx2)1/3

Problem 693: Result unnecessarily involves higher level functions.

J(a+bx2)4/3

X

dx

Optimal (type 3, 117 leaves, 7 steps):

ia (a+bx2)1/3+
2

1/3 , o bx2)1/3
(a+bx2)4/37E\Ea‘”?’Ar‘cTan[a r2(arbx) ]—7a4/3Log[x]+§a4/3Log[a1/3—(a+bx2)1/3]
a4

2 \E al/3 2

0 | W

Result (type 5, 76 leaves):

3 (5 a’?+6abx?+b? x4) -6a? (1+ L)ZB Hyper‘geometr‘icZFl[;, 2,2 _2 }
b x? 3737 3

8 <a+bx2)2/3
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Problem 694: Result unnecessarily involves higher level functions.

(a+ bxz)‘”3
J x3

Optimal (type 3, 116leaves, 7 steps):

dx

al/3:2 (asbx2) Y3
bx2)43 2a'?bArcTan| - ]
2b (a+bx?)?? - 3+ X2> - VER i —£a1/3bLog[x]+a1/3bLog[a1/3—(a+bx2)1/3}
2 X /3 3

Result (type 5, 73 leaves):

a2 3b2 52 a \2/3 . 2 2 5 a
ab_ o T_ab <1+ ﬁ) Hypergeometr‘chFl[;, 30 3 *]

(a+bx2)2/3

Problem 695: Result unnecessarily involves higher level functions.

dx
5

(a+bx?)*?
=
Optimal (type 3, 132leaves, 7 steps):

b (a+bx2)1/3 <a+bx2)4/3 b2Ar'cTan[a f/;al/: ] b2 Log[x] b Log[a1/3f (a+bx2)1/3}
- - - - +

3 x2 4 x4 3/3 a2/3 9 a2/3 6a%/3

Result (type 5, 80 leaves):

-3a%2-10abx?-7b2x*-2b2 <1+ ;—2)2/3 x4 Hyper‘geometr‘icZFl[i, i, 3, 2]
X

12 x4 (a+bx2>2/3

Problem 696: Result unnecessarily involves higher level functions.

Jx“ (a + bxz)‘”3 dx

Optimal (type 4, 335leaves, 6 steps):
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432a3x (a+bx2)'? 48a2x3 (a+bx2)'? 24
_ N .

21505 b? 4301 b 391

1/3
+

ax® (a+bx2)

a%/3 4 al/3 (a+bx2)1/3+ <a+bx2)2/3

((1—\/?) al/3 - (a+bx2)1/3)2

iXS (a+bx2>4/3_ 432  33/4 2_\/? a4 (a1/3—(a+bx2)1/3)
23

(1+\/?) al/3 - (a+bx2)1/3

al/3 (al/s _ (a +b Xz) 1/3)
EllipticF [Ar‘cSin[

|, -7+47/3] / 21505 b x

(1—\5) al/’s - (a+bx2)1/3 ((1,\5) al/3 _ (a+bx2)1/3)2
Result (type 5, 100 leaves):
1 242/3 . 1 2 3 bx?
3Xx |-144a*-64a°bx?+1455a% b% x* + 2310 a b3 x® + 935 b* x® + 144 a* |1+ Hypergeometric2F1[~, =, =, - —|
21505b? (a+bx?)*? a 2732 a
Problem 697: Result unnecessarily involves higher level functions.
JXZ (a+bx2)4/3 dx
Optimal (type 4, 311 leaves, 5steps):
48 a? bx2)?3 2/3, 41/3 b x2)1/3 b x2)2/3
ax (a+bx) L2 <a+bx2)1/3+ix3 (a+bx2)*?+ a8 3¥4+/2-+/3 a° (a1/3—(a+bx2)1/3) PR3l (arbxt) 7+ (arbx)
935 b 187 17

((17\/?> al/’3 - (a+bx2)1/3)2

EllipticF[ArcSin|

(1+\/?)a1/3—(a+bx2)1/3}1_7+4\/?} / o3sbix |- a1/3(a1/3—(a+bx2)1/3)
(1—\/?)a1/3—(a+bx2)1/3 ((1—\/?)a1/3—(a+bx2)1/3)2

Result (type 5, 90 leaves):

2/3
3 (16 a®x+111a?bx3+150ab? x> +55b3 x” - 16 a3 x (1+ M) Hyper‘geometr‘icZFl[i, i, % —M])
a

935b (a+bx2>2/3

Problem 698: Result unnecessarily involves higher level functions.
J(a+bx2)4/3 dx

Optimal (type 4, 285 leaves, 4 steps):
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ax(arbx) e 2 (asbx)*? |16 34423 a2 (a2 - (arb) e (o b [ab)

55 11 ((17\/?) a1/3—(a+bx2)1/3)2

1+\/?) al/3 _ (a+bx2>1/3

(17\/?) al/3 _ (a+bx2)1/3

al/3 (a1/3_ (a+bx2)1/3)

((1—\/?) al/3 _ <a+bx2)1/3)2

EllipticF[ArcSin|

}:—7+4\/?} / 55bx |-

Result (type 5, 76 leaves):

2/3
39a2x+54abx3+15b2 x5 +16 a2 x (1+ba—xz) Hyper‘geometr‘icZFl[%, 2,2, b

3) )

55 <a+bx2)2/3

Problem 699: Result unnecessarily involves higher level functions.

b 2\4/3
J(a+ x) x

XZ

Optimal (type 4, 280 leaves, 4 steps):

b 2\4/3
§bx(a+bx2)1/3—7<a+ x)
5 X

2/3 , 41/3 b x2)1/3 b x2)2/3 1++/3 ] al3- (a+bx2)?3
161/2-V3 a(a? - (a:bx)"7) 2 ea (20X v (2D EllipticF[ArcSin[( ) ( )

([1-V3) a2~ (arbx2)*?)’ (1-V3) a2 - (a+bx2)*7

|, -7+4+/3] /

al/3 (a1/37 (a+bx2)1/3)

((1—\/?) al/3 _ (a+bx2>1/3)2

5 31/4 X

Result (type 5, 78 leaves):

a 3bx

-—+

X 5

2/3
16 abx (‘”2%) Hyper‘geometr‘icZFl[i, i 3 _M]

(a+bx2)1/3+

15 (a+bx2)2/3

Problem 700: Result unnecessarily involves higher level functions.

J(a+bx2)4/3

x4

dx
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Optimal (type 4, 284 leaves, 4 steps):
8b(a+bx?)¥?  (a+bx2)*?

9 x 3 x3

a??+al? (a+bx?)V? 4 (a+bx?)?? (1+\5) at? - (a+bx?)*?
EllipticF [ArcSin|

e Z—X/?b(al/3—(a+bx2>l/3) 1/3)2 1/3 211/3
((17\E)a1/37(a+bx2) ) (1—\/?>a - (a+bx?)

|, -7+4+/3] /

al/3 (a1/3— (a+bx2)1/3)

((1—\/?) al/3 - (a+bx2>1/3>2

9 31/4 X

Result (type 5, 80 leaves):

2/3
~9a%-42abx?-33b2x*+16b2x* (1+ ba%z) Hypergeometric2F1[2, 2, 2, -]

27 x3 (a+bx2)2/3

Problem 706: Result unnecessarily involves higher level functions.

1
J—dlx
X (a+bx2)1/3

Optimal (type 3, 86 leaves, 5steps):

/3 ArcTan|® \2/;31/: ] Log[x] 3Log[al?- (a+bx?)
- +

2 a1/3 2 a1/3 4 a1/3

1/3]

Result (type 5, 48 leaves):

1/3 )
3 (1+ L) Hyper‘geometr‘lc2F1[§, i, 4, -2

b x?

2 (a+bx2)1/3

Problem 707: Result unnecessarily involves higher level functions.

1
J—dlx
x3 (a+bx2)1/3

Optimal (type 3, 110leaves, 6 steps):



b ArcT al/3.:2 (a+bx2)Y/3
(a+bx2)?? rcTan| = ] blog(x] blog[a?- (a+bx?)"?]
- _ N -

2 a x? 2+/3 a4/3 6 3%/3 4 3%/3

Result (type 5, 69 leaves):

1/3
_a-bx2+b (1+ ;7) / x2 Hyper\geometr‘iCZFl[%; %: 3 b2

2ax? (a+bx2)1/3

Problem 708: Result unnecessarily involves higher level functions.

J;dx
x5 (a+bx2)1/3

Optimal (type 3, 138 leaves, 7 steps):
(a+bx?)?? b (a+bx2)?/? bPArcTan| @22 (g

1/3}

) X X J3 a ] _ b?Log[x] X b% Log[a'/® - (a+bx?)
4ax* 3a%x? 3+/3 a7/3 9a’/3 6a’/3

Result (type 5, 82leaves):

1/3
~3a2+abx?+4b2x*-4b2 (1+b%) ! x“Hyper‘geometr‘icZFl[i, i, :—, - 2]

12 a2 x4 <a+bx2)1/3

Problem 709: Result unnecessarily involves higher level functions.

4

X ax
J(a+bx2)1/3

Optimal (type 4, 580 leaves, 6 steps):
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27ax(a+bx2)2/3 3 x3 (a+bx2)2/3 81 a2 x
- +

91 b? 13b _91b2((1_ﬁ)a1/3_<a+bX2)1/3)+

g1 31/4 TJ”/? 473 (a1/3—(a+bx2)1/3) a2/3 , al/3 (a+bx2>1/3+(a+bxz>2/3
((1—\/?) a1/3—(a+bx2>1/3)2

1+\/?) al/3 - (a+bx2)1/3

(1—\5) al/3_ (a+bx2)1/3

}, 77+4\/?} / 182b3x | - = (31/3— (a+bX2> ) -
((17\/?) al/3 (a+bx2)1/3)2

EllipticE [Ar‘cSin [

a2/3 4 al/3 (a+bx2)1/3+ (a+bx2>2/3 (1-%—\/?) al/3 _ (a+bx2>1/3
EllipticF[ArcSin|

((1—ﬁ) al/3 _ (a+bx2)1/3)2 (1—\/?) al/3 (a+bx2)1/3

27 /2 33/437/3 (a1/3— <a+bx2)1/3)

|, -7+4+3] /

al/3 (a1/3_ (a+bX2)1/3)

((17\5) al/3 - (a+bx2)1/3)2

91 b3 x

Result (type 5, 79 leaves):

1/3
3 (79a2x72abx3+7b2x5+9a2x (1+ M) Hyper‘geometr‘icZFl[i, i, %, - bx ])
a

91 b2 (a+bx2)1/3

Problem 710: Result unnecessarily involves higher level functions.

2

X ax
J(a+bx2)1/3

Optimal (type 4, 556 leaves, 5steps):
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3X(a+bx2>2/3+ 9ax _ 1o 31/4ma4/3 (31/3—(a+bx2>1/3) a??+a'? (a+bx?)Y? 4 (a+bx?)??
7b 7b((1—\/?) al/3_<a+bx2)1/3) ((17\/?) a1/37(a+bx2)1/3)2

1+\/?) al/3 _ (a+bx2>1/3

(17\/?) al/3 _ (a+bx2)1/3

},—7+4\/?}/14b2x i a1/3(a1/3_(a+bxz) ) )
((1—\/?)a1/3—(a+bx2)1/3)2

EllipticE[ArcSin|

a2 13l (a+ bX2)1/3 +(ax bX2)2/3 (1+ ﬁ) al’? - (a+ bxz)l/s
EllipticF [ArcSin|

((1—\/?) al/3 - (a+bx2)1/3)2 (1—ﬁ) al/3 - (a+bx2)1/3

3+/2 33/43%/3 (31/3_ (a+bx2>1/3)

|, -7+4+/3] /

a1/3 (a1/3_ (a+bx2)1/3)

((1—\/?) al/3 - (a+bx2)1/3)2

7b%x |-

Result (type 5, 62 leaves):

3 X

1/3 .
a+bx?-a (1+ ba—xz> Hyper‘geometr‘1c2F1[i, i, %, 7M])

7b (a+bx2)'?

Problem 711: Result unnecessarily involves higher level functions.

o
i

Optimal (type 4, 529 leaves, 4 steps):
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_ 3X .13 31/4ma1/3 (81/3—(a+bx2)1/3) a??+al? (a+bx?)¥? 4 (a+bx?)??
(1—\/?) al/3_<a+bx2>1/3 ((17\/?> a1/37(a+bx2)1/3)2

1+\/?) al/3 _ (a+bx2>1/3

(17\/?) al/3 _ (a+bx2)1/3

},-7+4\/?}/2bx _ a1/3(31/3_<a+bxz) ) B
((1—\/?)a1/3—(a+bx2)1/3)2

EllipticE[ArcSin|

a2/3 ; g1/3 (a+bx2)1/3 . (a+bx2)2/3 (1+\/?) al/3 _ (a+bx2)1/3
EllipticF [ArcSin|

((1—\/?) al/3 - (a+bx2)1/3’)2 (1—\/?) al’3 - (a+bx2)1/3

N2 33745173 (31/3_ (a+bx2)1/3)

al/3 (31/3_ (a+bx2)1/3)

((1—\/?) al’3 (a+bx2)1/3>2

bx |-

Result (type 5, 47 leaves):

a:bx2\1/3 : i1 3 bx*
x( ° ) Hyper‘geometr‘1c2F1[3, PIIE ]

(a+bx2)1/3

Problem 712: Result unnecessarily involves higher level functions.

1
j—dlx
x2 (a+bx2)1/3

Optimal (type 4, 546 leaves, 5 steps):

|, -7+4+/3] /
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b22/3
_(a+ x) ) b x X

ax a((l—ﬁ) a1/3—(a+bx2)1/3)

a??+a'? (a+bx?)Y? 4 (a+bx?)?? 1+\/?) al’? - (a+bx?)*?
EllipticE[ArcSin|

((1—%?) al/3 _ <a+bx2)1/3)2 (1—\/?) al/s (a+bx2)1/3

31/44/2+4/3 (a1/3— (a+bx2)1/3)

|, ~7+4+/3] /

al/3 (a1/3_ (a+bx2)1/3)
2a2/3x _ _

((1—\/?) al/3 _ (a+bx2)1/3)2

(1+\/?) al/s_ (a+bx2>1/3

2/3 1/3 b 2\1/3 b 2\2/3
\/T(al/3—(a+bx2)l/3) 2P vall farbxd) 7 r (arbx) EllipticF[ArcSin| |, ~7+4+/3] /
( 1—\/?) a1/3—<a+bx2)1/3‘)2 (l—ﬁ)a1/3—(a+bx2)1/3
al/3 (31/3_ (a+bx2)1/3)
31/4a2/3x

((17\5) al/3 - (a+bx2)1/3)2

Result (type 5, 69 leaves):

1/3
-3 (a+bx?) +bx? (1+ baiz) Hyper‘geometr‘icZFl[i, 1 3, —M]

3ax <a+bx2)1/3

Problem 713: Result unnecessarily involves higher level functions.

1
J—dlx
x4 (a+bx2)1/3

Optimal (type 4, 578 leaves, 6 steps):
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(a+bx2)2/3 5b(a+bx2)2/3 5 b2 x
_ . N _

3ax? 9 a%x 932((1—\/?)a1/3—<a+bx2)1/3)

a2/3 4 a1/3 (a+bx2)1/3+ (a+bx2)2/3 1+ﬁ) al/3 _ (a+bx2)1/3

5 2+\/?b(a1/3_(a+bx2)1/3) EllipticE[Ar'cSin[ },—7+4\/?}/
((1—\/?) a1/3—(a+bx2)1/3)2 (1—\/?) a1/3’—(a+bx2)1/3
al/3 (a1/3_ (a+bx2)1/3)
6 334353y |_ .
((1—\/?) a1/3—(a+bx2)1/3)2
2/3 1/3 bx2)1/3 b x2)2/3 1+ﬁ al’3_ (a+bx2)3
5\/7b<a1/3—(a+bx2)1/3) 27 +aP arbxd) e (arbxd) EllipticF [ArcSin| ) ( ) ],—7+4\/?]/

((1—\/?) al/3 _ (a+bx2)1/3)2 (1—\/?) al/3 (a+bx2)1/3

31/3 (a1/3_ (a+bx2)1/3)

((17\/?) al/3 - (a+bx2)1/3)2

9 31/4 a5/3X

Result (type 5, 83 leaves):

13
~9a2+6abx?+15b2 x4 - 5b2x? (1+ M) Hyper‘geometr‘icZFl[%, %, i, -]
a

27 a2 x3 (a+bx2)1/3
Problem 718: Result unnecessarily involves higher level functions.

1
J—dlx
X <a+bx2)2/3

Optimal (type 3, 86 leaves, 5steps):

/3 ArcTan|? f/;al/); ] Log(x] 3Llog[al?- (a+bx?)
- +

2a2/3 2a2/3 4a2/3

1/3}

Result (type 5, 48 leaves):

3 (1+ bi)ys Hypergeometric2F1[ 2, 2, 2, - -2

XZ

4(a+bx2)2/3



Problem 719: Result unnecessarily involves higher level functions.

1
J—dlx
x3 (a+bx2)2/3

Optimal (type 3, 107 leaves, 6 steps):

1/3+ +b x? 1/3
(a+bx2>1/3 bAr‘cTan[*(—)fa/ 3;;11/: ] blog[x] blog[al?- (a+bx2)1/3]
_ . . _

23 x2 /3 253 3 35/3 2 35/3

Result (type 5, 69 leaves):

2/

a (23 2 : 2 2 5 __a
—a-bx?+b (1+ biz) X Hyper‘geometr‘1c2F1[3, 230

2 ax? (a+bx2)2/3

Problem 720: Result unnecessarily involves higher level functions.

1
J—dlx
x5 (a+bx2)2/3

Optimal (type 3, 138leaves, 7 steps):

1/3, ibx2) Y3
(a+bx2>1/3 5h (a+bx2)1/3 5b2Ar~cTan[—(—)_a ga’l’/’: } 5b2Log[x] 5b? Log[a1/37 (a+bx2)1/3]
- + - +

4 ax* 12 a? x? 6+/3 383 18 a8/3 12 283

Result (type 5, 83 leaves):

~3a2+2abx?+5b2x*_5b2 (1+ :7)2/3 x4 Hyper‘geometr‘icZFlE, %, >, -2

12 a2 x4 (a+bx2)2/3

Problem 721: Result unnecessarily involves higher level functions.

4

X ax
J\(aerXZ)Z/3

Optimal (type 4, 293 leaves, 4 steps):

1.1.2 Quadratic.nb | 53



54 | 1.1.2 Quadratic.nb

a2/3 ; gl/3 (a+bx2)1/3+ (a+bx2)2/3

((1—\/?) al/3 _ (a+bx2)1/3)2

1/3 1/3
_27ax(a+fxz>/ 2 (a+:Xz> - 27 3¥%4/2-+/3 a? (a1/3—(a+bx2)”3)
55 b 11

1+\/?) al/3 _ (a+bx2>1/3

(17\/?) al/3 _ (a+bx2)1/3

al/3 (a1/3_ (a+bx2)1/3)

((1—\/?) al/3 - (a+bx2)1/3)2

EllipticF[ArcSin|

|, -7+4~/3] / 55b°x | -

Result (type 5, 79 leaves):

2/3
3 (—9 a?x-4abx3+5b2x>+9a%x (1+ b%) Hyper‘geometr‘icZFl[%, f, %, —M])

55 b2 (a+bx2)2/3

Problem 722: Result unnecessarily involves higher level functions.

2
J(a+bx2)2/3 >

Optimal (type 4, 269 leaves, 3 steps):

3 x (a+bx2>1/3
- +

5b
2/3 , g1/3 bx2)1/3 b x2)2/3 1++/3 ) at3- (a+bx2)Y3
3344243 a(a1/3—(a+bx2)1/3) a7 [arbx) s farbr) EllipticF{ArcSin[( ) ( )
((1—\/?) a1/3’—(a+bx2>1/3)2 (1—\/?) a1/3’—(a+bx2)1/3
3173 (3173 _ (a+bx2) Y3
5b%x |- ( ( ) )

((1—\/?) al/3 _ (a+bx2)1/3)2

Result (type 5, 62 leaves):

2/3
3x|(a+bx?-a (1+ M) Hyper‘geometr‘icZFl[i, 2,2, b<
a

5b (a+bx2)2/3

Problem 723: Result unnecessarily involves higher level functions.

o
J<a+bxz)2/3

|, -7+4+/3] /



1.1.2 Quadratic.nb | 55

Optimal (type 4, 246 leaves, 2 steps):

2/3 , 41/3 +b 2\1/3 +b 212/3 1+\/? al’3_ (a+bx2 1/3
33/44/2-4/3 (a1/3— (a+bx2)1/3) 2 2l? (a+bx?) (a+bx}) EllipticF [ArcSin| ( ) < ) |, -7+4+/3] /
((1—\/?) al’3 - (a+bx2)1/3)2 (1—\/?) at? - (a+bx?)*?
al/3 (3173 _ (3 + b x2 1/3
| a2 - ( )*?)
((17\/?) al/3 _ (a+bx2)1/3)2
Result (type 5, 47 leaves):
X (—a*:XZ)Z/B Hyper‘geometr‘icZFl[%, %, 3, —bfl]
(a+bx2>2/3
Problem 724: Result unnecessarily involves higher level functions.
y 8
1
J— dx
x2 (a+bx2)2/3
Optimal (type 4, 265 leaves, 3 steps):
(a+bx2>1/3
-+
a X
2/3 1/3 b x2 1/3 b x2 2/3 1+\/? al’3 _ (a+bx? 1/3
2-4/3 (a1/3-(a+bx2)1/3) 23l [arbxt) T+ (arbxd) EllipticF[ArcSin| ) ( ) ], -7+4+3] /
((17\/?) al/3 _ (a+bx2)1/3)2 (1_ﬁ) al/3 _ (a+bx2)1/3
3 3 2\1/3
N al/ (al/ - (a+bx?) )

((1—\/?) al/3 - (a+bx2)1/3)2

Result (type 5, 70leaves):

2/3
-3 (a+bx?) -bx? <1+ bai) Hyper‘geometricZFl[i, f, 3, e

a

3ax <a+bx2)2/3
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Problem 725: Result unnecessarily involves higher level functions.
1
——dx
Jx4 (a+bx?)??

Optimal (type 4, 293 leaves, 4 steps):
(a+bx?)*? 7b (a+bx?)?
_ N _

3ax3 9a%x

a%/3 1+ al/3 (a+bx2)1/3+ (a+bx2)2/3

1+\/?) al/3 - (a+bx2)1/3
72-/3 b (al/sf (a+bx2)1/3) EllipticF [ArcSin|

((1—\/?) al/3 - (a+bx2)1/3)2 (17\/?) al/3 - (a+bx2)1/3

|, -7+4+3] /

al/3 (a1/3— (a+bx2)1/3)

((17\/?) al/3 - <a+bx2)1/3)2

9 31/4 a2 X

Result (type 5, 83 leaves):

2/
—9a2+12abx2+21b2x4+7b2x4 (1+bal

3 . 1 2 3 b x?
Hyper‘geometr‘1c2F1[;, S 3 _T]

27 a2 x3 (a+bx2)2/3

Problem 730: Result unnecessarily involves higher level functions.
1
J— dx
x (a+bx2)*?

Optimal (type 3, 104 leaves, 6 steps):

1/’3+ . 211/3
\/?Ar‘cTan[—(—)—a 3;;/: ] Log[x] 3Llog[at- (a+bx?)*?]
+ - +

2a(a+bx2>1/3 2343 2a%3 4 a4/3

3

Result (type 5, 55 leaves):

a \1/3 . 11 4 a
3-3 (1+ E) Hyper‘geometr‘1c2F1[;, 55 ]

2a (a+bx2)1/3
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Problem 731: Result unnecessarily involves higher level functions.

J;dx
x3 (a+bx2)4/3

Optimal (type 3, 123 leaves, 7 steps):

al/3:2 (arb x2) Y3
) b ) 1 _2bAr‘cTan[ e ] +2bLog[x] _bLog[al/Bf(aerXz)lB]
a2 (a+bx2)1/3 2ax? <a+bx2)1/3 3 a3 3a’/3 a’/3

Result (type 5, 70leaves):

1/

2 _a \1/3 o ; 11 4 _ _a
—a-4bx%+4b (1+ bxz) X Hyper‘geometr‘1c2F1[3, 3 ]

2 a2 x2 (a+bx2)1/3

Problem 732: Result unnecessarily involves higher level functions.

1
J—dlx
x5 (a+bx2)4/3

Optimal (type 3, 159 leaves, 8 steps):

1/3
) 7 b? Ar‘cTan{M)—} 2 2 1/3 2\1/3
7b 1 7b 73 a3 7b2Log[x] 7b*Log[al’?- (a+bx?)'?]
- + + - +
32 (a+bx2)'? dax* (a+bx?)'? 12a2x? (a+bx?)'? 3+/3 ale/3 9 gle/3 6 ale/3

Result (type 5, 83 leaves):

~3a2+7abx?+28b2x*-28b2 (1+ ;?)1/3 x4 Hyper‘geometr‘icZFlE, 1 i - 2]

37 37 px?

12 a3 x4 <a+bx2)1/3

Problem 733: Result unnecessarily involves higher level functions.

4

X ax
J(a+bx2)4/3

Optimal (type 4, 577 leaves, 6 steps):
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3x3 27x<a+bx2)2/3 81 a X
+ +
2b<a+bx2)1/3 14 b2 14b2((1—\/?) a1/3_(a+bxz>1/3)

g1 31/4 TJ”/? 473 (a1/3—(a+bx2)1/3) a2/3 , al/3 (a+bx2>1/3+(a+bxz>2/3
((1—\/?) a1/3—(a+bx2>1/3)2

1+\/?) al/3 _ (a+bx2)1/3

(1—\5) al/3 _ (a+bx2)1/3

},—7+4\/?}/28b3x . a1/3(a1/3_(a+bxz) ) )
((17\/?)a1/37(a+bx2)1/3)2

EllipticE [Ar‘cSin [

a2 13l (as bX2)1/3 +(ax bx2)2/3 14 ﬁ) al’? - (a+ bx2)1/3
EllipticF [ArcSin|

((1—\/?) al/3 _ (a+bx2)1/3)2 (1—\/?) al/3 (a+bx2)1/3

27 . 33/4 34/3 (a1/3_ (a+bx2>1/3)

|, -7+4+/3] /

al/3 (a1/3_ (a+bx2)1/3)

((17\/?) al/3 _ (a+bx2)1/3)2

72 b3x

Result (type 5, 65leaves):

1/3
3x ([9a+2bx?-9a <1+ M) HypergeometricZFlE, i, 3, - bx ])
a

14 b? <a+bx2)1/3

Problem 734: Result unnecessarily involves higher level functions.

2

X ax
J(a+bx2)4/3

Optimal (type 4, 553 leaves, 5steps):
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3 X 9 x

o 3142, 3 a1 (a1/3—(a+bx2)1/3) a2?.al% (a+bx?)¥? 4 (a+bx?)??
2b (a+bx2)'? zb((l—\/?)al/3—(a+bx2>1/3> ((1*ﬁ)al/3*(a+bxz>l/3)2

(1+\/?) al/3 _ (a+bx2>1/3

EllipticE[ArcSin|

} \/_} i al/3 (a1/3— (a+bx2)1/3)
, -7+4/3 /4bx -

(1—\/?) al/3_ (a+bx2)1/3 ((1_\/?> al/3 _ (a+bx2)1/3)2

1/3 _ 2\1/3
3 33/441/3 (a1/3—(a+bx2)1/3) a??+al” (a+bx?)¥? 4 (a+bx?)?? (1+\E)a (a+bx?)

5 EllipticF [ArcSin|
((1—\/?> al/3 _ (a+bx2)1/3)

,7eas
(1—\/?) a1/3—(a+bx2)1/3} e 3}/

al/3 (31/3_ (a+bx2>1/3)

V2 b2x

((1—\/?) al’3 - (a+bx2)1/3)2

Result (type 5, 55leaves):
3x

bx2\1/3 . 1 1 3 bx?
14 (1 + T) Hyper'geometrchFl[;, 25 ])

2b (a+bx2)?

Problem 735: Result unnecessarily involves higher level functions.
1
——dx
imreere

Optimal (type 4, 552 leaves, 5steps):
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3 X 3x
4
2a (a+bx2>1/3 23 ((1,\/?) al/3 _ (a+bx2)1/3)

(1+\/?) at?- (a+bx?)*?

2/3 1/3 b 2\1/3 b 2\2/3

3.3Y44244/3 (a1/3—(a+bx2>1/3) il CLLL R LA EllipticE[ArcSin| ],77+4ﬁ]/
((1—\5) a1/37(a+bx2>1/3)2 (1—%) a1/3‘—<a+bx2)l/3

al/3 (31/37 <a+bx2)1/3)
42a°3pbx |- +
((1—\/?) a1/3—(a+bx2)1/3)2
2/3 1/3 b x2 1/3 b x2 2/3 1+\/? al’3 _ (a+bx? 1/3
33/4 (a1/37(a+bx2)1/3) P +al? (arbxt) 7+ (arbxl) EllipticF[ArcSin[( ) ( ) },77+4\/?}/

((17\/?) al/3 _ (a+bx2)1/3)2 (1_ﬁ) al/3 _ (a+bx2)1/3

31/3 (a1/3— (a+bx2)1/3)

((1—\/?) al/3 - (a+bx2)1/3)2

2 a?3bx

Result (type 5, 58 leaves):

bx2 1/3 . 1 1 bx®
3x-x (142 Hypergeometric2fF1[ 2, 2, 2, -

2a (a+bx2)1/3

Problem 736: Result unnecessarily involves higher level functions.

J;dx
x2 (a+bx2)4/3

Optimal (type 4, 571 leaves, 6 steps):
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3 5<a+bx2)2/3 5bx
- - +
2ax (a+bx?)'? 2a%x ZaZ((l-\/?) al/s—(a+bx2)1/3)
2/3 1/3 b x2)1/3 b x2)2/3 1+\/? al’3 - (a+bx2)Y3
5 3/4./2++/3 (al/B—(a+bx2>1/3) P +all (arbx?) 7 (arbx?) EllipticE [ArcSin| ) < ) ],—7+4ﬁ]/
((1—\/?) a1/3—(a+bx2)1/3)2 (1—\/?) a1/3—(a+bx2)1/3
1/3 (41/3 2\1/3
hasty a (a (a+bx) )
((1—\/?) a1/3—(a+bx2)1/3)2
2/3, 41/3 b x2)1/3 b x2)2/3 1++/3 | a¥3- (a+bx2)¥?
5(a1/3—(a+bx2)1/3) a2 +al? (arbx?) 7 r (arbx) EllipticF[Ar‘cSin[( ) ( ) ],—7+4\/?]/

((1—\/?) al/3 _ (a+bx2)1/3)2 (1—\/?) al/3 (a+bx2)1/3

al/3 (a1/3_ (a+bX2)1/3)

((1—\5) al/3 - (a+bx2>1/3)2

A /2 31/4 aS/B X

Result (type 5, 70leaves):

1/3
~6a-15bx?+5bx? (1+ b%) Hyper‘geometr‘icZFl[%, i %, —M]

6 a2 x (a+bx2)1/3

Problem 737: Result unnecessarily involves higher level functions.

J;dx
x4 (a+bx2)4/3

Optimal (type 4, 599 leaves, 7 steps):
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3 11 (a+bx2)2/3 55b(a+bx2)2/3 55 b2 x

- +

.
2ax? (a+bx2)1/3 6 a2 x3 18 a3 x 18a3((1—\/?) a1/3—(a+bx2)1/3)

2/3 1/3 b x2)1/3 b x2)2/3 1+\/? al’3 - (a+bx2)Y3
55 l2+\/? b (31/3— (a+bx2)1/3) a +a (a+ X ) + (a+ X ) EllipticE[Ar‘cSin{ ( ) ( )

|, -7+4+/3]
((1—\/?) al/f’—(a+bx2)1/3)2 (1—\/?)a1/3—(a+bx2)1/3 /

al/3 (a1/3— (a+bx2)1/3)
12 33433 x |- +

((17\/?) al/3 - (a+bx2)1/3)2

a2/3 4 al/3 (a+bx2>1/3+ (a+bx2>2/3 1+\/?) al/3 _ (a+bx2>1/3
EllipticF[ArcSin|

((l—ﬁ) al/3 <a+bx2)1/3’)2 (1—\/?) al/3 (a+bx2)1/3

55b (a1/3— <a+bx2)1/3)

|, ~7+4+3] /

al/3 (31/3_ (a+bx2)1/3)

((17\E> al/3 - (a+bx2)1/3)2

9 ./2 31/4 a8/3X

Result (type 5, 83 leaves):

1/3
~18a2+66abx2+165b2x* - 55b2 x4 (1+ b{) Hypergeometric2Fi[2, L, 2, X

54a%x3 (a+bx?)*?
Problem 738: Result unnecessarily involves higher level functions.
J(cx)”’/3 <a+bx2)1/3 dx

Optimal (type 3, 195leaves, 6 steps):

5a2c3 (cx)43 (a+bx2)1/3 ac (cx)les (a+bx2)1/3
- +

N
108 b2 36 b
1 2613 (cx)2/3
3 ¢13/3 22 (ash )1
(cx)/3 (a+bx?)¥/? >a°¢ ArcTan[—‘\E—‘—] 5a% /2 Log[bY/3 (cx)22 - 22 (a+bx2)'?]
6cC 54+/3 bd/3 108 b8/3

Result (type 5, 98 leaves):
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2/3
3 (cx)¥3[-5a3-2a%bx?+21ab?x*+18b3x6+5a3 (1+ ba—xz) Hyper‘geometr‘icZFl[f, f 2 M})

108 b2 (a+bx2)??

Problem 739: Result unnecessarily involves higher level functions.
J(cx)”z’ (a+bx2)1/3dlx

Optimal (type 3, 164 leaves, 5steps):

2bY/3 (cx) %3

1+

2 -7/3 /3 (a:bx2)Y/3
ac (cx)%3 (a+bx2)1/3 (c x)10/3 (a+bx2)1/3 a‘c Ar‘cTan[ = ] a2 c7/3 Log[b1/3 (cx)2/3_¢c2/3 (a+bx2)1/3]
+ + +
12b 4c 6+/3 b5/3 12 b>/3

Result (type 5, 83 leaves):

2/3
c (cx)%3 (a2+4abx2+3b2 x4 - a2 (1+ b{) Hyper‘geometr‘icZFl[f, ; = —M])

12b (a+bx?)*?

Problem 740: Result unnecessarily involves higher level functions.

J(cx)l/3 (a+bx2)1/3 dx

Optimal (type 3, 133 leaves, 4 steps):

2bY/3 (cx) 2/3

1+

(cx)*3 (a+bx2)'? ac'/?ArcTan | J;b =] aas Log[b'/? (cx)?/2 - c?3 (a+bx2)'?]
2c 2+/3 b2/3 4 bp2/3

Result (type 5, 68 leaves):

X (cx)1/3 (2 (a+bx?) +a (1+ %)2/3 Hyper‘geometr‘icZFl[f, f 2 —M])

4 (a+bx2)2/3

Problem 741: Result unnecessarily involves higher level functions.

b x2)1/3
j%dx

(c X)5/3

Optimal (type 3, 131 leaves, 4 steps):
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2bY/3 (cx)2/3

1+
3 (a+bx2>1/3 \/3 b1/3 Ar‘cTan[#\gA@] 3pl/3 Log[b1/3 (cx)2/3_ c2/3 (a+bx2)1/3}
2¢c (CX>2/3 2 ¢5/3 4 c>/3

Result (type 5, 72leaves):

X

-6 (a+bx?) +3bx? (1+ %)2/3 Hyper‘geometr‘icZFl[i, i, 3, —M])

4 (cx)>/3 (a+bx2)2/3
Problem 746: Result unnecessarily involves higher level functions.
J(cx)w/3 <a+bx2)1/3 dx

Optimal (type 4, 451 leaves, 6 steps):

14 a2 c3 (cx)1/3 <a+bx2)1/3 2ac (cx)7/3 (a+bx2)1/3 (cx)13/3 (a+bx2>1/3

+ + +
135 b2 45b 5c
A3, b?/3 (cx)4/3 . bY/3 /3 (cx)¥/? 23 1-/3 | b3 (cx)?/3
bl/3 (¢ x)?2/3 b x2) Y3 b x2) Y3 b x2)1/3 1
72273 (cx) V3 (arbx?) | 2n o (€N (20>7) (20 7) E1lipticF [ArcCos [ (2b) I, = (2+v3)] /
a+bx2)?3 1443 ) b3 (cx) 23 | 2 14/3 ) bY/3 (cx) %3 4
< [ 2/3 V3 ) b2 (ex) c2/3
c?/3 - , - ;
(a+bx?)¥? (a+bx?)¥/?
b1/3 (c x)2/3 (C2/3 b3 (c X)z/3]
135 3Y4p2 |- (avb)"
(a +b xz) 173 | 273 _ (1”/?) b2 (cx)2% ) 2
<a+bx2)1/3
Result (type 5, 98 leaves):
1 2\2/3 1 2 7 bx?
A (ex)¥3 |-14a>-8a%bx?+33ab?x*+27b3x%+14 a3 (1+ ] Hypergeometric2F1[~, =, —, - —|
135b2 (a+bx2)?? a 6 3 6 a

Problem 747: Result unnecessarily involves higher level functions.

J(cx)‘”3 (a+bx2)1/3 dx

Optimal (type 4, 418 leaves, 5 steps):



2ac (cx)¥3 (a+bx2)'?  (cx)73 (a+bx2)?

9b 3cC

C4/3 . b2/3 (c x)4/3 . bl/3 c2/3 (cx)?/?
b1/3 (CX)Z/?’] (a+bx2)2/3 (a+bx2)1/3

(a +b X2> 1/3 [ 23 1443 ) b1/2 (cx)2/2 ) 2
C —

(a+bx?) /3

a(:1/3 (CX)1/3 (a+bx2)1/3 (c2/3

1/3 2/3
b1/3 (CX)2/3 (c2/3_ bY/> (cx)

(a+b xz)l/3

9 31/4b

2
1+4/3 ) bY/3 (cx)¥/3
(a+b x2)1/3 (c2/3 -

(a+b xz) 1/3
Result (type 5, 85leaves):

2/3
c (cx)1/3 (2 a2+5abx2+3b2x*_2a2 (1+ bal) Hyper‘geometr‘iCZFl[i, f, %: —bai])

9b (a+bx?)??

Problem 748: Result unnecessarily involves higher level functions.

dx

J<a+bx2)1/3

(c X)2/3

Optimal (type 4, 381 leaves, 4 steps):

(cx)l/3 <a+bx2)1/3

C

C4/3 . bz/s (CX)A/B . b1/3 Cz/s (cx)z/s
bl/3 (cx)2/3 ] (a+bxz)2/3 (asb Xz)l/S

(a+bx2)1/3

1/3
(CX)l/3 (a+bx2)/ c?/3
144/3 ) bY/3 (cx) /3

c2/3 :
(a+bx2)l/3

1/3 2/3
pl/3 (c x)2/3 (c2/3 _ uu)_)

(a+b x?) 3

31/4 C5/3

/ 2
144/3 7] bY/3 (cx)?/3
(a +b X2> /3 (CZB -

(a+bx2)1/3

Result (type 5, 63 leaves):

EllipticF [ArcCos]|

c2/3 _

(a+b xz)l/3

1/3 2/3
273 1-+/3 | b1/3 (cx)?

(a+b xz)l/3

17\5) pl/3 (cx)z//3

(a+b xz)l/3

EllipticF |[ArcCos |

c2/3

1+/3 ) bY/3 (cx)?/3

(a+b XZ) 13

3

1443 | b3 (cx)?/3 },
c2/3

1
4

1.1.2 Quadratic.nb

(2:v3)]]/

1
4

2+v3)]|/

| 65
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2/3
x|la+bx?+2a (1+ ba—"z> Hyper‘geometr‘icZFl[i, 2,1,-8<

(cx)2/3 (a+bx2)2/3

Problem 749: Result unnecessarily involves higher level functions.

dx

(a +b XZ) 1/3
J (c X)8/3
Optimal (type 4, 391 leaves, 4 steps):

3 (a+bx2)?

5¢c (cx)>3

+

43 . p2/3 (cx)4/’/3 . pl/3 c2/3 (cx)z//3

1/3 2/3 23 s
334 (cx)Y/3 (a+bx2)1/3 23 _ bt/? (cx) (arbx2)¥ (avbx2)V
(2.+bx2) ™ T e LG

C - /-

(a+bx2)1/3

1/3 2/3
pl/3 (c X)Z/S (c2/3 _ b_(u);J

11,3 (aerxz)l/3

5ac

_ / ;
1+4/3 ) b3 (cx)?/3
(a+bx2)1/3 [c2/3—

(a+bx2)1/3

Result (type 5, 69 leaves):

2/3
3x (a +bx2-2bx? (1+ M) Hypergeometric2Fi[ 2, 2, Z, —M])
a 6 3 6

5 (cx)83 (a+bx2)2/3

Problem 750: Result unnecessarily involves higher level functions.

dx

J(a+bx2)1/3

(C X>14/3

Optimal (type 4, 422 leaves, 5steps):

c2/3 13 b2 (cx)??

- (a+b xz)l/3

EllipticF[ArcCos|

1/3 2/3
C2/37 1+4/3 | b*/? (cx)%

(a+b xz)lr’/3

},i(2+\/?)} /
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3 (a+bx2)1/3 6b (a+bx2)1/3

11c (cx)/®  55ac3 (cx)°/3?

C4/3 . bz/s (cx)4/3 . pl/3 Cz/z (cx)z/3 C2/3 1-+/3 b1/3 (c x>2/3

bl/3 (cx)?/3 b x2) Y3 b x2) V3 - bx2) Y3
33402 (cx)'3 (a+bx?)? [cm— Lex) ] (2r0) (2:0 ) E1lipticF [ArcCos (o0 ) ,

1
2\1/3 1/3 2/3\ 2 1/3 2/3
(a+bx?) [Cm (173 62 (%)% s (130 e 4

2+v3)]]/

(a+b xz)l/3 (a+b x2>1/3

1/3 2/3
pl/3 (Cx)2/3 (c2/3— bY? (e x) ]

arb x2) %3
55 aZ C17/3 < )

P ) 2
1+4/3 ) b3 (cx)¥?3
(a+bx?)'? [c2/3 -

(a+b xz)lr’/3

Result (type 5, 93 leaves):

a

2/3
3 (cx)l/3 (5 a2+7abx?+2b2x*+6b2x4 (1+ bai) Hyper‘geometr‘icZFl[i, f, i, —ﬁ])

55 ac5 x4 (a+bx2)2/3

Problem 754: Result unnecessarily involves higher level functions.

J(c x) 1373 (a +bx2)4/3 dx

Optimal (type 3, 223 leaves, 7 steps):

5a°c (cx)¥? (a+bx?)Y? a?c (cx)12 (a+bx2)M?  a (cx)? (a+bx?)t?

+ + +
324 b2 108 b 18 ¢
1 2b1/3 (cx)?/3
4 ~13/3 /3 (asbx2)*?
(cx)16/3 (a+bx2)4/3 5a* c™/? ArcTan| NS ] 5a* 132 Log[b!/3 (cx)2/2 - c?/3 <a+bx2)1/3}
8cC 162 v/ 3 b8/3 324 h8/3

Result (type 5, 109 leaves):
1
648 b2 (a+bx2)?>

b x2

N

2/3
S (ex)¥3 |-10a*-4a%bx?+123a%b%x*+198ab>x® + 81b*x® + 10 a* [1+ ) Hypergeometric2F1| —,

w
w [N

a

Problem 755: Result unnecessarily involves higher level functions.

J(cx)”3 (a+bx2)4/3 dx
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Optimal (type 3, 192 leaves, 6 steps):

a?c (cx)*3 (a+bx?)? a(cx)3 (a+bx?)?  (cx)3 (a+bx2)*?
+ + +

27 b 9c 6cC

2b1/3 (c X>2,’3

1+ —————

3 .7/3 /3 (acbx2) V3
2a’c Ar‘cTan[ 5 } 33 ¢7/3 Log[bl/z’ (cx)2/3—C2/3 (a+bx2>1/3]
+

27+/3 bs/3 27 b*/3

Result (type 5, 96 leaves):

2/3
c (cx)*3 (2 a®+17a’bx?+24ab?x*+9b3x%-23a3 (1+ m) Hyper‘geometr‘icZFl[%, %, 3, —M])
a

54 b (a+bx2)2/3

Problem 756: Result unnecessarily involves higher level functions.

J(cx)l/3 (a+bx2)4/3 dx

Optimal (type 3, 163 leaves, 5steps):

2013 (cx)?/3

1+

a (cx)4/3 (a+bx2)1/3 (c x)4/3 (a+bx2)4/3 a? c1/3Ar‘cTan[i%’”¢} a2 c1/3 Log[b1/3 (cx)2/3_ c2/3 (a+bx2)1/3]

+ — —

3c 4c 3+/3 b2/3 6 b2/3

Result (type 5, 83 leaves):

2/

3
(cx)l/3 (7 a’?x+10abx3+3b%x>+2a%x (1+ ba—xz> Hyper‘geometr‘icZFl[f, i, i, —M])

12 (a+bx2)2/3

Problem 757: Result unnecessarily involves higher level functions.

dx

J(a+bx2)4/3

(C X)5/3

Optimal (type 3, 153 leaves, 5steps):

2b1/3 (cx)?/3

1+
2b (cx)43 (a+bx2)1/3 3»(a+bx2)4/3 2ab'? ArcTan| cmgm ] ab'/3 Log[b!/? (cx)?/3 - c?/? (a+bx2)1/3]

c3 2c (cx)2/3 J3 573 c5/3

Result (type 5, 83 leaves):
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2/3
X [-3a2-2abx2+b2x*+2abx? (1+ ba—xz) Hyper‘geometr‘icZFl[f, f, %, 7M})

2 (cx)%3 (a+bx2)??

Problem 758: Result unnecessarily involves higher level functions.
J*(a+bxz)4/3 dx

(C X>11/3

Optimal (type 3, 157 leaves, 5steps):

2613 (c x)z/z

1+

3b <a+bx2)1/3 3 (a+bx2)4/3 \/?b4/3Ar=cTan[;”\}?xz)i} 3 p/3 Log[b1/3 (cx)2/3 - c2/3 (a+bx2)1/3]

2¢3 (CX)2/3 8c (c X)8/3 2 cli/3 4 cl1/3

Result (type 5, 83 leaves):

2/3
3x (a2+6abx2+5b2 x4 -2 b2 x4 (1+ b%) Hyper‘geometr‘iczFl[f, f, 3, _M])

8 (cx)1/3 (a+bx2)??
Problem 762: Result unnecessarily involves higher level functions.
J(cx)m/3 (a+bx2)4/3 dx

Optimal (type 4, 479 leaves, 7 steps):

16a°c (cx)¥3 (a+bx?)*? 16a2c (cx)”? (a+bx?)? 8a(cx)B3 (a+bx?)V?  (cx)B3 (a+bx?)??

+ + + +
405 b? 945 b 105 c 7cC
a3, b?/3 (cx)4/3 . bl/3 ¢2/3 (c x) /3 c2/3 _ 13 ) b2 (cx)?/3
bl/3 (cx)?/3 arbx2)?/? asbx?)?/? . arbx2)/? 1
8a3c’/? (cx)Y3 (a+bx2)1/3 c?/3 - (cx) ( ) ( ) EllipticF [ArcCos | ( ) — (2+\/3 )] /
a+bx2)3 143 ) bY/3 (cx) 23 ) 2 1++/3 | bY/3 (cx)?/3 4
C2/3 _ C2/3 _ -
(a+b xz)l/3 (a+bx?)¥/?

1/3 2/3
pl/3 (c X)Z/S (CZ/B _ b_(g)_J

(a+b xz) 13

405 - 31/4 p?

- P )
1+/3 | b3 (cx)?/3
(a+bx2)1/3 [c2/3—

(a+b xz)l//3

Result (type 5, 109 leaves):
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1 bx2)2/3 1 2 7 bx?
3 (ex)¥? |-112a*-64a3bx>+669a2b?x*+1026 ab> x® + 405 b* x® + 112 a* [1+ ] Hypergeometric2F1[~, =, —, - —|
2835b2 (a+bx2)?"? a 6 3 6 a
Problem 763: Result unnecessarily involves higher level functions.
J(cx)‘”3 (a+bx2)4/3 dx
Optimal (type 4, 448 leaves, 6 steps):
16a%c (cx)¥? (a+bx?)Y? 8a(cx)”? (a+bx?)¥?  (cx)73 (a+bx2)*?
+ + -
135b 45 ¢ 5c
A3, b?/3 (cx)4/3 . bY/3 /3 (cx)¥/? 23 1-/3 ) bY/3 (cx) %3
bl/3 2/3 b x2) Y3 bx2) Y3 b x2) Y3 1
8a’ct? (cx)¥? (a+bx?)V? |23~ (€x) (a8 x’) (a-07) EllipticF [ArcCos | (a-0x7) ], = (2+\/?)] /
(a+bx?)?? b (193] 8 022 2 23 (V3] ex? 4
C - C _ -
(a+bx2)1/3 (a+bx2)"/>

1/3 2/3
pl/3 (cx)2/3 c2/3 _ bY/? (cx) /
(a+bx2)'/?

135 31/4p

5y 2
1+/3 | b2 (cx)?/3
(a+bx?)?? (Cz/s_

(a+b xz)l/3

Result (type 5, 96 leaves):

2/3
c (cx)l/3 (16 a3+67a2bx2+78ab2x*+27b3x5-16a3 (1+ ba—xz) Hyper‘geometr‘icZFl[i, i, é, —M”

135b (a+bx2)2/3

Problem 764: Result unnecessarily involves higher level functions.

dx

J(a+bx2)4/3

(C X)2/3

Optimal (type 4, 414 leaves, 5steps):
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3 1/3 2/3
c4/3 . b3 (cx)%/? . b3 /3 (cx)?/3 c2/3 (1’ 3 )b’/ (ex)¥

b1/3 c X 2/3 b x2 2/3 b X2 1/3 b x? 1/3 1
ga (cx)V? (arbx?)? |2 (€Y (2b7) (20) EllipticF [ArcCos | Lila) I, = (243 )] /
(a+bx?)™? 23 (130 o) ? c2/3 (1) 62 ex22 7 4
c2/3 _ ( ) _
(a+b Xz)l/3 (a+b Xz)l/3

1/3 2/3
pl/3 (€ x) 2/3 [c2/3 _ b*? (cx) /
(a+bxz)1/3

9 31/4 C5/3

2
1+/3 ) bY/3 (cx) /3
(a+bx2)1/3 [c2/3—

(a+b xz) 1/3

Result (type 5, 83 leaves):

2/3
11a?x+14abx®+3b%x°>+16a%x (1 + M) Hypergeometric2F1 [ i, %, i, - M]
a

9 (cx)2/3 (a+bx2)2/3

Problem 765: Result unnecessarily involves higher level functions.

dx

j(a+bx2)4/3

(C X)8/3

Optimal (type 4, 414 leaves, 5steps):

8b (cx)¥3 (a+bx2)*? 3 (a+bx2)*?

+
5¢c3 5¢c (cx)>3
A3, b3 (cx)%/3 . bl/3 ¢2/3 (c x) /3 c2/3 _ 1-4/3 | b¥/3 (cx)?/3
bl/3 (cXx) 2/3 atbx2)?/3 arbx?)/3 arbx?)1/3 1
8b (cx)3 <a+bx2)1/3 c?/3 - ( ) ( ) EllipticF [ArcCos | ( ) — (2+\/3 )] /
(a +b X2> 1/3 23 1+4/3 ) bY/3 (cx)?/3 2 23 _ 1+4/3 ) bY/3 (cx) /3 4
(a+b xz)l/3 (a+b xz)l’/3

1/3 2/3
pl/3 (cx)2/3 (CZ/S _ b (ex)

arbx?)%/?
5 31/4 C11/3 ( )

164/3 ) b3 (cx) 23| 2
(a+bx?)'? (c2/3

(a+b xz)l/3

Result (type 5, 84 leaves):

| 71
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2/3
X [-3a2+2abx?+5b2x%+16ab x> (1+ bai) HypergeometricZFl[i, %, i, 7ﬁ])

5 (cx)®3 (a+bx?)??

Problem 766: Result unnecessarily involves higher level functions.

dx

J(a+bx2)4/3

(C X>14/3

Optimal (type 4, 419leaves, 5steps):

24 b (a+bx2)1/3 3 (a+bx2)4/3
- - +
55¢3 (cx)°/3 11c (cx)1/3

43, PP UexE | B S (ex) Y c2/3 (1-v3) ¥ (ex2

b1/3 c X 2/3 b x2)23 X2 Y3 sbx2) Y3 1
8 334p? (cx)t/3 (a+bx2)1/3 c?/3 - (cx) (a-07) (a-07) EllipticF[ArcCos| (a-07) 1, = (2+\/3H /
(a +b X2> 173 2/3 1+4/3 ) bY/3 (cx)¥/3 2 23 1+4/3 ) bY/3 (cx)?/3 4
c?/3 - c%/3 — ,
(a+b x2)1/3 (a+b X2)1/3

1/3 2/3
pl/3 (c X)z/s c2/3 _ Mﬂ);
(a+b xz)l/3

- i / 2
1++/3 | b3 (cx)?/3
(a+ bx2>1/3 (c2/3 -

(a+b x?) 3

55 a C17/3

Result (type 5, 90 leaves):

2/3
3 (cx)l/3 (—5a2—18abx2—13 b2 x4 + 16 b2 x* (1+ M) Hyper‘geometr‘icZFl[i, %, é, —ﬁ})

a

55 ¢5 x4 (a+bx2)2/3

Problem 767: Result unnecessarily involves higher level functions.

(a+b x2)4/3
Ji dx
(C X>20/3

Optimal (type 4, 450 leaves, 6 steps):
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24b (a+bx2)? 48b% (a+bx?)*? 3 (a+bx?)*?

43, Ll B (e
bl/3 (c x)?/3 atbx2)%? arbx?)%/3

— _ 124 33/4b3 (CX)1/3 (a+bx2)1/3 C2/37 ( ) ( > < )

187 ¢ (c x)11/3 935ac® (cx)*3 17c (cx)7/3

(a+bx?)'? [2/3 13 ) 072 (cx)?/? | 2
C —

(arbx?) ¥/

1/3 2/3
273 1-+/3 ) b3 (cx)

(a+b xz)l/3

bl/3 (¢ x)2/3 (c2/3 Y3 (c X)z/“]
EllipticF [Ar‘cCos[

(a+b xz)i/3
3

1
= [2++/3)] / 935 a% ¢?3/3 -
a+b x?) Y

(a+b xz)l//3

Result (type 5, 104 leaves):

1 1/3 3 2 2 2 4 3,6 3 6 2\ : 1 7 sz
- 3(cx)3 |55a31150a%bx?+111ab®x*+16b3x5+48b3x8 |1+ Hypergeometric2F1[~, =, —, - —|
935ac7x6<a+bx2)2/3 a 6 3 6 a
Problem 771: Result unnecessarily involves higher level functions.
19/3
JL dx
(a+bx2)2/3
Optimal (type 3, 198 leaves, 6 steps):
10a2c (cx)¥3 (a+bx2)*?  2ac (cx)13 (a+bx?)? ¢ (cx)¥3 (a+bx?)?
+ +
27 b3 9 b2 6b
1+ 2b1/3 (cx)2/3
20 a3 c19/3 Ar‘cTan[ifzb—xz’i] 10 a3 c19/3 Log[bl/B (cx)2/3_ c2/3 (a+bx2)1/3]
+
27+/3 bi1/3 27 p1/3

Result (type 5, 98 leaves):

2/3
c® (cx)4/3 (20a3+8a2bx2—3ab2 x* +9Db3x6 - 20 a3 (1+ baiz) HypergeometricZFl[%, 2,3, 7M])

a

54b% (a+bx?)??
Problem 772: Result unnecessarily involves higher level functions.
J\ (CX>13/3 dx
(a+bx2)??

Optimal (type 3, 167 leaves, 5steps):
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2bY/3 (cx)2/3

1+
2 ~13/3 P (b2
5ac® (cx)*3 (a+bx?)? ¢ (cx)13 (a+bx?)? 5% c*/? ArcTan| NS | 5azcn Log[b'/? (cx)2/3 - c?3 (a+bx2)'?]
- + - -
12 b2 4b 6/3 b3 12 b3

Result (type 5, 87 leaves):

2/3
c3 (cx)43 (75a272abx2+3b2 x4 + 5 a2 (1+ ba—"z> Hyper*geometr‘icZFl[f, f, g, - b"z])

a

12b% (a+bx?)??
Problem 773: Result unnecessarily involves higher level functions.
(c X)7/3 s
j(a+bx2)2/3 g

Optimal (type 3, 131 leaves, 4 steps):

2b1/3 (cx)2/3

1+
c(cx)*3 (a+bx?)'? ac7/3ArcTan[#’v‘?¥] ac’’?Log[b'? (cx)??-c?3 (a+bx?)'?]
+ +
2b \/3 b5/3 2 b5/3

Result (type 5, 69 leaves):

2/3
c (c X)4/3 (a+bx2—a (1+ bai) Hypepgeometr\iczFl[i, 5, ? _ bxz})

2
a

2b (a+bx2)2/3

Problem 774: Result unnecessarily involves higher level functions.
j (C X)1/3 dx
(a+bx2)2/3

Optimal (type 3, 106 leaves, 3 steps):

2bY/3 (cx)?/3

1+

V3 APCTan[i’J?Xz&] 3¢l Log b2 (cx)23 -c?3 (a+bx2)?]

2b2/3 4b2/3

Result (type 5, 57 leaves):

1/3 M)m ; 2 2 5 _bx
3x (CX) ( > Hyper‘geometr‘1c2F1[3, 22, -2 ]

4 (a+bx2)2/3
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Problem 779: Result unnecessarily involves higher level functions.
10/3
J‘“ X) dx
(a+bx?)*?
Optimal (type 4, 421 leaves, 5steps):

7acd (cx)¥? (a+bx?)*? ¢ (cx)7? (a+bx?)'?

- + +
9 b2 3b
a3, b2/3 (cx)¥/3 . bY/3 ¢2/3 (cx)¥/? c2/3 _ 1-4/3 | bY/3 (cx)?/3

bl/3 (c X)2/3 asb x2)2/3 asbx2) /3 . . asb x2) /3 1
7ac’? (cx)¥3 (a+bx?)M? |3 (a+0x’) (a+0x’) E1lipticF [ArcCos | (a-0) , = (2+\/3 )] /

2)\1/3 1/3 2/3\ 2 1/3 2/3 4

(a+bx?) a3 [1V3] 3 (e s (136 e
C - _
(a+bx2)1/3 (arbx?2)*?

1/3 2/3
bl/3 (cx)2/3 [c2/3 - bY/” (ex)¥7
(a+bx2)1/3

18 31/4 bZ

_ : -
1++/3 ] b3 (cx)?/?
(a+bx?)?? (c2/3—

(a+b xz)l/3

Result (type 5, 87 leaves):

2/3
3 (cx)l3 (—7 a2-4abx?+3b2x*+7a? (1+ b{) Hyper‘geometr‘icZFl[i, f, é, —ba—xz])

9 b? <a+bX2)2/3
Problem 780: Result unnecessarily involves higher level functions.
J (C X)4/3 dx
(a+bx?)??

Optimal (type 4, 388 leaves, 4 steps):
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c(ex)¥3 (a+bx2)'?

" _

, , , , , / /
A3, b2/3 (cx)4/3 . bY/3 ¢2/3 (c x) /3 c2/3 _ 1-4/3 | bY/3 (cx)?/3
bl/3 (cx)?/3 asbx2)%3 a+bx2)1/3 atbx?)%3
3 (cx)3 (a+bx2)1/3 {c2/3 ( ) ( ) EllipticF [ArcCos| ( ) s

1
2\1/3 / /3\ 2 1/3 2/3
(a+bx ) [c2/3— 1+4/3 ) bY/3 (cx)¥/3 273 1+4/3 ) bY/3 (cx) 4

(a+b xz)l/3 - (a+b Xz)l/i

(2+v3)]|/

1/3 2/3
b1/3 (CX)2/3 (c2/3_ bY/> (cx)

(a+b xz)l/3

2 31/4b

(a+b xz) /3

2
1+4/3 ) bY/3 (cx)¥/3
(a+b x2)1/3 (c2/3 -

Result (type 5, 66 leaves):

2/3
c (cx)l3 (a+bx2—a (1+ ba—xz) Hyper‘geometr‘icZFl[i, i, é —M})

b (a+bx2)2/3

Problem 781: Result unnecessarily involves higher level functions.

1
J dx
(cx)2/3 (a+bx2)2/3

Optimal (type 4, 364 leaves, 3 steps):

1-4/3 ) bY/3 (cx)?/3

b2/3 (cx)4/3 bl/3 c2/3 (¢ x)2/3
4/3 | (ex)¥ (€x)

2/3
c —
b1/3 c X 2/3 b x2)23 bx2) Y3 b x2)13 1
33/4 (cx)13 (a+bx2)1/3 c?/3 - (cx) (a0 x7) (a-07) EllipticF [ArcCos | @ X’) —1, = (2+\/3 )] /
<a + sz)l/3 2/3 1+/3 | bY/3 (cx)¥/3 2 23 1++/3 | b3 (cx)¥/3 4
C - - ;
(a+b x2>1/3 <a+bxz)l/3

1/3 2/3
pl/3 (cx>2/3 (CZ/S _ b (ex)

2acs3 |- (a+bx?)¥/?

/ 2
1+4/3 b1/3(cx)2/3
(a+bx2)1/3 (CZB

(asbx?)??

Result (type 5, 55 leaves):

by | 2/3 . >
3 x (%) Hyper‘geometr‘lczFl[i, %, é, -]

(cx)2/3 (a+bx2)2/3
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Problem 782: Result unnecessarily involves higher level functions.

1
J dx
(cx)®3 (a+bx2)??

Optimal (type 4, 394 leaves, 4 steps):
3 (a+bx?)??

S5ac (cx)>/3

c4/3 , B ex)r | P (ex) c2/3 [1V3] 0¥ (cx??

b1/3 c X 2/3 b X2 2/3 b x2 1/3 b x? 1/3 1
3 3¥%p (cx)3 (a+bx2)1/3 c?/3 - (€x) (a0 ) (a-0) EllipticF [ArcCos| (a-0) ], = (2+\/3 )] /
<a +b Xz) 13 1+\/? p1/3 (c x)z/3 2 1+\/37 b1/3 (CX)2/3 4
c2/3 _ ( ) c2/3 _
(a+b xz)l/3 (a+b><2)1/3

1/3 2/3
pl/3 (CX)2/3 (c2/3— bY> (ex)? ]

(a+b xz)l/3

10 aZ c11/3

1443 ) b2 (cx)2/2 ) 2
(a+bx?)*? [c2/3—

(a+b xz)l/3

Result (type 5, 72leaves):

3 X

2/3
a+bx?+3bx? (1+ b{) Hyper‘geometr‘icZFl[i, i, i, —M])

5a (cx)83 (a+bx2)2/3

Problem 783: Result unnecessarily involves higher level functions.

1
J dx
(c x)14/3 (a+bx2)2/3

Optimal (type 4, 425 leaves, 5steps):
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2/3 4/3 1/3 2/3 2/3
c4/3+b/ (ex)¥? b7 (ex)

3(a+bx?)*?  27b (a+bx?)'?

1/3 2/3 / /
a7 3342 (cx)1/3 <a+bX2)1/3 [c2/3 b3 (cx)?/ ] (a+bx?)?/? (a+bx?) /3

- +
1l1ac (cx)/3  55a2¢c3 (cx)>/3

<a+bx2)1/3 c2/3 [1/3) 82 (0022 2
(asb2) ¥
C2/3* M b1/3 (CX)2/3 (C2/37 p1/3 clez,:]
+b / +b /
EllipticF [ArcCos| (a-0") s (2 ++/3 ) ] / 110 a3 c17/3 (a+bx?)

1
144/37) b3 (cx) 23 4 144/3 ) b1/3 (cx) 22| 2
c2/3 _ (a+bx2)1/3 c2/3 _

(asbx?) /2 (arbx?) Y2

Result (type 5, 93 leaves):

2/3
3 (cx)l/3 (—5a2+4abx2+9b2 x4 +27 b2 x4 (1+ ba—xz) Hypergeometr‘icZFl[i, %, é, —M})

55 a2 ¢ x4 (a+bx2)2/3

Problem 787: Result unnecessarily involves higher level functions.

Jx“ (a+bx2)1/4d1x

Optimal (type 4, 121 leaves, 5 steps):

o 72 (1+ :7)(2)3/4 EllipticF[iAr‘cTan[%] , 2]

4a2X(a+bx2)1/4 2ax3 (a+bx2)1/4 2 3

- + + —x° <a+bX2)1/4+
77 b? 77 b 11 77 b5/2 (a+bx2)3/4

Result (type 5, 89leaves):

2 X

3/4
-2a*-a’bx?+8ab?x*+7b3x6+2a3 (1+ M) HypergeometricZFl[i, i, 3, —M])
a a

77b% (a+ bx2)3/4

Problem 788: Result unnecessarily involves higher level functions.

sz (a+bx2)1/4d1x

Optimal (type 4, 97 leaves, 4 steps):

452 (1+ %)3/4 EllipticF[iAr‘cTan[%] , 2]

2ax (a+bx?)** a

+ EX3 <a+bx2)1/4—
21b 7 21 p3/2 (a+bx2>3/4




Result (type 5, 76 leaves):

3/4 .
2x [a2+4abx?+3b2x*-a2 (1+baiz) Hyper‘geometr‘1c2F1[%,i 3 —M])

21b (a+bx2)3/4

Problem 789: Result unnecessarily involves higher level functions.

J(a+bx2)1/4dlx

Optimal (type 4, 75leaves, 3 steps):

2297 (14 %2)3/4 EllipticF[%ArcTan[%] ,2]

a
3\/? (a+bx2>3/4

Ex (a+bx2)1/4+
3

Result (type 5, 62 leaves):

2 bx? | 3/4 ; 13 3 _bx
2x (a+bx?) +ax (1+ ; ) Hyper‘geometr‘1c2F1[2, 0 ]

3 (a+bx2)3’/4

Problem 790: Result unnecessarily involves higher level functions.

dx
2

j(a+bx2)1/4

X
Optimal (type 4, 72leaves, 3 steps):

(a+bx2)¥* Va Vb (1+ %)3/4 EllipticF[iAr‘cTan[%}, 2]
+

X (a +b X2> 3/4
Result (type 5, 68 leaves):
; 3/4 .

) (a+bx?)¥* bx (‘“;7"2) Hypergeometric2fl[ >, 2, 2, -0

4
X 2(a+bx2)3/4

Problem 791: Result unnecessarily involves higher level functions.

dx

J<a+bx2)1/4

x4
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Optimal (type 4, 99 leaves, 4 steps):

3/4 EllipticF [ % ArcTan [ %} , 2]
a

(a+bx2)1/4 b <a+bx2)1/4 p3/2 (1+ baiz)

ERS 6ax 6\/?(a+bx2>3/4

Result (type 5, 85leaves):

3/4
-2 (2a%+3abx?+b?x*) - b2 x* (1 + M) Hyper‘geometr‘icZFl[i, i, 3, - M]
a a

12ax3 (a+bx2)3/4

Problem 792: Result unnecessarily involves higher level functions.

dx
6

J(a+bx2)1/4

X

Optimal (type 4, 123 leaves, 5steps):

3/4 . .
) (a+bx2) Y ) b (a+bx2) ) b2 (a+bx2)* ) b>/2 (1+ ba—xz) E111pt1cF[§ArcTan[%], 2]

5 x5 30ax3 12 a2 x 12 a3/2 (a+bx2)3/4

Result (type 5, 94 leaves):

3/4
_242%-28a’bx%+6ab?x*+10b3 x5+ 5b3 X6 (1+ b"z) Hypergeometric2F1[2, 2, 2 - 0]

a

120 a2 x° (a+bx2)3/4

Problem 793: Result unnecessarily involves higher level functions.
JX4 (a-bx?)¥*ax

Optimal (type 4, 126 leaves, 5steps):

2\ 3/4 . . .
74a2x (a-bx2)M ) 2ax (a-bx2) Y 2, (o]0 8a’/? (1— bTx) Elllptlﬂ[%AmSln[%], 2]

77 b? 77b 11 77652 (a-bx?) 4

Result (type 5, 89 leaves):

2 X

3/4
—2a3+a’bx?+8ab2x*-7b3x6+2a3 (1— M) Hyper‘geometr‘icZFl{i, i, %, M])
a a

77 b2 (a—bx2)3/4
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Problem 794: Result unnecessarily involves higher level functions.
sz (a-b x2)1/4 dx
Optimal (type 4, 101 leaves, 4 steps):

2ax (a—bxz)l/4

21b

4 35/2 (1, M)M‘ EllipticFEArcSin[%}J 2]

a a

+%X3 (a—bx2>1/4+
7 21b%2 (a-bx?)**

Result (type 5, 79 leaves):

3/4
2 (—a2x+4abx3—3b2 x5 +aZ x (1— ba—xz) Hyper‘geometr‘icZFl[%, %, %, ﬁ])

a

21b (a—bx2)3/4

Problem 795: Result unnecessarily involves higher level functions.
J(a—bxz)l/“dlx

Optimal (type 4, 78 leaves, 3 steps):

5 332 (1 - bal) 3/4 EllipticF [ i ArcSin [ %] s 2}

a

Ex (a—bx2)1/4+

3 3\/F(a—bx2>3/4
Result (type 5, 63 leaves):

3 bx? | 3/4 : 13 3 bx
2ax-2bx3+ax (1— 2 ) Hyper‘geometr‘1c2F1[2, eI ]

3 (a—bxz)g'/4

Problem 796: Result unnecessarily involves higher level functions.

_bx? 1/4
j&dx
X2

Optimal (type 4, 76 leaves, 3 steps):

(a—bx2>1/4 i Va Vb (17 %)3/4 EllipticF[%Ar‘cSin[%} , 2]

a

X (a-bx2)>*
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Result (type 5, 70leaves):

a-bx? | 3/4 i 13 3 bx2
(a-bx2)¥* ) bx( - ) Hypergeometr-lczFl[z, 2 2 ]

X Z(a—bX2>3/4

Problem 797: Result unnecessarily involves higher level functions.
1/4
(a-bx2)V i
J x4
Optimal (type 4, 103 leaves, 4 steps):

(a—bx2>1/4 b <a—bx2)1/4 b3/2 (1_ M)3/4 EllipticF[iAr‘cSin[%}, 2]

a a

— + —

33 6ax Gﬁ(a—bxz)”“

Result (type 5, 84 leaves):

3/4
_4a2+6abx2-2b2x*_b2x* (1_ baiz) / Hyper‘geometr‘iCZFl[%, %, 3, M}

12ax3 (afbxz)e'/4

Problem 798: Result unnecessarily involves higher level functions.

_bx2) V4
[t

x6

Optimal (type 4, 128 leaves, 5 steps):

(a—bx2>1/4 b(a—bx2)1/4 b2 (a—bx2>1/4 b>/2 (1—%)3/4EllipticF[§Ar‘cSin[

_ . . _
5 x> 30ax3 12 a2 x 12 a3/2 (afbxz)g/4

Result (type 5, 95 leaves):

3/4
~24a%+28a%bx2+6ab?x*-10b3 x5 - 5b3xb (1 - b%) Hyper‘geometr‘icZFl[%, i,

1202 x5 (a-bx?)*"*

Problem 799: Result unnecessarily involves higher level functions.

Jx“ (a+bx2)3/4<ﬂx



Optimal (type 4, 143 leaves, 6 steps):

7/2 bx? | 1/4 soticp L
8 a? x aa’x (a+bx2)¥* 2ax (a+bx2)¥* 2 8a (1+ 2 ) E111pt1cE[2Ar‘cTan[

), o]
\/_

a
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+ +—x5 (a+bx?)> -
65 b? (a+bx2)1/4 65 b? 39b 13 65 b5/2 (a+bx2)1/4

Result (type 5, 89leaves):

2 X

1/4
~6a3-a?bx?+20ab2x*+15b3x6+6a3 (1+£) Hyper‘geometr‘icZFl[i, i, 3 bxz})

, -
a 2 a

195b? (a +bx2)1/4

Problem 800: Result unnecessarily involves higher level functions.

sz (a+bx2)3/4dlx

Optimal (type 4, 119leaves, 5steps):

4252 (140 Y EllipticE[ L ArcTan[ LX), 2
) 4a%x +2ax(a+bx2)3/4+gx3 (a+bx2)3/4+ a + a) iptic [2 rc an[ﬁ}, ]
15b (a+bx2)'* 15b 9

15b%/2 (a+bx?)*/*
Result (type 5, 78 leaves):

2 X

1/4
3a2+8abx2+5b2x*-3a? (1+ m) Hyper‘geometr‘icZFl[i, i, %, —M])
a

45b (a+bx?)"*

Problem 801: Result unnecessarily involves higher level functions.
J(a+bx2)3/4dlx

Optimal (type 4, 92 leaves, 4 steps):
bx? 1/4 . . 1 N
6ax +£X(a+bx2>3/46a3/2 (1+ ’ ) E111pt1cE[2ArcTan[ﬁ},2]

5(a+bx2)1/4 5 5\/?(a+bx2)1/4

Result (type 5, 63 leaves):

2x (a+bx?) +3ax (1+ ba—xz)lM Hyper‘geometr‘icZFl[%, %, %, —M}

5 (a+bx2) 1
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Problem 802: Result unnecessarily involves higher level functions.

(a+bx?)**
J STl ax
X2
Optimal (type 4, 88leaves, 4 steps):

1/4 L
3bx (a+bx2)3* ) 3+/a /b (1+ ba—xz) ElllpthE[%Ar‘cTan[%], 2]

(a+bx2)1/4 X <a+bx2)1/4

Result (type 5, 68 leaves):

1/4
(a+bx2>3/4 3bx (%) Hyper‘geometricZFl[i—, 13 _bxz]

_ . 2 2 T
X 2<a+bx2)1/4

Problem 803: Result unnecessarily involves higher level functions.

(a+bx2)3/4
Ji dx
X4
Optimal (type 4, 121 leaves, 5steps):
2\1/4 . .
b2 x ) (a+bx?)?* b (a+bx2)?* ) bh3/2 (1+ bTX) ElllpthE[%Ar‘cTan[%}, 2]
2a (a+bx?)'* 3x3 2ax 243 (a+bx?)V4

Result (type 5, 88 leaves):

2 asbx2 | 1/4 ; 1 1 3 _bx*
b x( 2 ) Hyper‘geometr‘1c2F1[4, ; -]

)2)

[—i— b )(a+bx2)3/4+
3x3 2ax 4a(a+bx?)*

Problem 804: Result unnecessarily involves higher level functions.

(a+bx2)3/4
J— dx
XG
Optimal (type 4, 145leaves, 6 steps):
3b3 x <a+bx2)3/4 b (a+bx2)3/4 3 p2 (a+bx2)3/4 3 b>/2 (1+ %)1/4 EllipticE[iArcTan[%}, 2]
- - - + +
20a% (a+bx?)"* 5 x° 10ax3 20a%x 20232 (a+bx?)M*
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Result (type 5, 94 leaves):

1/4
-8a*-12a%bx?+2ab2x*+6b3x5-3b3xb (1+ ba—xz) HypergeometricZFl[i, i, i, - 0]

40 a2 x5 (a+bx2>1/4

Problem 805: Result unnecessarily involves higher level functions.
Jx“ (a—bx2)3/4d1x

Optimal (type 4, 126 leaves, 5 steps):

2\ 1/4 . . .
74a2x (a—bx2)3/4 ) 2 a3 (a—bx2)3/4 ) ixs (afbxz>3/4+ 8a7/2 (17 bTX) ElllptlcE[iAr‘CSln[%], 2]
65 b2 39b 13 65 b5/2 (a—bx2)1/4

Result (type 5, 89 leaves):

2 X

1/4
~6a3+a?bx?+20ab2x*-15b3x6+6a3 (1 - M) Hypergeometric2F1| i, %, %, M] )
a

195b2 (a - b x2) 14

Problem 806: Result unnecessarily involves higher level functions.

sz (a—bx2)3/4dlx

Optimal (type 4, 101 leaves, 4 steps):

4352 (1 ~ bx2)1/4 ElliptiCEEA"CSin [ %} » 2]

72ax(a—bx2)3/4 2 a 3

+=x3 (a-bx?)¥
15b 9 15 b3/2 <a—bX2)1/4

Result (type 5, 80 leaves):

1/4
2 (—3a2x+8a bx3-5b2x5+3a%x (1— bai) Hyper‘geometr‘icZFl[i, %, %, M])

45b (a—bxz)l/4

Problem 807: Result unnecessarily involves higher level functions.
J(afbxz)”“dlx

Optimal (type 4, 78leaves, 3 steps):
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6232 (1- 22}  E1lipticE[ L Arcsin| YEX], 2
%X<a7bxz)3/4+ a ( a) iptic [2 rc 1n[ﬁ] ]

5 5/ (a—bx2)*

Result (type 5, 64 leaves):

3 bx2 ) 1/4 ; 11 3 bx2
2ax-2bx3+3ax (1— 2 ) Hyper‘geometr‘1c2F1[4, 21 5 ]

5(a-bx?)**

Problem 808: Result unnecessarily involves higher level functions.

dx
2

J<abx2)3/4

Optimal (type 4, 76 leaves, 3 steps):

(a-bxe)¥s 3Va Vb (1-22) "  EllipticE[ L Arcsin[ 2], 2

X (a—bx2>1/4

Result (type 5, 70leaves):

a-bx? | 1/4 . 1 1 3 bx?
) (a-bx?)** ) 3bx (T) Hyper‘geometr‘1c2F1[4—, s 2 2]

X z(aibxz)l/zl

Problem 809: Result unnecessarily involves higher level functions.

_ 2\3/4
J<a b x ) dx
X4

Optimal (type 4, 103 leaves, 4 steps):

(a-bx2)¥* b (a bx2)¥ b3/2 (1_ %)1/4 EllipticE[iArcSin[%}, 2]

a

- + +

3 %3 2ax Zx/?(a—bxz)l/“

Result (type 5, 84 leaves):

1/4
-432+10abx?-6b2x*+3b2x* (1—M> Hyper‘geometr‘icZFl[i, i 3 bxz]
a

12 a x3 <a—bx2)1/4
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Problem 810: Result unnecessarily involves higher level functions.

_ 2\3/4
J(a b x?) ix
X6
Optimal (type 4, 128 leaves, 5 steps):
x2\1/4 . . . x
(a-bx2)** b (a-bx2)¥* 3b7 (2 bx?)* 3 b5/2 (1— bT) ElllpthE[%Ar‘cSm{%}, 2]

- + + + @
5 x5 10 a x3 20 a2 x 202%?% (a-bx?)**

Result (type 5, 95leaves):

1/4
~8a3+12a2bx2+2ab2x*-6b3x6+3b3xb (1— M) Hypergeometr‘icZFl[i, %, i, baiz]
a

40 a2 x5 (a—bxz)l/4

Problem 811: Result unnecessarily involves higher level functions.
j(a+bx2)5/4d1x

Optimal (type 4, 92 leaves, 4 steps):

10 25/2 (1 . b‘%z) > EllipticF [ i Ar‘cTan[%] , 2]

a

Eax (a+bx2)1/4+%x (a+bx2)5/4+
21 7 21v/b (a+bx?)**

Result (type 5, 76 leaves):

3/4 )
16a2x+22abx3+6b2x5+5a2x (1+ b%) Hyper‘geometr‘1c2F1[%, j’:, %, ba—"z]

21 (a+ bx2)>/*

Problem 812: Result unnecessarily involves higher level functions.
J(a—bx2)5/4dlx

Optimal (type 4, 96 leaves, 4 steps):

10 25/2 (1_ M)W‘ EllipticF[lAr‘cSin[m], 2|
Eax(a—bx2)1/4+zx(a—bxz)5/4+ a 2 Va

21 7 21W(a_bxz)3/4

Result (type 5, 77 leaves):
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3/4
16a2x-22abx3+6b2x5+5a2x (1—%) Hyper‘geometr‘icZFl[i, i 3 M]

21 (a—bx2)3/4

Problem 813: Result unnecessarily involves higher level functions.
J(a+bx2)7/4d1x

Optimal (type 4, 111 leaves, 5steps):

) 14252 1+ 2] E1liptice[ 2 ArcTan [ 2% ], 2]
14a7x +Eax(a+bx2)3/4+%x(a+bx2)7/4— 2 2 EN

15 <a+bx2)1/4 45 9 15\/F(a+bx2)1/4

Result (type 5, 76 leaves):

1/4
24a2x+34abx3+10b2 x5 +21a2x (1+baiz) Hyper‘geometr‘icZFl[zl—t, 1,2, b

JZJ

45 (a+bx2)1/4

Problem 814: Result unnecessarily involves higher level functions.
J(a—bxz)”“dlx

Optimal (type 4, 96 leaves, 4 steps):

14252 (1 22| V* EllipticE[2 Arcsin[¥2X], 2]
Eax(a_bxz>3/4+gx(a_bxz>7/4+ ( a) 2 NSk

45 15\/F(a—bx2)1/4

Result (type 5, 77 leaves):

1/4
24a’x-34abx?®+10b%2 x> +21a%x (1— baiz) Hyper‘geometr‘icZFl[i, i 2 M}

45 (a—bx2>1/4

Problem 815: Result unnecessarily involves higher level functions.
X6
Ji dx
(a+bx2) 4

Optimal (type 4, 146 leaves, 6 steps):
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16 2% x Batx (a+bx?)** 20ax? (a<bx2)¥ 2x5 (asbxd)¥t 16 al’2 (1+ %2)1/4 EllipticE[iArcTan[%], 2]

a

+ + +

39b° (a+bx?)* 39 b3 117 b? 13b 39672 (a+bx2) 4

Result (type 5, 90 leaves):

1/4
2 (12 adx+2a2bx3-ab2x5+9b3x7 -12a3x (1+ bal) / Hyper‘geometr‘icZFl[i, %, 3, —M])

117b° (a+ bx2)1/4

Problem 816: Result unnecessarily involves higher level functions.

4

X g
J(a+bx2)1/4 ”

Optimal (type 4, 122 leaves, 5 steps):

8 a2 x aax (a+bx)¥* 25 (a+bx2)¥4 8a°/2 (1+ %)1/4 EllipticE[%Ar‘cTan{%}, 2]
_ N _

15 b2 (a+bx2)1/4 15 b? 9b 15 b5/2 (a+bx2)1/4

Result (type 5, 79 leaves):

1/4
2 (—6 a’?x-abx3+5b%x>+6a%x (1+ l’a—"z) Hyper‘geometr‘icZFl[i, i, i, —M})

45b2 (a+ b x2) /4

Problem 817: Result unnecessarily involves higher level functions.

XZ
J — X ax
(a+bx2)**
Optimal (type 4, 98 leaves, 4 steps):

dax 2% (a+bx2>3/4 4 33/2 (1+ %)1/4 EllipticE[iAr‘cTan[%], 2}

a

- + +

5b(a+bx?)** 5b 5b%2 (a+bx?)*

Result (type 5, 62 leaves):

2 X

1/4
a+bx?-a (1+ ba—"z> Hyper‘geometr‘icZFl[i—, i, i, —bai])

5b (a+bx2)1/4
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Problem 818: Result unnecessarily involves higher level functions.
1
—dXx
J(a+bx2)1/4

Optimal (type 4, 71leaves, 3 steps):
5 x 2+/a (1+ba_x2)1/4 EllipticE[iAr‘cTan{%], 2]

a
(a+bx2)1/4 \/F(a+bx2)1/4

Result (type 5, 47 leaves):

arbx? | 1/4 : 11 3 _bx
x(—a ) Hypergeometric2F1[y, >, 2, - 2X]

(a +b X2>1/4

Problem 819: Result unnecessarily involves higher level functions.
1
J— dx
x2 (a+bx2)1/4

Optimal (type 4, 93 leaves, 4 steps):

e L
b x (a+bx?)¥* \/F(lersz) ElllpthE[iAr‘cTan[%},z}

a

a(a+bx2)1/4 ax \/?(a+bx2>1/4

Result (type 5, 69 leaves):

-2 (a+bx?) +bx? (1+ "{)1/4 Hypergeometric2F1[ >, 2, > e

27 2°

2ax (a+bx2)1/4

Problem 820: Result unnecessarily involves higher level functions.
1
—dx
Jx4 (a+bx2)t*

Optimal (type 4, 124 leaves, 5 steps):

2\ 1/
b2 x (a+b3x2)¥* b (asbx2)4 b2 (142X :
- + +

¢ EllipticE[%Ar‘cTan{%] , 2]
2a2 (a+bx2)¥* 3ax3 2a2x 2232 (a4 b2t
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Result (type 5, 83 leaves):

1/4
~4a2+2abx?+6b2x4-3b%x <1+ M) HypergeometricZFl[i, i 3 b
a

12 a2 x3 (a+bx2)1/4

Problem 821: Result unnecessarily involves higher level functions.

J;dx
x6 (a+bx2)1/4

Optimal (type 4, 148 leaves, 6 steps):
2\1/4 . .
7 b3 x ) (a+bx2)3/4+7b<a+bx2)3/477b2 (a+bx2)3/477bs/2 (1+bTX> ElllptlcE[%ArcTan[%},z}
20 a3 (a+bx2)1/4 5ax® 3022 x3 20 a3 x 20 35/2 <a+bx2)1/4

Result (type 5, 94 leaves):

1/4
24a3+4a2bx2-14ab2x* - 42b3x6 +21Db3xb (1+ bfz) Hypergeometr‘icZFl[i, i, i M]

1202% x5 (a + b x?) 14

Problem 822: Result unnecessarily involves higher level functions.
X6
Ji dx
(a-bx2)**

Optimal (type 4, 129 leaves, 5steps):

8 a2 x (a—bx2)3/4 20 a X3 (afbx2)3/4 255 (afbx2>3/4 16a’/? (1— %)1/4 EllipticE[iAr‘cSin[%], 2]

a

- +

39 b3 117 b? 13 b 39b7/2 (a-bx?)**

Result (type 5, 89 leaves):

2 X

1/4
~12a3+2a%bx2+ab2x*+9b3x6+12a3 (1 - M) Hyper‘geometr‘icZFl[i, % 2 M] )
a

117 b* (a - b x2) 14

Problem 823: Result unnecessarily involves higher level functions.

4

X ax
j(a—bxz)l/“
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Optimal (type 4, 104 leaves, 4 steps):

a

4ax (a—bx2)3/4 233 (afbx2)3/4 8 a°/? (1— %)1/4 EllipticE[iAr‘cSin[%}, 2]

- +

15 b2 9b 15b°/2 (a-bx?)*/*
Result (type 5, 79leaves):

1/4
2 (76 a?x+abx3+5b2x5+6a2x (17 M) Hyper‘geometr‘icZFl[i, i, 3 bxz])
a

3
a

45 b2 (a—bx2>1/4

Problem 824: Result unnecessarily involves higher level functions.

XZ
J —ax
(a-bx?)**
Optimal (type 4, 81 leaves, 3 steps):

2x (a-bye)¥s 42 [1- et ) ELLipticE | Arcsin[2*], 2]

a

+

5b 5 ph3/2 (a—bx2)1/4
Result (type 5, 64 leaves):

1/4
2x (—a +bx?+a (1— M) Hypergeometric2Fi[%, %, 2 M])
a 4 2 2

5b (a—bxz)l/4

Problem 825: Result unnecessarily involves higher level functions.
1
————dx
J(a_bxz)l/él

Optimal (type 4, 58 leaves, 2 steps):
2+/a (1- 2] E1liptice | Arcsin[2x], 2]

a
Vb (a-bx2)M*

Result (type 5, 48 leaves):

1/4
X (M) Hyper‘geometriczFl[i,i 3 bxz}
a

’ 2’ a
(a—bxz)l/4




Problem 826: Result unnecessarily involves higher level functions.

1
J—dlx
x? (a-bx?)*

Optimal (type 4, 79leaves, 3 steps):

(a—bx2>3/4 Vb (1—%)1/4 EllipticE[%Ar‘cSin[%}, 2]

a

ax \/;(a—bxz)l/“

Result (type 5, 71 leaves):

1/4
-2a+2bx?-bx? (1— ba%z) Hyper‘geometr‘icZFl[i, i, 2, M}

2ax (a—bxz)l/4

Problem 827: Result unnecessarily involves higher level functions.

1
J—dlx
x* (a-bx2)'*

Optimal (type 4, 106 leaves, 4 steps):

(a-bx2)¥* b (a_bx2)* b3/2 (1, M)l/‘l EllipticE[iArcSin[%}, 2]

a a

3ax? 2a2x 2a3/2 (a—bxz)l/4

Result (type 5, 84 leaves):

1/4
_4a2-2abx2+6b2x*—-3b2x4 (1_ bal) Hyper‘geometr‘iCZFl[i, %, %, M]

12 a2 x3 (afbxz)l/4

Problem 828: Result unnecessarily involves higher level functions.

1
J—dlx
x® (a-bx2)t*

Optimal (type 4, 131 leaves, 5steps):

(afbx2>3/4 7b(afbx2)3/4 7 b2 (a—bx2)3/4 7 b5/2 (1—%)1/4EllipticE[iAr‘cSin[

5ax° 30 a2 x3 20 a3 x 20 a°/2 (afbxz)l/4
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Result (type 5, 95leaves):

1/4
~24a%-4a2bx*-14ab?x* + 4207 x® - 210 x® (1~ °) 7" Hypergeometric2F1[ 1, 1, 2, ©X]

120 a3 x° (a—bxz)l/4

Problem 829: Result unnecessarily involves higher level functions.

NG
J(a + bX2)3/4 >

Optimal (type 4, 124 leaves, 5steps):

s0a2x (a+bx2) " 20238 (a+bxd)V¢ 255 (asbx?)ie 80 a’/2 (1+ ba—XZ)B/4 EllipticF[iArcTan[%], 2]

a

+ —

77 b 77 b? 11b 77 b7/2 (a+bx2)3‘/4

Result (type 5, 90 leaves):

3/4
2 (20a3x+10 a2bx3-3ab?x5+7b3x’-20a3x (1+ baiz) Hyper‘geometr‘icZFl[%, j_; 3 —M])

7703 (a+bx?)**

Problem 830: Result unnecessarily involves higher level functions.

X4
J(a+bx2)3/4 o

Optimal (type 4, 100 leaves, 4 steps):
)1/4 233 (a+bx2)1/4 8 a°/? (1+bai)3/
+ +

7 b2 7b 7 b5/2 (a+bx2>3/4

4ax (a+bx? 3

*EllipticF [ % ArcTan | %} » 2]

Result (type 5, 78 leaves):

3/4
2 (—Zazx—abx3+b2 X° +2a%x (1+ ba—xz) Hyper‘geometr‘icZFl[i, i 2 —M})

7b% (a+bx?)**

Problem 831: Result unnecessarily involves higher level functions.

X2
[
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Optimal (type 4, 78leaves, 3 steps):

3/2 bx? )3/
2x(a+bx2>1/4 4a (1+ a)

4 EllipticF [ i ArcTan [ %] , 2}

a

3b 3b%2 (a+bx?)?*

Result (type 5, 62 leaves):

2 X

3/4
a+bx?-a (1+bT"2> Hyper‘geometr‘iczFl[i, i 3 bxz])

3 2)

3b (a+bx2)3/4

Problem 832: Result unnecessarily involves higher level functions.

1
J = ax
(a +b XZ) 3/4
Optimal (type 4, 56 leaves, 2 steps):
x2\3/4 . . X
2+/a (1+22 ElllpthF[%Ar‘cTan[%] , 2]

a a
Vb (a+bx2)*/

Result (type 5, 47 leaves):

3/4
X (M) Hypergeometric2Fi[%, 2, 2 —M]
a 2’ 4’ 2

(a +b X2>3/4

Problem 833: Result unnecessarily involves higher level functions.
1
J— dx
x2 (a+bx2)3/4

Optimal (type 4, 76 leaves, 3 steps):

(a+bx2)1/4 Vb (1+ !:sz)”“ EllipticF[iAr‘cTan[%}, 2]

a

ax \E(a+bx2)3/4
Result (type 5, 70leaves):

3/4
2 (atbx?) ~bx2 (1+ bai) Hyper‘geome‘tr‘iCZFl[i, z—, 3, -

2ax <a+bx2)3/4
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Problem 834: Result unnecessarily involves higher level functions.

J;dx
x4 (a+bx2)3’/4

Optimal (type 4, 102 leaves, 4 steps):

(a+bx2)" 5b (a+bx?)Vs 5 p3/2 (1+ %)3/4 EllipticFEAr‘cTan[%], 2]

a

- + +
3ax? 6 a® x 6a%2 (a+bx?)**

Result (type 5, 83 leaves):

3/4
-4a2+6abx?>+10b2x*+5b2x* (1+ bTXZ> Hyper'geometr-iczFl[i, %, %, 7&]

12 a2 x3 (a+bx2)3/4

Problem 835: Result unnecessarily involves higher level functions.
1
J ———dx
x® (a+bx?)%*
Optimal (type 4, 126 leaves, 5steps):

a

(a+bx2)"* 3b(asbxd) 302 (asbi)V 3p5/2 (1+ :—X2)3/4 EllipticF[iArcTan[Lbrx}, 2]
B . B B
5ax° 10 a2 x3 4a3x 4 35/2 (a+bx2)3/4

Result (type 5, 94 leaves):

3/4
-8a%+4a%bx2-18ab2x*-30b3x6-15b3x° (1+ ba—xz) HypergeometricZFl[%, i, %, —M}

40 a3 x5 (a+bx2)3/4

Problem 836: Result unnecessarily involves higher level functions.

XG
[t

Optimal (type 4, 129 leaves, 5 steps):

s0a?x (a-bxt)V 20ax? (a-bx2)4 258 (a-bx)Vt 80877 1- ﬁ)m EllipticF[iArcSin[%}, 2]

a a

- +

77 b3 77 b2 11b 77072 (a-bx2)>*
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Result (type 5, 91 leaves):

a

3/4
2(-20a3x+10a2bx®+3ab2x5+7b3x7+20a3x (1— b‘TXZ) Hypergeometr‘icZFl[i, i, %, M])

77b* (a- b x?) 3/4

Problem 837: Result unnecessarily involves higher level functions.

4

X gy
J(a—bxz)”4

Optimal (type 4, 104 leaves, 4 steps):

a

aax(a-bx)Y* 2x (a—bx2)t4 827 1- "ai)m EllipticF[iArcSin[%}, 2]

- +

7 b? 7b 7 b5/2 (afbx2)3/4

Result (type 5, 77 leaves):

2 X

a

3/4
—2a%+abx2+b2x%+2a2 (1— M) HypergeometricZFl[i, i, %, M])

7 b2 (a—bxz)z’/4

Problem 838: Result unnecessarily involves higher level functions.

2

X ax
J(abxz)a/4

Optimal (type 4, 81 leaves, 3 steps):

2x (a-bx2)4 42 (1-22) " EllipticF |2 Arcsin[ 2], 2]

+

3b 3 p3/2 (a—bx2)3/4

Result (type 5, 64 leaves):

3/4
2 X (—a+bx2+a (1— —bxz) / Hypergeometric2F1[ %, 2, 2, —bxz])
a 2 4 2

3b (a-bx?)**

Problem 839: Result unnecessarily involves higher level functions.

1 ux
J(a—bxz)”4
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Optimal (type 4, 58 leaves, 2 steps):

Z‘VG;,(147bli)3/4EllipticF[i'ArcSin[¥§;¥], 2]

a a
Vb (a—bx2)3/4

Result (type 5, 48 leaves):
a-bx2 | 3/4 . 1 3 3 bx
X (—a ) Hypergeometric2Fi | ITIY ]

(a-bx2)>

a

Problem 840: Result unnecessarily involves higher level functions.

1
Jg———————fdx
x2 (a—bxz)g’/4

Optimal (type 4, 78 leaves, 3 steps):
(a-bx2)* Vb (1 - bai) o EllipticF[%Ar‘cSin [ l%} , 2]

a

- +

a X ﬁ(a—bxz)y“

Result (type 5, 70 leaves):

3/ 3 3 bxz}

4
_2a+2bx2+bx? (1— baiz) Hyper‘geometr‘icZFl[i, 2 2 .

2ax (afbx2>3/4

Problem 841: Result unnecessarily involves higher level functions.

1
J—————————dx
x* (a-bx2)>*

Optimal (type 4, 106 leaves, 4 steps):

(a-bx2)Y* 5b(a-bx)Vt 5P 1- %)3/4 EllipticF[iArcSin[%], 2]

- +
3ax? 6 a2 x 6 a3/? (a—bx2)3/4

Result (type 5, 84 leaves):

3/4
~4a2-6abx?+10b2x*+5b2 x4 (1— bai) Hyper‘geometr‘icZFl[%, i—, %, b ]

12 a2 x3 (a—bx2>3/4
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Problem 842: Result unnecessarily involves higher level functions.

1
J—————————dx
x6 (a—bxz)g’/4
Optimal (type 4, 131 leaves, 5steps):
X2\ 3/4 . . . X
(a bx2) 1 ) 3b (abx2) Y4 ) 362 (2 bx2) Y 3p5/2 (1— bT) ElllpthFEAr‘cSm[%}, 2]

a
- +
5ax° 10 a2 x3 433 x 4 35/2 (afbxz)”“

Result (type 5, 95 leaves):

3/4
-8a*-4a2bx?-18ab?x*+30b3x5+15b3xb (171’7"2) Hyper‘geometr‘icZFl[i, i i 02 ]

40 a3 x5 (a—bx2)3/4

Problem 843: Result unnecessarily involves higher level functions.

X6
J———————fdx
(a +b XZ) >/4
Optimal (type 4, 124 leaves, 5steps):
bx? 1/4 . . 1 b x
8 22 x 4253 5 16 a5/2 (1+ : ) E111pt1cE[2A|~cTan[Lr ], 2]

a
+

3b3 (a+bx2)1/47 9 b2 (a+bx2)1/4 9b <a+bx2)1/4 3p7/2 (a+bx2)1/4

Result (type 5, 78 leaves):

1/4
2 (—12 a2x-2abx3+b2x5+12a%x (1+ b{) HypergeometricZFl[i, % 3 —M])

9b3 (a+bx?)

Problem 844: Result unnecessarily involves higher level functions.

X4
J(a+bx2)5/4 >

Optimal (type 4, 100 leaves, 4 steps):

1/

3/2 bx?
12 ax 2 x3 242 (1+ a )

" EllipticE [ % ArcTan | %] , 2]

a

- + +
5b2 (a+bx?)¥* 5b (a+bx2)t* 5b°2 (a+bx2)t*
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Result (type 5, 64 leaves):

a

by? | 1/4 . 1 1 3 bx?
2x6a+bx2-6a (1+ T) Hypergeometr1c2F1[;, 37 5 —*])

5b2 (a+bx?)Y*

Problem 845: Result unnecessarily involves higher level functions.
X2
Ji dx
(a+bx?)>*

Optimal (type 4, 74 leaves, 3 steps):

1/4 . .
. ava (1422 ElllptlcE[iAr‘cTan[%]l 2]

a

b (a+bx?)** b*/2 (a+bx?)"*

Result (type 5, 53 leaves):

2 X

bx2 | 1/4 ; 11 3 _bx
1+ (1+ T) Hyper‘geometr‘1c2F1[4, S o ])

)
a

b <a+bx2)1/4

Problem 846: Result unnecessarily involves higher level functions.
1
—dx
e

Optimal (type 4, 56 leaves, 2 steps):
x2\1/4 . . X
2 1+ ElllpthE[iAr‘cTan[%], 2]
Va /b (a+bx?)¥*

Result (type 5, 55 leaves):

bx2 | 1/4 : 11 3 _bx?
2X-X (1+ 2 ) Hyper‘geometr‘1c2F1[4, s 5 ]

a

a (a+bx2)1/4

Problem 847: Result unnecessarily involves higher level functions.

1
J—dlx
x2 (a+bx2)5/4
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Optimal (type 4, 76 leaves, 3 steps):

3B (1+ M)IM ElliptiCE[iAr‘CTan[%]’ 2]

a a

1

ax<a+bx2)1/4 a3/2 (a+bx2)1/4

Result (type 5, 71 leaves):

-2 (a+3bx?) +3bx2 (1+ :—XZ)IM Hypergeometric2F1[ >, 2, 2, -

2a%x (a+bx2>1/4

Problem 848: Result unnecessarily involves higher level functions.

J;dx
x4 (a+bx2)5/4

Optimal (type 4, 102 leaves, 4 steps):

2 (1 . b‘—1‘7)(2)1/4 EllipticE[iAr‘cTan[%] , 2]
a

1 7b

- + +
3ax3 (a+bx2)1/4 6 a2 x (a+bx2)1/4 2352 (a+bx2)1/4

Result (type 5, 83 leaves):

1/4
—42a2+14abx2+42b2 x4 - 21b2 x* (1+ﬁ) Hypergeometric2Fi[?, L, 2 =3
a

3
a

12a°x3 (a+bx2)M*
Problem 849: Result unnecessarily involves higher level functions.

1
j—dlx
x6 (a+bx2)5/4

Optimal (type 4, 126 leaves, 5steps):

b2 (1 . ba_xz) Y EllipticE [iAr‘cTan [ %] » 2]

a

1 11b 77 b?

. _
5ax® (a+bx2)1/4 3022 x3 (a+bx2)1/4 60 a3 x (a+bx2)1/4 20a7/2 (a+bx2)1/4

Result (type 5, 94 leaves):

1/4
~242%+442%bx%-154ab%x* - 462 b? xb + 231 b3 x° (1 N ba—xz) Hypergeometric2F1[ 2, ¥, 2, - b’ ]

120a*x° (a+ bxz)l/4
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Problem 850: Result unnecessarily involves higher level functions.

6

X ax
J(a—bxz)S/4

Optimal (type 4, 124 leaves, 5steps):

Y EllipticE [ % ArcSin| %} , 2]

a

2
2 x5 8ax (a-bx?)** 20x* (a-bx?)>* 16 2%/ (1_%{)

+ + -

b(a—bxz)l/4 3 b3 9 b2 3p7/2 (afbxz)l/“

Result (type 5, 78 leaves):

2 X

1/4
-12a2+2abx?+b2x*+12a? (1— ba%z) Hyper‘geometr‘icZFl[i, ; 2 M})

9b® (a-bx?)"*

Problem 851: Result unnecessarily involves higher level functions.

X4
J(a—bxz)S/4 o

Optimal (type 4, 101 leaves, 4 steps):

_ baiz) 1/4 EllipticE [ i ArcSin [ %} B 2]

a

3/2
53 12x (a-byx2)4 242 (1

b(afbxz)l/4+ 5 b2 5b5/2 (a-bx2)¥*

Result (type 5, 65 leaves):

2 X

1/4
~6a+bx2+6a (1— M) Hyper‘geometr‘icZFl[i, %, i, bxz})
a

a

5 b2 (a—bx2>1/4

Problem 852: Result unnecessarily involves higher level functions.

2

X ax
J(abXZ)SM

Optimal (type 4, 77 leaves, 3 steps):

N e (17 bsz)l/zt EllipticE[iArcSin[%], 2]

a

b(a—bxz)l/4 b3/2 (a—bxz)l/4



Result (type 5, 54 leaves):
bx? | 1/4 : 11 3 bx
2x (—1+ (1— 2 ) Hyper‘geometr‘1c2F1[4, 35 ])

27 a

b(a-bx2)**

Problem 853: Result unnecessarily involves higher level functions.

N S
J(a_bxz)SM

Optimal (type 4, 77 leaves, 3 steps):

b2 | 1/4 . 1 s [a/b x
. 2 (1, x ) ElllpthE[i ArcSin| \ﬁx}’ 2]

a

a(a-bx2)** Va Vb (a-bx2)V*
Result (type 5, 54 leaves):

X

b2 | 1/4 ; 11 3 bx
-2+ (1— s ) Hyper‘geometr‘1c2F1[4, 57 5 ])

aa-bx2)**

Problem 854: Result unnecessarily involves higher level functions.
1
J— dx
x? (a-bx2)>*

Optimal (type 4, 99 leaves, 4 steps):

) E1liptice [ Arcsin| %] , 2]

a

2 3(a—bx2)3/4 3W<17

ax (a-bx?)'* a2 x a2 (a-bx?)Y*
Result (type 5, 71 leaves):

2 2 bx2 | 1/4 ; 11 3 bx
-2a+6bx2-3bx (1— 2 ) Hyper‘geometr‘1c2F1[4, 2 5 ]

a

2a%x (a—bxz)l/4

Problem 855: Result unnecessarily involves higher level functions.

1
J—dlx
x* (a-bx2)>*
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Optimal (type 4, 126 leaves, 5steps):

5 7 (a—bx2)3/4 7b (a—bx2>3/4 7 b3/2 (1— ba—xz)lm EllipticE[iAr‘cSin[%], 2}

a

ax® (a-bx?)"* 3a%x? 2a%x 2252 (a-bx?) Y
Result (type 5, 84 leaves):

1/4 .
~4a2-14abx?+42b2x%-21b2 x4 (1— M) Hyper‘geometr‘1c2F1[i, %, % b2 ]
a

12 a3 x3 (a—bxz)l/4

Problem 856: Result unnecessarily involves higher level functions.
1
—dx
Jx6 (a-bx2)>*

Optimal (type 4, 151 leaves, 6 steps):

2 11 (a-bx2)** 77b (a-bx?)** 77b% (a-bx2)>"* 77 b%/2 (1‘ baixz)l/A EllipticE[iAr‘cSin[%], 2]

ax® (a-bx?)** 5ax° 30a° X3 20 a* x 2027’2 (a-bx2)"*

Result (type 5, 95leaves):

1/4
_24a3%_-44232bx2 - 1542 b2 x* + 462 b3 x6 - 231 b x° (1 - M) Hypergeometric2Fi[?, L, 2 bx? |

a 2’ 27 a

120a*x° (a- bxz)l/4

Problem 857: Result unnecessarily involves higher level functions.
1
— dXx
j(a+bx2)7/4

Optimal (type 4, 78leaves, 3 steps):
- 2 (1+%)3/4 EllipticF[%ArcTan[%}, 2]

a
+

3a(a+bx2)3/4 3\/?\/F(a+bx2)3/4

Result (type 5, 55 leaves):

bx?)3/4 . 1 3 3 b x?
X (2+ (1+ T) Hyper‘geometr‘1c2F1[;, 2 ——})

3a (a+bx2)3/4



Problem 858: Result unnecessarily involves higher level functions.
1
j ————dx
(a+bx?)%*
Optimal (type 4, 78 leaves, 3 steps):

b2\ 14 gy il Vb x
5 x 6 (1+ aX ) E111p‘c1cE[2 ArcTan | rx}, 2]

a

+

5a(a+bx2)5/4 5a3/2\/F(a+bx2>1/4

Result (type 5, 72leaves):

8ax+6bx3-3x (a+bx2) (1+%)1/4Hyper‘geometr‘icZFl[i, i 2 —M]

5 a2 (a+bx2)5/4

Problem 859: Result unnecessarily involves higher level functions.
1
—dx
J (a +b XZ) 11/4

Optimal (type 4, 97 leaves, 4 steps):

. o 1o (1+ %)3/4 EllipticFEAr‘cTan[%} , 2]

a

+

.
7a (a+bx2)7/4 21 a2 (a+bx2)3/4 21a32+/b (a+bx2)3/4

Result (type 5, 75leaves):

3/4
2x (8a+5bx?) +5x (a+bx?) (1+ baiz) Hyper‘geometr‘icZFl[%, Z—, 3, —bai]

21 a2 (a+bx2>7/4

Problem 860: Result unnecessarily involves higher level functions.
1
——— dXx
J(a_bxz)7/4

Optimal (type 4, 81 leaves, 3 steps):
. 2 (1-02)% EllipticF[%ArcSin[%}, 2]

a
.
3a(a—bx2)3/4 3x/?x/?(a—bx2)3/4
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Result (type 5, 56 leaves):

3
X (2+ (1— bTXZ) 4 Hyper‘geometr‘icZFl[%, i, 2 M])

3a (afbxz)”4

Problem 861: Result unnecessarily involves higher level functions.
1
—dx
J(a_bxz)9/4

Optimal (type 4, 101 leaves, 4 steps):

b2 | 1/4 e 1 b x
2 x ) 6 x ) 6 (1— ax ) ElllpthE[; Ar‘cSm[ \/;X], 2}

Sa(afbx2>5/4 5 a2 (afbxz)l/4 5a3/2\/F(a—bx2)1/4

Result (type 5, 74 leaves):

1/4
8ax-6bx>-3x (a-bx?) (1—M> Hyper‘geometr‘icZFl[i, i 3 bxz]
a

3 3
2 a

5a? (a-bx?)>*

Problem 862: Result unnecessarily involves higher level functions.
1
— dXx
j(a—bxz)n/“

Optimal (type 4, 101 leaves, 4 steps):

bx? 3/4 . . 1 . Vb x
. 16 % 10 (1- © )" EllipticF[ 2 Arcsin| =], 2]

a a
+

N
7a (a—bx2)7/4 21 a2 (a—bx2)3/4 21a%2/b (a—bx2)3/4

Result (type 5, 77 leaves):

2x (8a-5bx?) +5x (a-bx?) (1— %)3/4 Hyper‘geometr‘icZFl[%, i, % M}

21 a? (a—bx2)7/4

Problem 863: Result unnecessarily involves higher level functions.

XG
J(2+3x2)”“ o



Optimal (type 4, 99 leaves, 5steps):

1/4 s : 1 3
128 x 32x (2+3:2) 40 (2:30)¥0 2 128 2 ElllptlcE[zArcTan[ﬁx},z}

- + +—X° (2+3X2>3/4+
1053 (2+3x%)* 1053 1053 39 1053 /3

Result (type 5, 54 leaves):

2x ((2+3x2)3/4 (16 - 20 x2 + 27 x*) - 16 - 234 HypergeometPiCZFl[i) i 3 ‘%])

1053
Problem 864: Result unnecessarily involves higher level functions.

X4
J (2+3 x2)1/4 >

Optimal (type 4, 81 leaves, 4 steps):

32 2l/4 EllipticE{iAr‘cTan[ |2 x|, 2]
2 —ix(2+3x2)3/4+ix3 <2+3x2)3/4—
135 (2+3x%)Y* 135 27 135+/3

N W

Result (type 5, 49leaves):

— X
135

)

(2+3x2)** (~4+5x2) +4  2%/*Hypergeometric2Fl|

Problem 865: Result unnecessarily involves higher level functions.

2

X
Ji dx
(2+3x2)14
Optimal (type 4, 63 leaves, 3 steps):
8 24 EllipticE[ Y ArcTan| [ 2 x|, 2]
8 x 2 2\3/4 2 ’
-+ — X <2 +3X ) +
15 (2+3x2)V% 15 153

Result (type 5, 41 leaves):

2 1
—X (2+3x2)3/4—23/4 Hypergeometric2F1[ —
15 4

B
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Problem 866: Result unnecessarily involves higher level functions.

1
J(2+3x2)1/4

Optimal (type 4, 43 leaves, 2 steps):

. 2 2L/ EllipticEEAr‘cTan[ /% x|, 2]

(2+3x2)Y* NEX
Result (type 5, 24 leaves

xHyper‘geometr‘icZFl[i, i, 3 ﬁ]

21/4

Problem 867: Result unnecessarily involves higher level functions.

1
J — ax
X2 (2+ 3x2)1/4
Optimal (type 4, 63 leaves, 3 steps):

2 (2+3X2)1/4 2 X 23/4

Result (type 5, 46 leaves):
) (2+3x2)%4 ) 3xHyper‘geometr‘ic2F1[i, i, %, —37"]

2x 4 . 21/4

Problem 868: Result unnecessarily involves higher level functions.

J;dx
x4 (2+3x2)1/4

Optimal (type 4, 83 leaves, 4 steps):
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AP |3
. (203x)7 3 (237" BWElllptlcE[zAr‘cTan[ 2x},z]

- - + +

8 (2+3x2)"* 6 x3 8 x 4 23/4

Result (type 5, 55leaves):

9xHyper‘geometr‘ic2F1{i, i, % —i]

[- 1 +i) (2+3x2)%% -

6x3 8x 16 - 21/4

Problem 869: Result unnecessarily involves higher level functions.

J;dx
X6 (2+3x2)1/4

Optimal (type 4, 101 leaves, 5steps):

. . 1 3
189 x (2+3x2)3/4 4 <2+3x2)3/4 63 <2+3x2)3/4 63\/?E111pt1cE[2Ar‘cTan[ [3 x|, 2]

— + —

160 (2 +3 x2> 1/4 10 x° 40 x3 160 x 80  23/4

Result (type 5, 62 leaves):

189xHyper‘geometr‘ic2F1[i, i, %, —32—"2]

1 7 63
[— + - <2+3X2)3/4+
10x> 40x3 160x 320 - 21/4

Problem 870: Result unnecessarily involves higher level functions.
X6
J —ax
(2 _3 XZ) 1/4
Optimal (type 4, 83 leaves, 4 steps):

1/4 E11lipti 1 i 3
sax 2367 g0 (2_3)(2)3/4__)(5 (2_3X2>3/4+128 214 EllipticE[ 2 Arcsin[ [ 2 x], 2]
1053 1053 39 1053 /3

Result (type 5, 55leaves):

2 X (- (2-3x2)%% (16 +20x2+ 27 x*) +16  23/4 Hypergeometf“idFl[i‘: > f: %”

2)

1053



110 | 1.1.2 Quadratic.nb

Problem 871: Result unnecessarily involves higher level functions.

X4
J (2-3x2)Y* o

Optimal (type 4, 65leaves, 3 steps):

32 2l/4 EllipticE{%Ar‘cSin[ /3 x|, 2]
—ix(2—3x2>3/4—ix3 <2—3x2)3/4+

135 27 135+/3

Result (type 5, 50 leaves):

— X
135

- (2-3%?) 3/4 (4+5x%) +4  2%*Hypergeometric2F1|

1 3
I R —}
2 2

Problem 872: Result unnecessarily involves higher level functions.

2

X
Ji dx
(2-3x%)%*
Optimal (type 4, 47 leaves, 2 steps):
, g8 21/4 EllipticE[iAr‘cSin[ li x|, 2]
- x (2-3x2)¥%

15 15+/3
Result (type 5, 41 leaves):

3 3x?
J_)_J_X]

1
7—X J—
4 2 2 2

(2-3x%)%* - 2%*Hypergeometric2F1l |
15

Problem 873: Result unnecessarily involves higher level functions.
1
J ———dx
(2-3x2)1*
Optimal (type 4, 28 leaves, 1step):
2 2v4 EllipticE[iArcSin[\/E x|, 2]
V3




Result (type 5, 24 leaves):
103 ﬁ}
2 2

x Hypergeometric2Fil| i, 2,

21/4

Problem 874: Result unnecessarily involves higher level functions.

1
J ———ax
x? (2-3x%)%*
Optimal (type 4, 47 leaves, 2 steps):

23528 V3 EllipticE[} Arcsin[ [ 2 x], 2]

2 X 23/4

Result (type 5, 46 leaves):

(273x2)3/4 3xHyper‘ge0metr‘ic2F1[£1—t, %, %, %]

2 X 4 . 2l/4

Problem 875: Result unnecessarily involves higher level functions.

1
J = ax
Xt (2-3x2)Y%
Optimal (type 4, 67 leaves, 3 steps):

(2-3x2)%* 3 (2-3x2)°" 3ﬁElliptiCE[iArcSin[\/Ex], 2]

6 x> 8 X 4 . 23/4

Result (type 5, 55 leaves):

9xHyper‘geometr‘ic2F1[i, i, 3, 3"2]

6x3 8x

[7 1 3 (2*3X2)3/4—

16 21/4

Problem 876: Result unnecessarily involves higher level functions.

1
J—dlx
X6 (2-3x2)Y*
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Optimal (type 4, 85leaves, 4 steps):

(2234 7 (2-3x0)7% 63 (2-3x2) 7" 63 /3 EllipticE[ > Arcsin| [ 2 x], 2]

10 x° 40 x3 160 x 80  23/4

Result (type 5, 62 leaves):

. 2
( 1 7 63 o352y 189xHyper‘geometr‘1c2F1[i—, i, i, 2
— —_ — X —

10x> 40x> 160X 320 - 24

Problem 877: Result unnecessarily involves higher level functions.
X6
J —ax
(2+3x%)%*
Optimal (type 4, 83 leaves, 4 steps):

320 2%/4EllipticF[ArcTan| |2 x|, 2]
160 x (2+3x2)%* 2 2
x (2+3%) e x3(2+3x2)1/4+ix5 (2+3x2)1/4—
2079 693 33 2079 /3

Result (type 5, 54 leaves):

2 x ((2+3x2)1/4 (80 - 60 x2 + 63 x*) - 80 2V/* Hypergeometric2F1[ 2, 2, 2 -ﬁ])

2079
Problem 878: Result unnecessarily involves higher level functions.

X4
Ji dx
(2+3x2)%
Optimal (type 4, 65leaves, 3 steps):
16  2%/*EllipticF[ 2 ArcTan[ |2 x|, 2]
—ix (2+3x2)1/4+ ix3 (2+3x2)1/4+

63 21 633

Result (type 5, 49 leaves):

ix (—4+3x2> <2+3x2)1/4+4 21/4Hyper‘geometr‘ic2F1[
63

N |

)



Problem 879: Result unnecessarily involves higher level functions.

XZ
J — X ax
(2+3x%)%*
Optimal (type 4, 47 leaves, 2 steps):

4 . 23/4 EllipticF[%Ar‘cTan[ l% x|, 2]

%x<2+3x2)1/4—

° 93

Result (type 5, 41 leaves):

2 1 3 3 3 x?
—x|(2+3%) Y% 214 Hypergeometric2F1[ =, =, =, - ——|
9 2 4 2 2

Problem 880: Result unnecessarily involves higher level functions.
1
J ——ax
(2+3x%)%*
Optimal (type 4, 27 leaves, 1step):
23/4EllipticF| i ArcTan [\/7 x|, 2]

V3
Result (type 5, 24 leaves):

N W

xHyper‘geometr‘icZFl[i, %, 2, —ﬁ]

23/4

Problem 881: Result unnecessarily involves higher level functions.
1
J ——dx
x2 (2+3x2)3/4
Optimal (type 4, 49 leaves, 2 steps):

(2+3x2>1/4 \/?EllipticF[iAr‘cTan[ li x}, 2]

2Xx 2 2l/4
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Result (type 5, 46 leaves):

2)1/4 3 xHypergeometric2F1[%, 2 —ﬁ]
(2+3X> yp g 2: 4: ) 5

[N

2x 4 . 23/4
Problem 882: Result unnecessarily involves higher level functions.
1
J ————ax
x* (2+3x%)%%
Optimal (type 4, 67 leaves, 3 steps):

pticp (L e
20314 5 (232" 5\/?E111pt1cF[2Ar'cTan[ > x|, 2]

- + +

6 x> 8 x 8  2l/4

Result (type 5, 55leaves):

15xHyper‘geometr‘ic2F1[§, i, %, —3%2]

[ 1 +i) (2+3X2)1/4+

6x3 8x 16 - 23/4

Problem 883: Result unnecessarily involves higher level functions.

J;dx
X6 (2+3x2)3‘/4

Optimal (type 4, 85leaves, 4 steps):

(2037 9 (2:3x) 7% 27 (24324 27\/?E111pticF[§Ar‘cTan[ /i x|, 2]

+

10 x° 40 x3 32x 32 24

Result (type 5, 58 leaves):

(243x2)Y% (16 - 36 x? + 135x¢) 81 x Hypergeometric2F1[ 7, , 7, -2

160 x> 64 - 23/4

Problem 884: Result unnecessarily involves higher level functions.

XG
J(2_3X2)3/4 o
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Optimal (type 4, 83 leaves, 4 steps):
320 234 EllipticF|[Y Arcsin| [ 2 x], 2
160 x <2_3X2)1/4 40 s 2 e p [2 [ 2 }-’ ]
- - —x3 (2—3x2> - —x° (2—3x2) +
2079 693 33 2079 /3

Result (type 5, 55leaves):

)

2 X (— (2-3x2)"* (80+60x2+63x*) +80 214 Hyper‘geometr‘icZFl[%, f’: %, %])

2079

Problem 885: Result unnecessarily involves higher level functions.

X4
J(z -3x2) o

Optimal (type 4, 65leaves, 3 steps):

16 - 2%/*EllipticF[ 2 Arcsin| |2 x|, 2]
—ix<2—3x2)1/4—ix3 (2-3x2)%

63 21 63 \/?

Result (type 5, 50 leaves):

3 3x2
» —]
2 2

— X

- (2-3%%) /4 (4+3x%) +4  2Y*Hypergeometric2F1|
63

)

N |

3
4

Problem 886: Result unnecessarily involves higher level functions.

2

X ax
J(z— 3x2)3%

Optimal (type 4, 47 leaves, 2 steps):

4 23/*EllipticF[ % ArcSin| [ 2 x], 2]
E 2\1/4 2 2
-—x (2-3x)70 4
° 9+/3

Result (type 5, 41 leaves):

2
- =x [ (2-3x%)"* - 24 Hypergeometric2F1 |
9

Bl

N |
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Problem 887: Result unnecessarily involves higher level functions.
1
j = ax
(2-3x%)%*
Optimal (type 4, 27 leaves, 1 step):
23/4EllipticF| % ArcSin {\/E x|, 2]

V3
Result (type 5, 24 leaves

x Hypergeometric2F1[ >, 2, 2 3]

23/4

Problem 888: Result unnecessarily involves higher level functions.
1
J ——ax
x2 (2—3x2)3/4
Optimal (type 4, 49 leaves, 2 steps):

(2o 3x0) " V3 EllipticF[ > Arcsin[ |2 x], 2]
-3X

- +
2X 2 2l/4

Result (type 5, 46 leaves):

. 2
(2-3x2) 24 3xHyper‘geometr‘1c2F1[§, i, %, STX]
- +
2% 4 23/4

Problem 889: Result unnecessarily involves higher level functions.
1
— dX
Jx4 (2-3x2)%*
Optimal (type 4, 67 leaves, 3 steps):

R 1 . 3
(273x2>1/4 : (273x2)1/4 5\/?E111pt1cF[2Ar'c51n[\/jx], 2]

- - +

6 x3 8 x 8 21/4
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Result (type 5, 55leaves):

15xHypergeometr~ic2F1[§, i, %J %}

[-i-i) (2-3x2)1* 4

6x3 8x 16 - 23/4

Problem 890: Result unnecessarily involves higher level functions.

1
J ———ax
x6 (2—3x2)3’/4
Optimal (type 4, 85leaves, 4 steps):
va 273 EllipticF[ > Arcsin[ |2 x], 2]

(2—3x2>1/4 9 (2—3x2)1/4 27 (2-3x2)
- - - +
32 x 32 2l/4

10 x> 40 x3

Result (type 5, 58 leaves):

(2-3x2)Y* (16 + 36 x? + 135 x%) 81 xHypergeometric2F1[ 7, 2, 7, )
+

160 x° 64  23/4

Problem 891: Result unnecessarily involves higher level functions.

X6
J(—2+3x2)1/4 >

Optimal (type 4, 258 leaves, 7 steps):
128 x (-2+3x2)'*

32 x <72+3x2>3/4 . 40 x3 <72+3x2)3/4 L2 s <_2+3x2>3/4+ _
1053 1053 39 1053 (ﬁwm)
128 24 | (V2 +/-2+3%2 E1liptick |2 ArcTan[ (22200 1]
N S
.
1053 /3 x
64 214 | X (\E+\/ﬁ) EllipticF[ZAr‘cTan[M}, 2]
R S
1053 /3 x

Result (type 5, 68 leaves):
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2x (—32+8x2+6x4+81x5+16 2%/4 (2-3x?)Y* Hypergeometric2F1[ %, 1, 2 i})

1053 (-2 + 3x2)1/4

Problem 892: Result unnecessarily involves higher level functions.

X4
J —ax
(-2+3x2)%"
Optimal (type 4, 240 leaves, 6 steps):

32x (-2+3x2)V4
ix(—2+3x2>3/4+ix3 (—2+3x2)3/4+ X< ’ X> -

135 27 135 (\Em/ﬁ)

30 i/ (ﬁ# (V2 +V-2+3%7 ) EllipticE[zArcTan[f’z*Ti/fﬂ}, >
135+/3 x )

16 21/4 (ﬁ# (V2 +V-2+3%7 ) EllipticF[ZArcTan[%ﬂ}, >
135+/3 x

Result (type 5, 63 leaves):

2x (-8+2x2+15x 44 224 (2-352) Y Hypergeometric2F1[ 1, %, 2, 2X])

135 (-2 + 3x2)1/4

Problem 893: Result unnecessarily involves higher level functions.
X2
J— ax
(-2+3x2)Y"

Optimal (type 4, 222 leaves, 5steps):
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8 204 | (V2 +\/"2+3x ) EllipticE[2 ArcTan[ 2221 ] 1]
[\/?M -2+3x?2 ]2 2 ’

2 3/4 8 x <_2+3Xz>1/4
—x (-2+3x%)7"0 4 - +
15 15(\5+\/—2+3x2) 15+/3 x
4 o4 | e (\/7+\/m) EllipticF[zArcTan[M], 2]

=k o

15/3 x

Result (type 5, 57 leaves):

9 x (72+ 3x2 4 23/4 (273x2)1/4 Hypergeometr‘icZFl[i, %, i, 3;2”

15 (-2+3x%) Y4

Problem 894: Result unnecessarily involves higher level functions.

S S
j(2+3x2)1/4

Optimal (type 4, 199 leaves, 4 steps):

2 ol [ﬁfz—“z (V2 +v-2+3% ) EllipticE[ZAr‘cTan[%)i}, 1]
2x (-2+3x2)V4 o
vva% 7 V3 x +
21/4 (ﬁf%xzz (V2 +v-2+3% EllipticF[zArcTan[%)ﬁ}, 1]
V3 x

Result (type 5, 41 leaves):

2\ 1/4 . 1 1 3 3%
x (2-3x%) Hyper‘geometr‘1c2F1[4, 50 50 5 ]

(-4+6x2)M*
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Problem 895: Result unnecessarily involves higher level functions.

J ! dx
X2 (—2+3x2)1/4

Optimal (type 4, 221 leaves, 5 steps):

V3| (V2 ++/-2+3% ) Elliptice [2ancTan[ 122 1]
(—2+3x2>3/4 3X<—2+3x2>1/4 (ﬁ+m) 5
. i _
2 X 2 (\E+m) 23/4
V3 [ (V2 + V243 EllipticF{ZAr‘cTan[l’z*—ifﬂ}) 1]
[ﬁ+m 2Y 2
2 23/4y

Result (type 5, 63 leaves):

2 3/4 2 2\ 1/4 : 1 1 3 3x2
-8+12x%-3 2¥4x2 (2-3x?) Hyper‘geometr‘1c2F1[4, a0 ]

8 x (—2+3x2)1/4

Problem 896: Result unnecessarily involves higher level functions.

J ! dx
x4 (—2+3x2)1/4

Optimal (type 4, 242 leaves, 6 steps):

33 | —X (2 +/-2+3X2 EllipticE[ZAr‘cTan[M]; ]
NeNEvra o
(2+3x2)%4 ) 3(-2+3x2)%* . 9x (-2+3x2)%* .
6 x3 8 x 8(\/7+\/—2+3x2) 4 22X
34/3 [XJ;Z (V2 +/-2+3%7 ) EllipticF[zArcTan[%ﬂ], 5]
N2 1) -2+3 %2 /
8 23/4X

Result (type 5, 71 leaves):



4 (-8-6x2+27x%) -27 23/4x* <2—3x2)1/4 Hyper‘geometr‘icZFl[i, 3 5o 32—"2]

96 x> (-2+3x2)Y*

Problem 897: Result unnecessarily involves higher level functions.

J ! dx
x6 (—2+3x2)1/4

Optimal (type 4, 260 leaves, 7 steps):

(-2+3x2)¥* 7 (-243x2)%" 63 (-2+3x2)%* 189 x (-2+3x2)M*
+ + - +
10 x° 40 x3 160 x 160 (\E+«/72+3X2)
633 | —*—— (V2 +V-2+3% E1lipticE [2 ArcTan[ (22617 1
(\EH/ ~2+3 x2 21/ 2
80 23/4x
63/3 % (\/7+\/—2+3x2 ) EllipticF[ZArcTan[lLifﬂ}, l]
(ﬁﬂlfzaxz] 2 2
160 - 23/4 x

Result (type 5, 76 leaves):
4(-32-8x2-42x*+189x%) - 189  23/4 x5 (2 -3 x2)** Hypergeometric2F1| i, %,

3
P

3x2
2

]

640 x5 (_2+3x2>1/4

Problem 898: Result unnecessarily involves higher level functions.

X6
J(—2—3x2)1/4 o

Optimal (type 4, 260 leaves, 7 steps):
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| 32x (—2—3x2)3/4+40x3 (-2-3x2 M_ixs 2352 128x (-2-3x)""
1653 1053 39 1053 (\/7+ m)

. (V2 V23 E111pt1cE[2ArcTan[M}, 5]

1/4

128 2v/4
(rﬂ/fz 3x?

1053+/3 x

(\/— +V-2-3x2 ) E111pt1cF[2Ar‘cTan[i%)ﬂ], ﬂ

64 21/4
[\Fﬂlfz 3 x?

1053 /3 x
Result (type 5, 68 leaves):

2 x (32+8x2—6x4+81x6—16 23/ (2+3x2) "/ Hypergeometric2F1[ %, 1, 2 73X2})

1053 (-2-3x2)1/4

Problem 899: Result unnecessarily involves higher level functions.

X4
J X ax
(-2-3x2)Y*
Optimal (type 4, 242 leaves, 6 steps):

32x (-2-3x2)V4
ix(—2—3x2>3’/4—ix3(—2—3x2 34, x| x)

N
135 27 135 (ﬁ+x/—2—3x2)

- (V2 23 Elliptick |2 ArcTan| (2210 7]

21/4

32 24 P —
[\Fﬂlfz 3x?

135+/3 x

(\/— +/-2-3x2 ) ElllptlcF[ZArcTan[iﬂ)ﬂ], ﬂ

21/4

16 2Y4 - —F——
[\Fﬂlfz 3x2

135/3 x
Result (type 5, 63 leaves):
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2x (—8—2x2+15x4+4 23/4 (2+3xz)1/4Hyper‘geometr‘ic2F1[i, i %, —32—"2])

135 (-2 - 3x2)1/4

Problem 900: Result unnecessarily involves higher level functions.

X2
J(-Z—sz)l/“ dx

Optimal (type 4, 224 leaves, 5 steps):

8 2 _% ('2 +V-2-3x? ) EllipticE{zAr\cTan[ *2*3>/<2 1/4}) l]
21/4 2
2 8 x (72—3x2)1/4 [ﬁ+ *2—3x2]
= 2\ 3/4
-—X (7273x) . - +
” 15(\/7+ 7273)(2) 15+/3 x

4 21/4\/—["—2Z (\/?+\/—2—3x2 ) EllipticF[ZAr‘cTanH’z’Tif)l/—m], %]
V2 1) -2-3x2 ’

154/3 x
Result (type 5, 58 leaves):

2x (2+3x2—23/4 (2+3x2)1/4Hyper‘geometr‘icZFl[i, 2 2 —i})

15 (-2-3x2)1/4

Problem 901: Result unnecessarily involves higher level functions.
1
—dx
J(—Z—sz)l/“

Optimal (type 4, 202 leaves, 4 steps):
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(\ﬁ \/ﬁ) EllipticE[2 ArcTan[M]J ﬂ

1/4

2 21/4
2x (-2-3x2) Y [W”’HX
+
V2 +4/-2-3x2 3 x

(\/— V2 3x2 ) E111pt1cF[2ArcTan[iLf2ﬂ], 7]

21/4
[WM/ —2-3x?

V3 x
Result (type 5, 41 leaves):
x (2 +3x2)"* Hypergeometric2F1 | 41, i, %, - 32—"2]

(_4_6X2>1/4

Problem 902: Result unnecessarily involves higher level functions.

1
J dx
x2 (—2—3x2)1/4

Optimal (type 4, 223 leaves, 5steps):

V2 o+ \/2730(2) E111pt1cE[2 ArcTan[M}, i]

/2
1/4

ﬁ\/ (V2
(-2-3x2)7% 3x(-2-3x2)Y* (r”’“x]

+ +

2x 2 (V2 +v/-2-3% | 23/4 x

(V2 +vV-2-3% E111pt1cF[2ArcTan[M)i], L

1/a

V3o —x
J [ﬁﬁ

2 23/4X

Result (type 5, 63 leaves):

-8-12x2+3  2/4x2 (24+3x2)1* Hyper‘geometr‘icZFl[i, %, %, —%}

8x (-2-3x%)"*

Problem 903: Result unnecessarily involves higher level functions.

1
J dx
x4 (—2—3x2)1/4
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Optimal (type 4, 244 leaves, 6 steps):

V2 +/-2-3%2 ) E111pt1cE[2ArcTan[M)l—q}, 7]

343 |- — X (
(’2*3)(2)3/4 3<72—3x2>3’/4 9X(7273x2)1/4 (W+m]

6 x3 8 X 8(\/7+‘/7273X2) 4 - 23/4x

1/4

VT - (V2 V=23 | ELLipticF [2AncTan| L2221 1]
[Fﬂlfz 3x? 2

8 23/4X

Result (type 5, 71 leaves):
4 (-8+6x2+27x%) -27  2¥/4x4 (2+32)V° Hypergeometr‘icZFl[i, Sy o - ]

96 x> (-2-3x2)Y*

Problem 904: Result unnecessarily involves higher level functions.

1
J dx
x6 (—2—3x2)1/4

Optimal (type 4, 262 leaves, 7 steps):
(-2-3x2)¥* 7 (-2-3x2)%% 63 (-2-3x2)* 189x (-2-3x2)M*

- +
:I.@X5 40X3 160 x 160 (\/?+“/7273X2>

633 - x (\F \/ﬁ) E111pt1cE[2Ar‘cTan[iil)f)i]: ]
[\/_M/fz 3x2 / ’

80  23/4x

(\/— +/-2-3x2 ) E111pt1cF[2Ar‘cTan[lL1X2)i], 5]

63v3 | — X
J [mm

160 - 23/4x

Result (type 5, 76 leaves):
-4 (32-8x2+42x%+189x°) +189 234 x5 (2+3x?) % Hypergeometric2F1 | i, i, >, -2

640 x> (-2 - 3x2)1/4
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Problem 905: Result unnecessarily involves higher level functions.

X6
J(—2+3x2)3/4 o

Optimal (type 4, 138 leaves, 5steps):

160 x (-2 +3x2)Y*
X( . X) +£X3 (—2+3X2)1/4+ixs(—2+3X2)1/4+
2079 693
160 234 | — X (\/7+\/—2+3x2 ) EllipticF[ZAr‘cTan[lﬂ)ﬂ], 2]
[\/?M/ ~2+3x? ’ 21 2

2079 /3 x
Result (type 5, 68 leaves):

41 21

2 x (—16@+120x2+54x4+189x5+80 21/4 (2-3x2)** Hypergeometric2F1[?, 2, 2 ﬁ])

2079 (-2 + 3x2)3/4

Problem 906: Result unnecessarily involves higher level functions.

4

X x
J<2+3x2)3/4

Optimal (type 4, 120leaves, 4 steps):

g 23/4 % (\/7+\/m) EllipticF[ZArcTan[lLifﬂ}, 2]
e & ’

ix (—2+3x2)1/4+ix3 (—2+3x2)1/4+
63 21 633 x

Result (type 5, 63 leaves):

2 x (—8+6x2+9x4+4 214 (2-3x2) >/ Hypergeometric2Fi[ L, 2, 2, 32—"2])

63 (-2+3x%)%*

Problem 907: Result unnecessarily involves higher level functions.

2

X ax
J(—2+3x2)3/4
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Optimal (type 4, 102 leaves, 3 steps):

P e — (\/7+\/W) EllipticF[2Ar‘cTanH—)—’2+31),:2 1/4], ]

5 [\/7+w/—2+3 X2 2y 2

“x (—2+3x2)Y0

9 9\/?x

Result (type 5, 57 leaves):

2x (—2+ 3 x2 4+ 24 (2—.’-’>x2)3/4 Hyper‘geometr‘icZFl[i, %, 2, %})

9 (-2+3x%)%*
Problem 908: Result unnecessarily involves higher level functions.
1
J— dx
(-2+3x2)%*
Optimal (type 4, 82leaves, 2 steps):
["2]2 (V2 +v/-2+35 | EllipticF[ZArcTan[“*Tif)i], 1]
N2 4/ -2+3 %2 '
21/44/3 x

Result (type 5, 41 leaves):

x (2-3x2)%* Hyper‘geometr‘icZFl[i, i, i, 3;2]

(-4+6x2)%*
Problem 909: Result unnecessarily involves higher level functions.
1

j dx

x2 (—2+3x2)3/4
Optimal (type 4, 104 leaves, 3 steps):

V32— (V2 V243 EllipticF[2 ArcTan[ F23X1 ] 1]
SN IRt :
2 X : 4 24 x

Result (type 5, 63 leaves):
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-8+12x%+3 2Y4 %2 (2—3x2)3/4 Hyper‘geometr‘icZFl[%, %, %, M]

8 x (—2+3x2)3/4

Problem 910: Result unnecessarily involves higher level functions.

J ! dx
x4 (-2+3x2)%4

Optimal (type 4, 122 leaves, 4 steps):

5/3 | —— X (\/7+\/W) EllipticF[ZArcTan[M], 1]
2 21/4 >
(—2+3X2>1/4 5(—2+3X2)1/4 [ﬁ+m
6 x3 ' 8 X : 16 - 214 x

Result (type 5, 68 leaves):

-32-72x2+180x* +45 214 x* (2-3x2)*/* Hypergeometric2F1[ L, 2, 2, 2]

96 x3 (—2+3x2>3/4

Problem 911: Result unnecessarily involves higher level functions.

J ! dx
X6 (—2+3x2)3/4

Optimal (type 4, 140leaves, 5 steps):

273 % (\/7+m) EllipticF[ZAr‘cTan[l’z*Tij‘:)iL %]
(-2+3x2)M* 9 (—243x2)V* 27 (-2+3x2)M* (ﬁ#ﬁ
10 x° ' 40 x3 ' 32 x : 64  21/4 %

Result (type 5, 73 leaves):

~128 - 96 x? - 648 x* + 1620 x° + 405 - 21/4 x5 (2 - 3 x2)** Hypergeometric2F1 | %, 3, %, 3{]

640 x> (—2+3x2)3/4

Problem 912: Result unnecessarily involves higher level functions.

6

S SO
J(—2—3x2)3/4 g
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Optimal (type 4, 139leaves, 5steps):
160x (-2-3x2)"*  ae

+

x3 (—2—3x2)1/4—ix5 (—2—3x2)1/4+

2079 693 33
160 23/4JX22 (\E+\/—2—3X2 ) EllipticF[ZArcTan[M}, 1]
21/4 2
[\/TJA/—Z—?, x?
2079 /3 x

Result (type 5, 68 leaves):

3 2)

2 x (160+120 X2 -54x*+189x° -8 - 2/ (2+3x2)>* Hypergeometric2F1[L, 2, 2 ”Z])

2079 (-2 - 3x2)3/4

Problem 913: Result unnecessarily involves higher level functions.
X4
J— ax
(_2_3)(2)3/4

Optimal (type 4, 121 leaves, 4 steps):

g 234 | x (\/2 /-2-3x2 ) EllipticF[ZArcTan[iﬂﬂ], 1]
=S o
1/4

ix (—2—3x2)1/4—ix3 (—2—3x2)
63 21 63+/3 x

Result (type 5, 63 leaves):

2x (-8-6x2+9x*+4 2V (2+3x2)** Hypergeometric2F1[1, 2, 2, - 2X])

63 (—2—3x2>3/4

Problem 914: Result unnecessarily involves higher level functions.
JL dx
(-2-3x2)%4

Optimal (type 4, 103 leaves, 3 steps):
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21/4

V2. W) EllipticF[2ArcTan] L2302

]

1
2

]

> 93/4 (
) 1 [mm]
-—=x (-2-3%%) 4

9 9 \/? X
Result (type 5, 58 leaves):

2% (2+3x2—21/4 <2+3x2)3/4 Hyper‘geometr‘iCZFl[i, i, i, —%”

9 (-2-3x2)3/4

Problem 915: Result unnecessarily involves higher level functions.

B S
J<_2_3X2)3/4

Optimal (type 4, 84 leaves, 2 steps):

J [WW (V2 +V-2-3%) Elhptlcp[zAman[iLjﬁ], L]
_ 21/4~[3 x
Result (type 5, 41 leaves):
x (2+3x2)%% Hyper‘geometr‘icZFl[%, i, %, —32—"2]

(7476X2>3/4

Problem 916: Result unnecessarily involves higher level functions.

1
J dx
x2 (—2—3x2)3/4

Optimal (type 4, 105leaves, 3 steps):

(\/_ +/-2-3x2 ) E111pt1cF[2Ar'cTan[j’2’—3)f2)i], >

21/4

V3
(-2-3x2)Y* \/ (Fm

+
2X 4 214 x

Result (type 5, 63 leaves):
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-8-12x2-3 2¥4x? (2+3x2)3/4 Hyper‘geometr‘icZFl[%, %, %, —i}

8 X (—2—3x2)3/4

Problem 917: Result unnecessarily involves higher level functions.

1
J dx
x4 (-2-3x2)%4

Optimal (type 4, 123 leaves, 4 steps):

(\/_ +/-2-3x2 ) ElllpthF[ZAPChh{M], ]

2

53 [-—xX
(—2—3X2>1/4 5(7273)(2)1/4 [F+m

6 x3 8 x 16  21/4x

Result (type 5, 68 leaves):

~32472x2+180 X" +45 214 x* (24 3x%) %/ Hypergeometric2F1[ 1, 2, 2, - 2X]

96 x> (-2-3x2)>"*

Problem 918: Result unnecessarily involves higher level functions.

1
J ax
X6 (-2-3x2)%4

Optimal (type 4, 141 leaves, 5 steps):

27+/3 ——X ({2 +/-2-3x? | EllipticF[2ArcTan -(LXZ)J—/A L
/4 2
(-2-3x2)Y* 9 (-2-3x)Y* 27 (-2-3x2)"* [rm
_ N X

10 x° 40 x3 32 x 64  21/4x

Result (type 5, 76 leaves):

-4 (32-24x2+162x* +405x°) - 405 214 x5 (2+3x2)%* Hyper‘geometr‘icZFl[%, ‘3:, %, - %}

640 x5 <—2—3x2>3/4

Problem 919: Result unnecessarily involves higher level functions.

J(c x)7/2 (a+bx2)1/4 dx
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Optimal (type 4, 152 leaves, 8 steps):

a2c3+/cx (a+bx2)1/4 ac (cx)5/2 <a+bx2)1/4 (cx)92 (a+bx2)1/4 a®2c? (1+ ;7 (cx)*2 EllipticF[iAr‘cCot[%], 2]

a
+ + -

12 b2 30b 5c 12 b3/2 (a+bx2>3/4

) 3/4

Result (type 5, 98 leaves):
cVex

3/4
~5a3-3a2bx?+14ab2x*+12b3x6+5a3 (1+ﬁ> Hyper‘geometr‘icZFl[i—, i = b"z])
a

60 b2 (a+bx2)3/4

Problem 920: Result unnecessarily involves higher level functions.

j(cx)f‘/2 (a+bx2)1/4d1x

Optimal (type 4, 118 leaves, 7 steps):

acvcx (a+bx2>1/4 (cx)5/2 (a+bx2)1/4 a3/? (1+ ;7)3/4 (cx)3/2 EllipticF[iAr‘cCot[%], 2}

a
+ +

6b 3¢ 6vVb (a+bx?)¥*

Result (type 5, 83 leaves):
cvceX

3/4
a2+3abx?+2b2x4- a2 (1+ be) Hyper‘geometr‘icZFl[i, i = 7b"2])
a

6b <a+bx2)3/4

Problem 921: Result unnecessarily involves higher level functions.

dx

(a+bx?)?*
=

Optimal (type 4, 89leaves, 6 steps):

3/4 . .
Vex (a+bx?)t* ) Va \b (1+ ;7) (cx)3/? E111pt1cF[§Ar‘cCot[%], 2]

a

c 2 (a+bx2)>*
Result (type 5, 62 leaves):

X

3/4
a+bx2+a(1+ﬁ) Hyper‘geometriczFl[i,i > 7bx2})
a

Vex (a+bx2)3/4




Problem 922: Result unnecessarily involves higher level functions.
2\1/4
J (a+bx?) ix
(C X)S/Z
Optimal (type 4, 94 leaves, 6 steps):
2(a+bx2)1/4 2 b3/2 (1+ba?)

3¢ (cx)3? 3+a c* (a+bx2)3/4

M ex)32 EllipticF[%Ar‘cCot[l%} , 2]

a

Result (type 5, 69 leaves):

2 2 bx? | 3/4 i 13, 5 _bx
2x(a+bx -bx (1+ . ) Hyper‘geometr‘1c2F1[4, 24 })

3 (cx)5/2 (a+bx2)3/4

Problem 923: Result unnecessarily involves higher level functions.

dx

J(a+bx2)1/4

(c X)9/2

Optimal (type 4, 123 leaves, 7 steps):
a \3/4
2 (a+bx2)1/4 2b (a+bx2)1/4 4b°2 (1+ ﬁ)

(cx)3/2 EllipticF[%Ar‘cCot[%] , 2]

- +
7c (cx)7/2 21ac3 (cx)3/2 21 a3/2 6 <a+bx2)3/4

Result (type 5, 92 leaves):
2+ cx

3/4 .
3a2+4abx?+b2x*+2b%2x* (1+ M) Hyper‘geometr‘1c2F1[i, %, j’:, —M]
a

2lac’ x4 (a+bx2)3/4

Problem 924: Result unnecessarily involves higher level functions.

dx

J<;,be2)1/4

(C X>13/2

Optimal (type 4, 154 leaves, 8 steps):

a )3/4

(cx)32EllipticF| i ArcCot | %} , 2]

2 (a+bx®)¥* 2b(a+bx?)¥* 4b? (a+bx?)* 872 1+ 0%

+ —

11c (cx)2  77ac3 (cx)7/2  77a%c® (cx)3? 77 a%/2 8 (a+bx2)3/4
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134 | 1.1.2 Quadratic.nb

Result (type 5, 103 leaves):

3/4
2+vVcx [-7a2-8a?bx?+ab?x*+2b3x%+4b3x°8 (1+M) Hyper‘geometr‘icZFl[i,i 2 M})
a

77 a2 c7 x8 (a+bx2)3/4

Problem 925: Result unnecessarily involves higher level functions.

J(cx)S/2 (a+bx2)1/4dlx

Optimal (type 3, 147 leaves, 7 steps):

3a2 C5/2 ArcTan M 3a2 c5/2 ArcTanh M
ac (cx)3? (a+bx2>1/4 (cx)7/2 (a+bx2>1/4 { c (a+bx2)1’/4] [ o <a+bxz)1/4]
+ + -

l6b 4c 32p7/4 32b7/%

Result (type 5, 83 leaves):

3/4
c (cx)3? (a2+5abx2+4b2 x4 - a2 (1+ ba—xz> Hyper‘geometr‘icZFl[i, i, AZ‘, 7M])

16b (a+bx2)3/4

Problem 926: Result unnecessarily involves higher level functions.
J\/U (a+bx2)1/4dlx

Optimal (type 3, 116 leaves, 6 steps):

b4 /cx bY/4 /¢ x
a+/c ArcTan - avc ArcTanh| —————
(c X)3/2 (a+bx2)1/4 [ c (a+bxz)1/4} {\/?(a+bx2)1’/4]
2c . 4 p3/4 ! 4 p3/4

Result (type 5, 68 leaves):
XV CX

2 bx2|3/4 : 3 3 7 _bx
3 (a+bx ) +a (1+ . ) Hyper‘geometr‘1c2F1[4, 2’ 4 ]

6 (a+bx2>3/4

Problem 927: Result unnecessarily involves higher level functions.

b x2)1/4
J@*X) x

(C X) 3/2

Optimal (type 3, 107 leaves, 6 steps):
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bl/4 ArcTan [ M} b1/4 ArcTanh [ %]

2 (a +b X2> 14 NG (a+bx2)1/4 Nra <a+bx2)1r’/"
- - +
c m c3/2 c3/2

Result (type 5, 72leaves):

X

2 2 bx2)3/4 . 3 3 7 b
-6 (a+bx?) +2bx (1+ ; ) Hyper‘geometr‘1c2F1[4, 2 a ]

3 (cx)¥2 (a+bx2)?

Problem 932: Result unnecessarily involves higher level functions.

J(cx)”2 (a—bx2)1/4dlx

Optimal (type 4, 122leaves, 7 steps):

3/4
acvcx (a—bxz)l/4 (cx)5/2 (a—bxz)l/4 a’/ (1_:7)

— + —

6b 3c 6/b (a-bx2)*

(cx)3/2 EllipticF{%Ar‘cCsc [ %} , 2]

a

Result (type 5, 84 leaves):
c\VeXx

3/4
a2-3abx?+2b2x4-a2 (1— ba—xz) HypergeometricZFl[i, i i M])

6b (a-bx?)>*

Problem 933: Result unnecessarily involves higher level functions.

J<abx2)1/4
—dx
V CX

Optimal (type 4, 92 leaves, 6 steps):

b7) % (e x)3/2 EllipticF [ i Ar‘cCsc[%] , 2]

Vex (a—bxz)l/‘li\/?\/F (1* :

c 2 (a-bx2)>*

Result (type 5, 66 leaves):

3 5 bx?

bx2\3/4 . 1
7) Hyper‘geometrlczFl[z, e bx]

ax-bx3+ax (17
a

v € x (a—bx2>3/4
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Problem 934: Result unnecessarily involves higher level functions.

(a-bx?) 1/4
J ST ax
(C X) 5/2
Optimal (type 4, 97 leaves, 6 steps):

2 (a—bxz)l/4 2032 (1_;7)3/4

3/2 ot 1 Vb x
) (cx) E111pt1cF[2 ArcCsc | = |, 2]
3¢ (cx)3/? 3\/?c4(a—bx2)3/4

a

Result (type 5, 70 leaves):

5 ) b2 | 3/4 : 1 3 5 bxt
2x(a—bx +bx (1— . ) Hyper‘geometr‘1c2F1[4, T ])

3 (cx)5/2 (a—bx2)3/4

Problem 935: Result unnecessarily involves higher level functions.

b 2\1/4
[t

(C X) 9/2
Optimal (type 4, 127 leaves, 7 steps):

2 (a-bx2)"* 2b (a-bx?)" 4b5/2 (1_ L)3/4 (cx)3/? EllipticF[%Ar‘cCsc[%], 2]
N

2
b x a

n
7c (cx)7/2 21ac3 (cx)3/2 21 a3/2 6 (a—bx2)3/4

Result (type 5, 93 leaves):
2+ cx

3/4
3a2-4abx?+b2x*+2b%2x* (1— baiz) Hyper‘geometr‘icZFl[i, %, j’:, M})

2lac’xt (a—bx2)3/4

Problem 936: Result unnecessarily involves higher level functions.

_px2) V4
J&dx

(C X>13/2

Optimal (type 4, 159 leaves, 8 steps):

2 (a-bx2)¥* 2b(a-bx2)Y4 a2 (a-bx2) 8 b7/2 (1— :?)3/4 (cx)3? EllipticF[iAr‘cCsc[%}, 2]

a

+ + +
11c (cx)/2  77acd (cx)72  77a%c® (cx)3? 77 a5/2 c8 (afbx2)3/4



Result (type 5, 105 leaves):

3/4
2+/cx |7a*-8a?bx?-ab?x*+2b3x%+4b3xb (1—M) Hyper‘geometr‘icZFl[i, i, ‘5: M])

a

77a% 7 x8 (a-bx?)**
Problem 937: Result unnecessarily involves higher level functions.
J(cx)S/2 (a—bx2)1/4dlx

Optimal (type 3, 343 leaves, 13 steps):
3a%c*2ArcTan|[1 - A2 bt ex ]

ac(cx)¥? (a-bx?)¥*  (cx)7/? (a-bx?)"* VT (abx?) ¥
- ¥ -
16b 4c 32\/7b7/4
/. b B b1/4 b b1’4
332 c5/2 ArcTan [1 i ALZ\/; (bal ;X:)TM ] 332 ¢c5/2 Log[\/ c + . bczx (237b Xz);AX ] 3a2c5/2 Log[\/ C + : bczx n zafb/xz);zx }
_ / A/ a-b x A/ a-bx
¥ _
32+/2 b7/4 64 /2 b7/% 64~/2 b7/%

Result (type 5, 84 leaves):

3/

4
c (cx)3/2 (az—Sabx2+4b2 x4 — a2 (1— ba—xz) Hyper‘geometr‘icZFl[i, i, Z—, M])

16b (a-bx2)>"*
Problem 938: Result unnecessarily involves higher level functions.
Jm (a—bx2)1/4d1x

Optimal (type 3, 307 leaves, 12 steps):
a+/c ArcTan|[1- M] a+/c ArcTan[1+ M}

(c X)3/2 (a —bXZ)l/4 NI (a—bxz)l//“ Je (a—bxz)l/“
- +
2¢c 4+/2 b3 4+/2 ¥4
avc Log|+c b e x o2 bty/ex avc Log|+c b Ve x . /2 bY*ex
V€ tog e+ LEx SRR ] ae og e dlen L2 e
8\/7b3/4 8\/?b3/4

Result (type 5, 69 leaves):

1.1.2 Quadratic.nb | 137
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a

3/4
xecx 3a73bx2+a(17ﬂ) Hyper‘geometricZFl[i,z— Z M})

6 (a-bx2)>*

Problem 939: Result unnecessarily involves higher level functions.

b 2\1/4
J<a X ) dx

(C X) 3/2

Optimal (type 3, 296 leaves, 12 steps):
bl/4 ArcTan [1 - M] bl/4 ArcTan [1 . M]

2 (a -b X2> 14 VT (abx?) V4 VT (abx?) A
- + -
cvex A2 32 V2 32
bl/4 Lo \/? b vJc x A2 b/4 /¢ x bl/4 Lo \/? b v x 2 bl/4/cx
sV e lmwape s e et
+
2+/2 32 2-/2 c3/2

Result (type 5, 72 leaves):

2 X

3/4
3a-3bx?>+bx? (17%) / Hyper‘geometr‘icZFl[%, % Z M})

3 (cx)¥? (a-bx2)¥*
Problem 944: Result unnecessarily involves higher level functions.
(C X)3/2 B
e

Optimal (type 3, 117 leaves, 6 steps):

3/2 b4\ c x 3/2 bY/4 /¢ x

ac>“ArcTan - a c’/“ ArcTanh -

cVex (a+bx?)?* [J?(a+bx2)1/’4] [ﬁ<a+bx2)1/4]
2b . 4b>/4 . 4b>/4

Result (type 5, 69 leaves):

cvceX

1/4
a+bx?-a (1+ ba—xz> Hyper‘geometr‘icZFl[i, 4l = —M})

2b <a+bx2)1/4



1.1.2 Quadratic.nb | 139

Problem 945: Result unnecessarily involves higher level functions.
1

JV?Q‘@+bquM

dx

Optimal (type 3, 83 leaves, 5steps):

APCTEH[M] Ar‘cTanh[M]
Ve (arbx?)V* Ve (a+b xz)l/"
+

pl/4 \/? pl/4 \/?
Result (type 5, 55leaves):

1/4
2 X (a+2_x2) Hyper‘geometr‘icZFl[i, 12 —ﬁ]

a4’ a4’
A x (a+bx2)1/4

Problem 949: Result unnecessarily involves higher level functions.
9/2
JL dx
(a+bx2)Y*
Optimal (type 4, 156 leaves, 6 steps):

5/2 -4 _a |14 P 1 b x
7a2ctx~/cx 77ac3 (cx)3/? (a+bx2)3/4+c(cx)7/2 (a+bx2)3/4+7a/ e (1+bx2) 1\ X ElllpthE[ZArcCot[\E},Z]

20 b? (a+bx2)1/4 30 b? 5b 20 b5/2 (a+bx2)1/4

Result (type 5, 87 leaves):

1/4
c3 (cx)3/2 (—7 a2-abx?+6b2x%+7a? (1+ ba—"z) Hyper‘geometr‘icZFl[i, i z M})

30 b2 (a+bx2)1/4

Problem 950: Result unnecessarily involves higher level functions.
5/2
JL dx
(a+bx?) 14
Optimal (type 4, 125leaves, 5steps):

N ¢ (cx)2 (a+bx2)3/4 23/2 ¢2 (1+ ;7)1/4 /c x EllipticE[iAr‘cCot{%], 2]

a

- +
2b(a+bx2)1/4 3b 2 b3/2 (a+bx2)1/4
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Result (type 5, 69 leaves):

39 ) bx2 | 1/4 . 1 3 7 bx?
¢ (cx)¥ (a+bX _a (1+ : ) Hypergeometr1c2F1[4, e })

3b(a+bx2)M*

Problem 951: Result unnecessarily involves higher level functions.
J Vex
(

a+bx2)1/4

dx

Optimal (type 4, 83 leaves, 4 steps):
ox  Va 1+ az)1/4 /¢ x EllipticE[iArcCot[%], 2]

b x a

.
(a+bx2)1/4 \/F(a+bx2)1/4

Result (type 5, 57 leaves):

asbx? | 1/4 ; 13 7 _bx
2x+/cx ( > ) Hyper‘geometr‘1c2F1[4, 5 ]

3 <a+bxz)l/4

Problem 952: Result unnecessarily involves higher level functions.

J ! dx
(cx)¥2 (a+bx2)t*
Optimal (type 4, 90 leaves, 4 steps):

ey (1+bi)1/4 e x EllipticE[%ArcCot[%], 2]

x2 a

2
- +

cVex (a+bx2)1/4 Va ¢ (a+bx2)1/4
Result (type 5, 75leaves):

X

2 2 bx2)1/4 B i 3 7 bx*
-6 (a+bx ) +4bx (1+ . ) Hyper‘geometr‘1c2F1[4, Rt ]

3a (cx)¥2 (a+bx2)M*

Problem 953: Result unnecessarily involves higher level functions.

1
J dx
(cx)7/2 (a+bx2)1/4



Optimal (type 4, 126 leaves, 5steps):

4b 2 (a+bx2)3/4 4 b3/2 (1+ ;7)1/4mEllipticE[iAr‘cCot[%], 2]
sac e (abt)tt Sac (0?2 et 2 s o]

Result (type 5, 88leaves):

X

1/4
-6a2+6abx>+12b2x*-8b%x* (1+ M) Hyper‘geometr‘icZFl[i, i, i, —M})
a

15a% (cx)7/2 (a+bx?)"*

Problem 954: Result unnecessarily involves higher level functions.

1
J dx
(c x)1/2 (a+bx2)1/4

Optimal (type 4, 157 leaves, 6 steps):

8 b2 2 (a+bx2>3/4 4b (a+bx2)3/4 8 b5/2 (1+ ;7)1/4 A\ € x EllipticE[iAr‘cCot[%], 2}
- - + +
15a2c5/cx (a+bx?)¥* 9ac(cx)®? 15a7c? (cx)%?2 15a%2 ¢ (a+bx?) "

Result (type 5, 103 leaves):
2/ cx

1/4
-5a3+a’bx?-6ab?x*-12b3x%+8b3x° (1 + M) Hypergeometric2F1 [ i, A
a

45 a3 ¢85 x5 (a+bx2)1/4

Problem 955: Result unnecessarily involves higher level functions.
3/2
JL dx
(a-bx2)¥*
Optimal (type 3, 308 leaves, 12 steps):

ac¥2ArcTan[1 - Y2 b0YVex 1 5 3/2 ppeTan[1 4+ M2 0¥ ex
cVex (a-bx2)** [ \/ci(a—bx2>1/4] [1+

B N \/ci(afbxz)l/“
2b 4+/2 b5/ 4+/2 b5/4
ac3? Lo c b vc x 2 b¥4 cx ac3?lo c b /¢ x 2 bY/*+\/[cx
g [\/_ + T—b 2 (a—b X2>1/4 } g [\/_ + T—b 2 + (a—b x2>1/4 ]
+
82 b*/* 82 b*/*

Result (type 5, 71 leaves):
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1/4
c/ecx [-a+bx?+a (17 bai) HypergeometricZFl[i, i, i, M})

2b (a—bxz)l/4

Problem 956: Result unnecessarily involves higher level functions.
1

J\/C—X (a—bx2)1/4

dx

Optimal (type 3, 272 leaves, 11 steps):

1/a 1/a b vc x /2 b4 cx b /c x 2 bY/%/cx
ArcTan |1 - ~Zbrex bi =5]  ArcTan[1+ Az o ex b, vl Log[Vc + | Log[vec + —— T ab)A ]
Ve (a-bx?) Ve (a-bx?) \/ a-bx ( )

+ - +
V2 b4/ V2 b4/ c 2+/2 b4+/c 22 bY4+/c
Result (type 5, 56 leaves):

abx?|1/4 ; 1 1 5 bx2
2x( - ) Hypergeometr1c2F1[4, Y

Vox (a-bx) v

Problem 960: Result unnecessarily involves higher level functions.
5/2
JL dx
(a-bxz)**
Optimal (type 4, 128 leaves, 5steps):

)3/4 C (cx)¥2 (a—bx2>3/4 ad/2¢2? (17 @ )1/4\/cx EllipticE[%ArcCsc[%}, 2]

ac® (a-bx? bx? 3
- +

202/ x 3b 2b%2 (a-bx2)**

Result (type 5, 71 leaves):

1/4
c (cx)3/2 (—a+bx2+a (1— bfz) Hyper‘geometr‘icZFl[i, i, ZT’ ﬁ})

3b (a—bxz)l/4

Problem 961: Result unnecessarily involves higher level functions.
J Vex
<

—dx
a-bx?)t*



Optimal (type 4, 90 leaves, 4 steps):
a \1/4 o )
K (a-bx?)>* ) Va (1 - ﬁ) Vex ElllpthE[iArcCsc[%} , 2]

a
b+/cx \m<a—bx2)1/4

Result (type 5, 58 leaves):

1/4
2x+/cx (M) Hyper‘geometr‘icZFl[i, i, i, bxz]
a

a

3 (a-bx2)V*

Problem 962: Result unnecessarily involves higher level functions.

J ! dx
(cx)3/2 (a—bxz)l/4

Optimal (type 4, 68 leaves, 3 steps):
2/b (1 _ bL)1/4 [cx EllipticE[iAr‘cCsc [ 3%} » 2]

x? a
a c? (a—bxz)l/4

Result (type 5, 76 leaves):

2 2 bx2 | 1/4 ; 1 3 7 bx
X (—6a+6bx -4bx (1— 2 ) Hyper‘geometr‘1c2F1[4, Y ]

3a (cx)3? (a-bx2)V*

Problem 963: Result unnecessarily involves higher level functions.

J ! dx
(cx)7'? (a- bxz)l/4
Optimal (type 4, 100 leaves, 4 steps):

2 (a—bx2>3/4 4 p3/2 (1_ a )1/4 /€ X EllipticE[%Ar‘cCsc[%}, 2]

2
b x a

5ac (cx)>/? 5a3/2c4 (afbxz)l/4

Result (type 5, 89leaves):

X
a

1
-6 (a2+abx?-2b2x*) -8b2x* (1— M) /4 Hyper‘geometr‘icZFl[i, 13:, 17:, M})

15a% (cx)7/? (a-bx?)"*
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Problem 964: Result unnecessarily involves higher level functions.

1
J dx
(c X)n/z (a _ bx2>1/4

Optimal (type 4, 130leaves, 5steps):

2 (a-bx?)** 4b(a-bx?)** 8b5/2(1—b37)1/4\/cx EllipticE[%Ar‘cCsc[l%},z]

a

9ac (C X)9/2 15a2 c3 (C X)S/Z 15 aS/Z CG (aibX2>1/4

Result (type 5, 104 leaves):
2+ cx

1/4
5a3+a2bx?+6ab?x*-12b3x%+8b3x® (1 - baiz) Hypergeometric2Fi | i, i i

45 a3 b x° (a—bxz)l/4

Problem 965: Result unnecessarily involves higher level functions.

3/2

JL dx

(a+bx2)3/4
Optimal (type 4, 86 leaves, 6 steps):
cVex (a+bx2)1/4 Va (1+
.

b Vb <a+bx2)3/4

Result (type 5, 66 leaves):

a )3/4

b (cx)3/2 ElliptiCF[iAr‘cCot[%], 2}

a

cveXx

3/4
a+bx?-a (1+ ba—xz) HypergeometricZFl[i, i 5 7M})

b (a+bx2)3/4

Problem 966: Result unnecessarily involves higher level functions.
1

Jm <a+bx2)3/4

dx

Optimal (type 4, 66 leaves, 5 steps):
2/b (1 , -2 )3/4 (cx)3/2 EllipticF[iAr‘cCot[%} , 2]

bx a
\a c? (a+bx2)3/4
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Result (type 5, 55leaves):
2x (a*:—xz)aM HypergeometricZFl[i, I

e x (a+bx2)3/4

Problem 967: Result unnecessarily involves higher level functions.

1
J dx
(cx)5/2 (a+bx2)3/4

Optimal (type 4, 97 leaves, 6 steps):
2 <a+bX2>1/4 4b3/2 (1+ba7>3/4

3ac (cx)3? 3a3/2 ¢4 (a+bx2)3’/4

(c x)3/2 EllipticF [ % ArcCot [ %} , 2}

a

Result (type 5, 72 leaves):

2 X

3/4
a+bx2+2bx? (1+ M) Hyper‘geometr‘icZFl[i—, i, i, —M])
a

3a (cx)3/?2 (a+bx2)3/4

Problem 968: Result unnecessarily involves higher level functions.

1
j dx
(cx)2 (a+bx2)>*

Optimal (type 4, 126 leaves, 7 steps):

2 (22627 4b (a-bx) 8 b5/2 (1+ ;7)3/4 (cx)3/? EllipticF[iAr‘cCot[%], 2|

a

7ac (C X)7/2 7a2 c3 (C X)3/2 7a5/2 c6 <a+bX2)3/4

Result (type 5, 92 leaves):

3/4
2/cx (—a2+abx2+2b2 x4 1 4 b2 x4 (1+ b%) Hyper‘geometr‘icZFl[‘l—‘, %, i, —M])

7 a2 c® x4 (a+bx2>3/4

Problem 969: Result unnecessarily involves higher level functions.

1
J dx
(cx)13/2 (a+bx2>3/4
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Optimal (type 4, 157 leaves, 8 steps):

2 (a+bx2) " 20b (a+bx?) ¥t 4ob? (asbx2)id 807 (14 2] (cx)22 ELLiptick [ Arccot[Y22], 2]

a

- + +
1lac (cx)2  77a2c3 (cx)7/2  77a3c® (cx)3/2 77 a’/2 c8 (a+bx2)3/4

Result (type 5, 104 leaves):
2+ cx

3/4
7a3-3a2bx2+10ab2x*+20b3 x5 +40b3 x5 1+ 2X2) """ Hypergeometric2F1[L, 3, 3, _bX
a yp g 4 4

77 a3 c7 x6 (a+bx2)3/4

Problem 970: Result unnecessarily involves higher level functions.
5/2
jL dx
(a +b XZ) 3/4
Optimal (type 3, 117 leaves, 6 steps):
3ac*2ArcTan| %] 3ac®2ArcTanh| M]

Ve (a+b xz)l’/4 N (a+bx2)1/"

+ —

2b 4b7/4 4b7/4

c (cx)3/2 (a+bx2)1/4

Result (type 5, 69 leaves):

bx?)3/4 : 3 3 7 b x?
c (cx)3? (a+bx2—a (1+ T) Hyper‘geometr‘1c2F1[Z, e ——})

2b (a+bx2) ¥

Problem 971: Result unnecessarily involves higher level functions.
J Vex
(

) 3/4

dx
a+bx?
Optimal (type 3, 84 leaves, 5steps):

¢ ArcTan| —bpYvex Jc ArcTanh[ —btvex
[ Ve (a+b xz)l/4 } { Ve (arbx?)V* ]
- +

3/4 3/4
b b

Result (type 5, 57 leaves):

arbx2 | 3/4 . 3 3 7 _bx
2x+/cx (75‘ ) Hyper‘geometr‘1c2F1[4, > ]

B
a

3 (a+bx2)3/4



Problem 975: Result unnecessarily involves higher level functions.

(C X)3/2
J; dx
(a-bx?)**
Optimal (type 4, 91 leaves, 6 steps):
a )3/4

cVex (a—bxz)l/4 Va (1_5

b \/F(a—bxz)”4

(cx)3?2EllipticF| % ArcCsc | 3%} » 2]

a

Result (type 5, 68 leaves):
bx?

cvVex (—a+bx2+a(1— ;

3/4 . 13 5 by
) Hyper‘geometr‘1c2F1[Z, T —})

b (a-bx2)**

Problem 976: Result unnecessarily involves higher level functions.

1

Jm (a—bx2)3/4

dx

Optimal (type 4, 68 leaves, 5steps):

3/4 . .
_2\/F (1_ a ) (cx)3/2 ElllpthF[%Ar‘cCsc[%}, 2]

b a
\Va e? (a—bx2)3/4

Result (type 5, 56 leaves):

py2 ) 3/4 . b x2
2 x (%) Hyper‘geometr‘1c2F1[i, i, i, —X]

Vex (a-bx2)

Problem 977: Result unnecessarily involves higher level functions.

J ! dx
(cx)%% (a-bx2)>*

Optimal (type 4, 100 leaves, 6 steps):

a )3/4

2 (a—bxz)l/4 4 b2 (1_ b x2

(cx)3/? EllipticF[iAr‘cCsc [%} , 2]

a

3ac (cx)3? 3a3/2 ¢4 (afbx2)3/4
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Result (type 5, 76 leaves):

a

2 2 bx2)3/4 . 1 3 5 by
X|-2a+2bx2+4bx (1— 2 ) Hyper‘geometr‘1c2F1[4, Y ]

3a (cx)5/2 (afbxz)g/4

Problem 978: Result unnecessarily involves higher level functions.

J ! dx
(cx)®? (a-bx2)>*

Optimal (type 4, 130 leaves, 7 steps):
a 3/4
2<a7bxz>1/4 4b(a7bx2)1/4 8 b5/2 (17§)

(cx)32EllipticF| i ArcCsc| %] , 2]

a

7ac (cx)”2  7a?c3 (cx)¥? 7 a5%/2 ¢ (afbxz)S/4

Result (type 5, 94 leaves):
VX

2 2 2 4 2 4 bx? ) 3/4 ; 1 3 5 bx
-2 (a2+abx?-2b%x*) +8b?x (1— 2 ) Hyper‘geometr1c2F1[4, I ]

7 a2 c® x4 (a—bx2)3/4

Problem 979: Result unnecessarily involves higher level functions.

1
J dx
(cx)13/2 (a—bx2>3/4

Optimal (type 4, 162 leaves, 8 steps):

) (a—bx2)1/4 20 b (a—bx2)1/4 40 b <a—bx2)1/4 80 b7/2 (17;7)3/4 (cx)3/2 EllipticF[iAr‘CCSC[%]: 2}

a

11ac (cx)ll/z 77 a2 ¢3 (CX>7/2 77 a3 ¢’ (cx)3/2 77 a7/2 8 (a—bx2)3/4
Result (type 5, 105leaves):

a

3/4
2+/cx (—7 a®-3a2bx?-10ab2x*+20b3x5+40b3xb (1— ba—xz) Hyper‘geometr‘icZFl[i, i, i, M])

77 a3 ¢’ xb (a—bx2)3/4

Problem 980: Result unnecessarily involves higher level functions.

(CX)S/Z dx
J(a— b x2) 3/



Optimal (type 3, 308 leaves, 12 steps):

3ac’?2ArcTan!|1 - N2 bV ex 3ac’2ArcTan|1 A2 b4 ex
¢ (cx)32 (a—bx2)1/4 [ ] [ + ]

\/ci(a—bx2>1/4 \/ci(a—bxz)l/4
- +
2b 4«/2 b7/4 44/2 b7/4
3ac3/? Log[\E+ b Ve x (2 b1/42>1c/4x ] 33c5/2 LOg[\E‘F b ve x (2 bl/’42)1c/4x ]
[a-b x? a-bx*)” [a_bx? a-bx*)¥
8+/2 b’/4 8+/2 b7/4

Result (type 5, 71 leaves):

3/4
c (cx)¥? (—a+bx2+a (1_ bai) Hyper*geometr‘iCZFl[%, i, AZL; bxz})

2b (a-bx2)*"*

Problem 981: Result unnecessarily involves higher level functions.
j(\/C—X ax

a-bx?)**

Optimal (type 3, 272 leaves, 11 steps):

V¢ ArcTan[1- 20 ex 1 [ apcTan[1 4+ L2 ek ] Ve Log[v/c + ¥ Cz" - (Zab:’;)l;’(
i/ a-bx -

VT (abx) ¥

NE (a—b xz) 1/4
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] Ve Log[ve +

2 bY4+/cx ]

(a-b xz)l//"

+ +
V2 b4 V2 b4 2+/2 b3
Result (type 5, 58 leaves):

3/4
2x+cx (""Z—XZ) Hyper‘geometr‘icZFlE, 3,12 M]

a4’ 4’

3 (a—bx2)3/4

Problem 985: Result unnecessarily involves higher level functions.
7/2
JL dx
(a +b XZ) 5/4
Optimal (type 3, 146 leaves, 7 steps):

5ac3vcx c (cx)%/?

NI (a+b xz) 1/4
4 _ _

_ b4 ex _ b ex
5ac’”/2ArcTan| b*2 Jex | 5ac’2ArcTanh| bY2 \Jex

Ve (a+bx?) /4

2b2 (a+bx2)1/4 2b(a+bx2)1/4 4b9/4 4b9/4

Result (type 5, 73 leaves):
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1/4
/ex 5a+bx275a<1+ bai) HypergeometricZFl[i,i 2 7M])

2b2 (a+bx2)Y*
Problem 986: Result unnecessarily involves higher level functions.
3/2
J—Jﬁfl———dx
(a+bx2)
Optimal (type 3, 107 leaves, 6 steps):
c3/2 Ar‘cTan[—“Lbl/‘1 x| 32 Ar‘cTanh[—\Lbl’/‘1 x|

2cex VT (ashx2) /e VT (asbid) V4
- +
b (a+bx2)** b/ b/4

Result (type 5, 60 leaves):

2c+ex (—1+ <1+ bal)1/4Hyper‘geometr'ic2F1[i, i, i —M])

b (a+bx2)**
Problem 991: Result unnecessarily involves higher level functions.
J\ (CX>13/2 dx
(a+bx?)>*

Optimal (type 4, 155leaves, 6 steps):

5/2 6 a |14 cotieE[ L Vb x
7722 ¢S (cx)3? ) 11ac (cx)77 R (¢ x) 1172 ) 77a%2c¢ (1+ be) v x ElllptlcE[ZAr‘cCot[ G |, 2]
60 b3 (a+bx2)1/4 30 b2 (a+bx2>1/4 5b(a+bx2)1/4 20b7/2 (a+bx2)1/4

Result (type 5, 87 leaves):

1/4
c® (cx)3/? (777 a?-1labx?+6b%x*+77a2 (1+ ba—xz) Hypergeometr‘icZFl[i, i i —M})

30 b3 (a+bx2)1/4

Problem 992: Result unnecessarily involves higher level functions.

(C X)9/2 dx
e
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Optimal (type 4, 124 leaves, 5steps):

7ac (cx)32 C (cx)72 7a%2c4 (1+ i)lm v x EllipticE[iArcCot[L&X], 2]
_ N _
6b% (a+bx?)¥* 3b(a+bx?)* 2b°% (a+bx?)**

Result (type 5, 73 leaves):

1/4
c3 (cx)3/2 (7a+bx277a (1+ M) Hyper‘geometr‘icZFl[i, % z 7""2])
a

3 4)

3 b2 (a+bx2)1/4

Problem 993: Result unnecessarily involves higher level functions.
5/2
[
(a+bx2)/*
Optimal (type 4, 90leaves, 4 steps):

clexyz 3Va e 1+ ;7)1/4 Vex EllipticE[iArcCot[%], 2]
+

a

b(a+bx2)1/4 b3/2 <a+bx2)1/4

Result (type 5, 60 leaves):

1/4
2c (cx)¥? (—1+ (1+ bal) / Hyper‘geometr‘icZFl[i, i, i —M])

b (a+bx2)1/4

Problem 994: Result unnecessarily involves higher level functions.
J Vex
(

) 5/4

dx
a+bx?

Optimal (type 4, 63 leaves, 3 steps):
2 (14 2] Vex EllipticE[iArcCot[%}, 2]
Va /b (a+bx?)**
Result (type 5, 63 leaves):
2x\cx

1/4
-3+2 (1+ ﬁ) Hyper‘geometr‘icZFl[i—, i z b"z])
a

3a (a+bx2>1/4
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Problem 995: Result unnecessarily involves higher level functions.

1
J dx
(cx)3/2 (a+bx2)5/4

Optimal (type 4, 93 leaves, 4 steps):

a \1/4 .. 1 Vb x
_ , + 4o (1+ bil) Vex EllipticE[ > ArcCot| \/?X]J 2]
acvex <a+bX2)1/4 33/2 2 (a+bx2>1/4

Result (type 5, 76 leaves):

X (—6 (a+2bx?) +8bx? (1+ %)1/4 Hyper‘geometr‘icZFl[i, %, i, —M])

3a% (cx)¥2 (a+bx?)¥*

Problem 996: Result unnecessarily involves higher level functions.

1
J dx
(cx)7/2 (a+bx2)5/4

Optimal (type 4, 126 leaves, 5 steps):

24 b3/2 (1+ ;?)1/4“/” EllipticE[iArcCot[%L 2]

2 12b a
_ N _
Sac (cx)¥? (a+bx?)"" s532c3/cx (a+bx?)M* 5a%2c* (a+bx2)M*

Result (type 5, 86 leaves):

1/4
2x (a2 -6abx?-12b2x*+8b2x* (1 + bTXZ) Hypergeometric2F1| i, i, i, - M} )

a

5a% (cx)7”2 (a+bx2)Y*

Problem 997: Result unnecessarily involves higher level functions.

1
J dx
(cx)11/2 (a+bx2>5/4

Optimal (type 4, 157 leaves, 6 steps):

1/4 .
2 4b 8 b2 16 b>'2 (1 + :7) Vex ElllpthE[iAr‘cCot[%} , 2]

a

- + - +
9ac (cx)?? (a+bx?)V* 9a2c3 (cx)¥? (a+bx?)M*  3a3c5+/cx (a+bx2)¥* 3a7/2¢5 (a+bx2)M*



Result (type 5, 105 leaves):

1 2\ 14 1 3 7
Vex (-2 (a’-2a’bx?+12ab?x*+24b%x%) +32b>x° |1+ ) Hypergeometric2F1[~, =, —
9a* x5 (a+bx2)V* a 4 4 4
Problem 1010: Result unnecessarily involves higher level functions.
Jx(’ (a+bx2)1/6d1x
Optimal (type 4, 345leaves, 7 steps):
8ladx (a+bx2)¥% 9a2x3 (a+bx2)¥® 3ax’(a+bx2)¥V® 3
(2455)"° 90 (a1 200 3 e
2816 b3 704 b2 352b 22
1/3 2/3 1/3
1/3 1+ LZ + Lz 1+'\/?— a >
81 3¥4+/2-/3 a*(a+bx?)V® [17 [ a ] ] (a+bx ) (a+bx )2 E1lipticF [ArcSin| (a+bx )1/3]
a+bx a \1/3 = [_a
(1_\/—_ (a+bx2) ) 1 \/? (a+bx2)
1/3
1- a
1/3 2
2816b4X a - B (a+bx) -
a+bx a \1/3
(1_ﬁ_(a+bxz) )
Result (type 5, 101 leaves):
1 4 3 3 2 12 5 37 4,9 4 bX2 oe s 1 >
3 (27a*"x+15a°bx*-4a“bx’>+136ab’x’ +128b" x” -27a%" x |1+ Hyper‘geometr‘1c2F1[—, -,
2816 b* (a+bx2)°® a 2 6

Problem 1011: Result unnecessarily involves higher level functions.

JX4 (a+bx2)1/6 dx

Optimal (type 4, 321 leaves, 6 steps):
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, ~7+44/3] /
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27a2x<a+bx2)1/6 3ax3 (a+bx2)1/6 3

+ L x5 (a+bx2)1/6+
640 b2 160 b 16
1.4 a \13, - 2/3 1:43 - 2_ 1/3
27 3/43/2-+/3 2% (a+bx?)V® [1-[ 2 - 1/3) (sz) (a*blx/3)2 EllipticF[ArcSin| ("’”bx )1/3], ~7+4+/3 ] /
b
. (17ri(a+la)x2) ) 17\57(%;)(2)
a2 \1/3
640 b% x [ —2 2 1R 1_(a+bx2) _—
b /
2o (17\/?7(%;%) )
Result (type 5, 90 leaves):
3 (—9 a®x-5a2bx3+44ab2x5+40b3x” +9a3x (1+ M>5/6 Hypergeometric2F1[2, >, 2, —M])
a 2 6 2 a
640 b2 (a+bx2)>/°
Problem 1012: Result unnecessarily involves higher level functions.
JXZ (a+bx2)1/6d1x
Optimal (type 4, 297 leaves, 5steps):
3ax (a+bx2)1/6 +ix3 (a+bx2>1/6*
40 b 10
14 a 1/3+ az 2/3 1+\/?_ az 1/3
33342 /3 a2 (a+bx2>1/6 (17 ( a 1/3) (a+bx2) (a+bx ) E1lipticF [ArcSin| (a+bx )1 |, -7+43 ] /
S ek (s
a+b x? a+b x
1/3
49b2X a )1/3 _ 1- (a+ZX2)
a+bx? (1,ﬁ,(L)1/3)2
a+b x?

Result (type 5, 76 leaves):

2

3x [a2+5abx?+4b2x%_2a2 (1+bi
a

5/6 . 1 5 3 bx?
) Hyper‘geometr‘lczFl[;, o 5 ——])

40 b (a+bx2)5/6
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Problem 1013: Result unnecessarily involves higher level functions.
J(a+bx2)1/6d1x

Optimal (type 4, 273 leaves, 4 steps):

ix (a+bx2)1/6+

4
1/3 2/3 1/3
1+ 2 2 + 3 2 1+\/?— 2 3
33/4./2_+/3 a <a+bxz>1/6 (1_ ( a 2)1/3] (a+bx ) (a+blx/3) 2 EllipticF[Ar‘cSin[ (a+bx )1/3}1 _7+4\/?} /
2rbx (17\/?7(%2%) ) 17\/?7(a+2x2)
1/3
1- = 3
4bx a - 1/3 _ (a+bx) i
b a
2o (17\/?7(a+bx2) )
Result (type 5, 62 leaves):
3x (a+bx?) +ax (1+ ba—XZ)S/G Hyper‘geometr‘icZFl[%, 2, %, —ba—xz}
4 (a+bx2)5/6
Problem 1014: Result unnecessarily involves higher level functions.
211/6
J<a+bx ) dx
X2
Optimal (type 4, 266 leaves, 4 steps):
1/3 2/3 1/3
b x2)1/® 1+ az + az 1+4/3 - az
_7(a+ <) +\2-+/3 (a+bx2)1/6 [1—( 2 ; 1/3] (‘“bx ) (a+blx/3)2 EllipticF[ArcSin| (amx )1/3], —7+4\/?] /
b a a
g . (17ﬁ7(a+bx2> ) liﬁi(amxz)
2 \1/3
31/4 a 173 B 1- (a+bx2)
b x2 a 1/3)\2
2o (1_\/—_(a+bxz) )

Result (type 5, 68 leaves):
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+bx2)5/6 . 1
) (a+bx2)¥/e ) b x (%) Hyper‘geometr‘1c2F1[;, I
X 3 (a+bx?)®®

Problem 1015: Result unnecessarily involves higher level functions.

dx

J(a+bx2)1/6

x4

Optimal (type 4, 297 leaves, 5 steps):

(a+bx2>1/6 b <a+bx2)1/6

3x3 9ax

() ()

1+\/?_( a )1/3

2+/2-+/3 b (a+bx?)"® (17( 2 . 1/3) abx’ 22— EllipticF [Arcsin| el ],
b /
nex (1_\/?_(a+ta)x2) ) 1_\/?_(a+2x2)
a \1/3
9 31/4aX a ; 1/3 _ 1- (a+bx2) -
T (-7 (25))

Result (type 5, 85leaves):

5/6
-3 (3a2+4abx?+b2x*) -2b2x* (1 + ba—xz) HypergeometricZFl[i, 3, 3, - ﬁ}

27 ax3 (a+bx2)5/6

Problem 1016: Result unnecessarily involves higher level functions.

dx

J(a+bx2)1/6

x6

Optimal (type 4, 323 leaves, 6 steps):

~7+4/3 ] /
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(a+bx2)1/6 b <a+bx2)1/6 8 b2 (a+bx2)1/6

_ 5 %2 . 45 a x3 * 135 a2 x +
a 1/3 a 23 7 a N
16\/ﬁb2 (a+bx2)1/6 [1_[ a 2 1/3J 1+ (a+bx2) +(a+b1x/23)2 EllipticF[Arcsin[1+\E (a+bx2)1/3], _7+4\/?] /
a+bx (1*\F7(a+z_x2) ) 1,\57(%:)@)
135  31/4 32 & a s | 1_(a+;X2)1/3
a+bx? (17\/?7(&;7)(2)1/3)2

Result (type 5, 94 leaves):

5/6
-81a3-90a2bx2+15ab?x*+24b3x5+16 b3 x° (1+ baiz) Hyper‘geometr‘icZFl[%, i, %, —M]

405 a2 x° (a +bx2)5/6

Problem 1017: Result unnecessarily involves higher level functions.

dx
8

(a+bx2)V®
=
Optimal (type 4, 347 leaves, 7 steps):

(a+bx2)¥® b(a+bx?)V® 2b2 (a+bx?)¥® 16b3 (a+bx?)®
- . - -

7 x’ } 105 a x° 135 a2 x3 405 a3 x
14 a 1/3+ a \2/3 1:43 - a \1/3
32/2-+/3 b® (a+bx?)"° [17[ 2 . 1/3) () (a*blxz3)2 E1lipticF [ArcSin| (a*bxz)m], 74443 ] /
b _a \V ~ - a
2o (1_\/—_(a+2x2) ) 1 3 (a+bx2)
a \1/3
405 31/4 a3X ( a 1/3 B 1- (a+bx2)
b x2 1/3\2
Ao (1_\/—_(a+sxz> )
Result (type 5, 108 leaves):
2\5/6 2
! -3 (405a* +432a°b x> - 152’ b? x* + 70 ab® x® + 112 b* x®) - 224 b* x® |1+ X ] Hyper‘geometr‘icZFl[l, 5, 5, 7b—x]
8505 a3 x7 (a+bx2)5/6 a 2 6 2 a
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Problem 1018: Result unnecessarily involves higher level functions.

6

X ax
J(a+bx2)1/6

Optimal (type 4, 659 leaves, 9 steps):

243 a3 x 8la2x (a+bx?)”® 9ax? (a+bx?)”® 3x° (a+bx?)*® 243 a% x
_ N _ N _ _
o oo o e [ e ()
1. (—a |3, (_a |23 1443 - [V
243 3V4+/2:+4/3 at (1— [ 2 . 1/3] vel (a*blx/:) —— EllipticE[ArcSin| (sz)m]J 7443 /
b
2o (17\/?7(a+sx2) ) 17\57(&2%)
1 (a2 |13
1792 b4X a , 2/3 (a+bX2>1/6 _ (a+bx2> o .
b
e (17\/?7(a+ka)x2) )
a \1/3 a \2/3 a2 \1/3
g1 3%t (1- (2" bl *(sz)z EllipticF[ArcSin[—Lle*ﬁ’ il ], _7.44/3]
o (] s (]
2/3 1 a 1/3
448 /2 b* x (7a+zxz) (a+bx?)1® |- :

Result (type 5, 90 leaves):

1/6
3(135a3x+15a2bx3-8ab?x5+112b3x7 - 135 a3 x (1+ baiz) / Hyper‘geometr‘icZFl[i, %, 3, —M])

2240b° (a+bx2)'®

Problem 1019: Result unnecessarily involves higher level functions.

4

X ax
J(a+bx2)1/6

Optimal (type 4, 635leaves, 8 steps):



81 a2 x 27ax(a+bx2)5/6 3x3 (a+bx2)5/6 81 a3 x
- + + +
2007 (asbx? 70 11200 M2 () (o) (1 1))
14 a 1/3+ a 2/3 1+\/?_ a 1/3
81 3V44/2++/3 a° (1_(a+1x2 1/3) ("’*“2) a(a*b;;)z E1lipticE [ArcSin| (a+:x2)1/3], ~7+4+3] /
(liﬁi(amxz) ) 1_\/?_(a+bx2)
2 1173
448 b3 x a ; i (a+bx2)1/6 - 1_(3*“2) - | -
b 1/3
arox (1_\/__(3”3)(2) )
a 1/3 a 2/3 a 1/3
27342 (1- (27 b :(T:;)z Elliptick [Arcsin] 220 ], -7+43 ]
(17\/?7(@»”2) ] 17ﬁ7(a+bx)
a 1/3
1122 b3x [—2- ) (asbx2)V8 |- 1
( a+b x? ) ( ’ ) \I [17\/?7 (anZ )1/3)2

Result (type 5, 79 leaves):

1/6
3(-9a2x-abx3+8b2x5+9a2x (1+ M) Hyper‘geometr‘icZFl[i, i, i, - bxz})
a

112b% (a+ bx2)1/6

Problem 1020: Result unnecessarily involves higher level functions.

2

X ax
J(a+bx2)1/6

Optimal (type 4, 611 leaves, 7 steps):
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9ax 3x (a+bx2)®® 922 x
_ " _ _
16b(a+bx2)1/6 8b 16b(a+sx2)2/3 (a+bx2)7/6 (Lﬁ‘(asz)l/B)
g 3l/4 2+\/? a2 (1_( a 1/3] 1+(a+zx2)1/3+(a+3x2)2/3 ElliptiCE[Ar‘CSin[1+\/?_(a”:XZ)l/B}
2 (17\/?7(&2%)1/3)2 1_\/?_(a+2x2)1/3
32 b2 x a )2/3 (a+bxz>1/6 - 1_(a+2x2)1/3 .
2o (1-v3 - (3=

a+b x? 17\/?7( 2 )1/3)2 17\/?7( f 2)1/3

a+bx?

1/3 1+( 2 )1'/3»,(3_)2’/3 1443 (-2 Y3
303%4a (1o (o)) ancl “lancl — E1lipticF [Arcsin| 2], -7+4+3]

a+b x?

Sﬁbzx( : )2/3 (a+bx2)1/5\| 1-[ )"

Result (type 5, 62 leaves):

3 X

1/6
a+bx?-a (1+ ba—"z> Hyper‘geometr‘icZFl[i, i, i, - b"z])

8b (a+bx2)1/6

Problem 1021: Result unnecessarily involves higher level functions.

Y
J(a+bx2)1/6

Optimal (type 4, 577 leaves, 6 steps):
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3x . 3ax X
2 (a+bx2>1/6 5 (asz)za (a+bxz>7/6 (1_\/?_ (asz)l/z,)
_a \1/3 _a \2/3 . 1/3
3. 314 2+\/?a(1—( 2 1/3) g vy B o) EllipticE[ArcSin[lJrﬁ == ],77+4\/?}/
a+bx? (1_ﬁ_(%)1/3)2 1_ﬁ_( a2)1/3
a+b x a+b x
abx [ (apr)e | il Pl I .
a+bx? (17\/?7(%;_)(2)1/3)2

a \1/3 a \2/3 a 1/3
33/4 5 (17 (L)l/a) \I 1+(a+hx2) +(a+b 2) EllipticF [Arcsin[%}, 77+4\E]

() T ()

a+b x?

a \1/3
V2 bx (=) (a+bx2>1/6J—th1 S

Result (type 5, 47 leaves):

arbx? | 1/6 . 11 3 _bx2
X (—a ) Hypergeometr1c2F1[6, I

(a+bx2>1/6

Problem 1022: Result unnecessarily involves higher level functions.

J;dx
x2 (a+bx2)1/6

Optimal (type 4, 586 leaves, 7 steps):
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b x (a+bx2)5/6 b x
- +

a(a+bx2)1/6 ax ( a )2/3 (a+bx2)7/5 (1_\/?_( a )1/3)+

a+b x? a+b x?

a

1/3 1+( )1/3+( a )2/3 1+\E* a71/3
342443 (1- (25)7) b e EllipticE[ArcSin[—(ﬂﬁLL ], -7+4+/3]

v () 13 -2

a 1/3

2 (] <a+“z>”J( e

V3 (G

V2 (1-(25)7) \l ) ) EllipticF[ArcSin[M], ~7+4+/3]

a+b x? [17\/?7( a )1/3]2 17\57(37)1/3

a+bx2 a+b x?

a \1/3

) <a+“2>WJ T T

a+bx

Result (type 5, 70 leaves):

-3 (a+bx?) +2bx? <1+ ba—xz)l/G Hyper‘geometr‘icZFlE, i, 3, —ﬁ]

3ax (a+bx2)1/6

Problem 1023: Result unnecessarily involves higher level functions.

J;dx
x4 (a+bx2)1/6

Optimal (type 4, 633 leaves, 8 steps):
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4 b2 x (a+bx2)5/6 4b(a+bx2)5/6 4 b2 x
_ _ . _ _

9 a? (a+bx2)1/6 3ax? 9a%x 93( a )2/3 (a+bx2)7/6 (1_\/?_( a )1/3)

a+b x? a+b x?

a a

1 ( )1/3 ( )2/’3 103 a |13
22443 b (1= (25)77) | e EllipticE[Ar‘cSin[;(jT*Z—L},—7+4\E}

a+b x? 17\/?7( a )1/3]2 17\/?7( a )1/3

a+bx?

a+bx?

a 1/3

3 33/4ax(%)2/3 (a+bX2>1/6 B 1- .
a+b x [17\/?7( az)1/3]

a+b x

a \1/3 a \2/3 a \1/3
av2 b (1- (2] el Ll eniptice [aresin[ 22 lael ), 7443
a+b x? [17\/?7( a )1/3]2 1*\ﬁ*( a )1/3

a+bx? a+b x?

a \1/3

9 3l/43x (Ma)ixz)z/a (a+bx2>1/s\l _ (llﬁ( } )1/3J2

a+bx?

Result (type 5, 83 leaves):

1/6
~9a2+3abx?+12b2x*-8b2x* (1+ b%) Hyper‘geometr‘icZFl[i, %, %, —ba—"z]

27 a? x3 (a+bx2)1/6

Problem 1024: Result unnecessarily involves higher level functions.

1
J—dlx
X6 (a+bx2)1/6

Optimal (type 4, 661 leaves, 9 steps):
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8 b3 x (a+bx2)5/6 2b<a+bx2)5/6 8 b2 (a+bx2)5/6 8 b3 x

el e ()

27 a3 (a+bx2)1/6 5ax° 9a2x3 27 a3 x 2732( :
a+b x a+b x

e (17\/377(%:)(1)1/3]2 17ﬁ7(a»:x1)l/3

a 1/3 a 2/3 a 1/3
42443 07 (1- (2] \l vl Ll EllipticE[ArcSin[mﬂT&L], ~7+4+/3 ]

a 1/3
9 33/4 32 (L)ZB <a+bxz)1/6\l __LLTAZ_@

a+b x? [17\/?7( ) )1/3)2

a+bx?

1/3 1+( a )1//3_*(;,7)2/3 1+\/?T_ a 1/3
82 b2 (1- (2] EllipticF[ArcSin[—LM—L ], -7+4+/3]
a+b x? 17\/?7( a )1/3)2 17\/3*7( a )1/3

a+bx?

a+bx?

a \1/3

7 3] <a+“2)mJ T

a+b x

Result (type 5, 94 leaves):

1/6
-81a*+9a2bx?-30ab2x*-120b3 x5 +80b3xb (1+ b%) Hyper‘geometr‘icZFl[é, %, %, —M]

405 2% x> (a+bx?)"®

Problem 1025: Result unnecessarily involves higher level functions.

6

X ax
J(a+bx2)5/6

Optimal (type 4, 324 leaves, 6 steps):
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81 a2 x (a+bx2)1/6 9ax3 (a+bx2)1/6 3x5 (a+bx2)1/6
_ . _

128 b3 32 b2 16 b
81 334+/2_+/3 a? <a+bxz)1/6 [1_ ( a 1/3) 1+ (Ma)xz)UBJr (a+zxz)2/3 EllipticF[Arcsin[1+\E7 (aﬂsz)l/B]’ _7+4\/?] /
e e 13 ()
128 b x a 13 N 1- (a+2x2)1/3
2o (13- (35))

Result (type 5, 89 leaves):

3 X

5/6
27a3+15a2bx?-4ab?x*+8b3x6 - 27a3 (1+ ba—xz> Hyper‘geometr‘iczFl[i, %, %, —M})

128 b3 (a+bx2)5/6

Problem 1026: Result unnecessarily involves higher level functions.

4

X ax
J(a+bx2)5/6

Optimal (type 4, 300 leaves, 5steps):

27 ax (a+bx2>1/6 3x3 (a+bx2)1/6
- +

+

40 b2 10b
1/3 2/3 1/3
27 33/“\/ﬁa2 (a+bx?)?® (1_[ 2 ; 1/3] 1+(a+ta)x2) +(a*zlx/:)2 EllipticF[Ar‘cSin[1+\E(a+sxz)1/3],—7+4\/?]/
o N () (]
40 b3 x a )1/3 _ 1- (a+la)x2)1/3
A e (3

Result (type 5, 79 leaves):

5/6
3 (—9 a?x-5abx3+4b2x5+9a2x (1+ bai) Hyper‘geometr‘icZFl[%, 3, %, —M])

40b? (a+bx2)°®



166 | 1.1.2 Quadratic.nb

Problem 1027: Result unnecessarily involves higher level functions.

2

X ax
J(a+bx2)5/6

Optimal (type 4, 276 leaves, 4 steps):

3 x (a+bx2)1/6

4b
1/3 2/3 1/3
1+ 2 S + a S 1++/3 - 2 A
3 33/4427\/? 3 (a+bxz)l/6 (17 ( a : 1/3) (a+bx ) (a+b1x3)2 EllipticF[Ar‘cSin[ (a+bx )1/3], 77+4\/?] /
b a / a
2o (l_ﬁ_(amxz) ) 1_\/?_(a+bxz)
2 \1/3
4b2X a - 173 _ 1- (a+bxz) -
RN (SR
Result (type 5, 62 leaves):
3x(a+bx?-a (1+ "T"2>5/6 HypergeometricZFl[i, 2, %, J’a—xz])
4b (a+bx?)>®
Problem 1028: Result unnecessarily involves higher level functions.
1
Jidlx
(a+bx2)®®
Optimal (type 4, 252 leaves, 3 steps):
1/3 2/3 1/3
1+ a 5 + a 2 1++/3 - a 5
33/4./2 /3 <a+bX2)1/6 [1_( ab : 1/3] (a+bx) (a+b1x/3)2 EllipticF[ArcSin[ (a+bx )1/3], _7+4\/?] /
a X a
: (1_\/__(a+2x2) ) 17ﬁ7(a+bx2)
2 \1/3
b x a 13 _ 1- (a+bx2)
b x? a \1/3)2
2o (17\57(%[))(2) )

Result (type 5, 47 leaves):



1.1.2 Quadratic.nb | 167

asbx? | 5/6 : 1 5 3 _bx
X (T) Hyper‘geometr‘1c2F1[2, I ]

(a+bx2)5/6

Problem 1029: Result unnecessarily involves higher level functions.

1
J—dlx
x2 (a+bx2)5/6

Optimal (type 4, 273 leaves, 4 steps):

(a+bx2>1/6 1+( 2 )1/3+( 2 )2/3

1/3 1+\/?—( 2 )1/3
A 124/2-4/3 (a+bx?)¥E (17( = ) 20" a“’lx; —— EllipticF[ArcSin| abx’ 1/3],77+4ﬁ]/
. R R
1/3
31/4ax( a e 17(a+sx2)
b x? Ca \1/3)2
o (1_\/?_(%;#) )

Result (type 5, 70leaves):

5/6
-3 (a+bx?) -2bx? <1+ M) Hypergeometric2Fi[2, 2, 2 —bxz]
a 2 6 2

)
a

3ax (a+bx2)5/6

Problem 1030: Result unnecessarily involves higher level functions.
1
—dXx
Jx4 (a+bx?)>®

Optimal (type 4, 300 leaves, 5 steps):
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(a+bx2)1/6 8b(a+bx2)1/6
- + +
3ax3 9aZx

() )

1+\E*( a )1/3

164/2-+/3 b (a+bx2)1/6 [1—( a ; 1/3] a:bx? a+b1x/23 ; EllipticF [ArcSin| a:bx? 1/3}, ~7+4+/3 ] /
b
2 * (17ﬁ7(a+sxz) ) 17ﬁ7<a+ZX2)
1/3
9 31/4 a2 X a 1/3 _ 1- ( a+zx2 )
b x2 1/3\2
2o (17\/—7(a+:x2) )

Result (type 5, 83 leaves):

5/6
~9a2+15abx2+24b2x4+16b2 x4 (1+ baiz) Hyper‘geometr‘icZFl[%, i, %, —M]

27 a?2 x3 (a+bx2)5/6

Problem 1031: Result unnecessarily involves higher level functions.

1
J—dlx
X8 (a+bx2)5/6

Optimal (type 4, 326 leaves, 6 steps):

(a+bx2)1/6 14b(a+bx2)1/6 112 b2 (a+bx2)1/6
~ N ~ _

5ax’ 45 32 x3 135 2% x
a 1/3 a 2/3 \/__ a g
224\mb2 (a+bx2>1/6 (1,( a 2 1/3] 1+(a+bx2) +(a+blx/23)2 EllipticF[Ar\csin[lJr 3 (a+bx2)1/3},7+4ﬁ} /
arbx (1-v3 - (525)) 1 V3 (]
135 31/433)(( a s | 1,(‘”‘-;1_)(2)1/3
a+bx? (1_\/—_(3”:;)&)1/3)2

Result (type 5, 94 leaves):

5/6
—81a3+45a2bx?-210ab?x* - 336 b® x6 - 224 b3 x© (1 + bi) Hypergeometric2F1[ 2, 2, 2, - bx? ]
a

405 3> x5 (a + be)S/6
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Problem 1032: Result unnecessarily involves higher level functions.

6

X ax
J(a+bx2)7/6

Optimal (type 4, 654 leaves, 9 steps):

1215 a? x 3x° 405ax (a+bx2)>® 45x3 (a+bx?)*° 1215 a3 x
- - + + +
224b% (a+bx?)"® b (a+bx?)"° 112 b3 14 b2 224 b3 (ﬁ)m (a+bx2) /e (17\57 (%)1/3)
a+b x a+b X
1.+ a |13, a2 \2/3 1:43 - 2 \1/3
1215 3Y44/2+4/3 23 (1— ( — 1/3) ) (a*b;;) — Elliptick[Arcsin] (sz)m], -7+433]]/
b
. (17\/?7(a+2x2) ) 17\/?7(a+zx2)
a \1/3
448 b* x a_\*? (a+bx?)¥® |- - (sz) _
b x? . (/32
e (17\/?7(a+:x2) )
a \1/3 a \2/3 a2 \1/3
s05 3423 (1- (2|77 > (el +<fo)2 EllipticF[ArcSin[ﬁI&Lﬂ, ~7+4+/3]
b (]rri(m:xz)l/s] 1—\/?7(372)(2)1/3
2/3 (=)
a 1/6 - 2
1272 b x 2] (ar b)Y |- (o))

Result (type 5, 79 leaves):

1/6
3(-135a2x-15abx3+8b2x5+135a2x (1+ ba—xz) Hyper‘geometr‘icZFl[i, %, %, —M})

112 b3 (a+ bxz)”6

Problem 1033: Result unnecessarily involves higher level functions.

4

X ax
J(a+bx2)7/6

Optimal (type 4, 630 leaves, 8 steps):
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) 8lax ) 3 %3 27x (a+bx?)*® 81 a2 x )
16 b2 (a+bx2)1/5 b<a+bxz)l/6 8 b2 16bz(a+ka)7xz)2/3 (a+bx2)7/6 (1—\/?—(%;)(2)1/3)
14 a 1/3+ a 2/3 1+\/?_ a 1/3
g1 31/4 2+\/? 32 (1_ ( a 2 1/3) (a+bx2) (a+b1x23) - ElliptiCE [Ar‘cSin[ (a+bx2)1/3], _7+4ﬁ] /
b /
2o (liﬁi(ada)xz) ) 1_\/?_(a+2x2)
1/3
32 b3 x 2 )2/3 (a+bx2)1/6 - 1_(2”2’(2) +
b x2 1/3) 2
arox (1_\/?_(%;)(2) )
a 1/3 a 2/3 a 1/3
27 3/%a? [1- (%)1/3) b +(M“)z EllipticF[Ar‘cSin[hﬁ_ L], -7+4+3]
175 () (o)
2/3 1/6 1- 2 )2
3y (2 2
S e L e

Result (type 5, 64 leaves):

1/6
3x [9a+bx?-9a (1+ M) Hyper‘geometr‘icZFl[i, i, 3, —bxz])
a

® |

8 b2 (a+bx2)1/6

Problem 1034: Result unnecessarily involves higher level functions.

2

X ax
J(a+bx2)7/6

Optimal (type 4, 583 leaves, 7 steps):
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3x . 9ax N
2b(a+bX2>1/6 Zb(a+zx2)2/3 <a+bX2)7/6 (1—\/?—(a+zxz)1/3)
a3 _a |23 - Ve
9 31/4\ma(1’( : 2 1/3) 1+(a+zxz> +(a+zlng)z ElliptiCE[Ar‘CSin[lJrﬁ (a+ZXZ)1/3]’7+4\/?} /
a+bx (1_\/?_(346:—)(1)/) 1_\/?_(&;%)
2/3 7( . )1/3
4 b2 x a (a+bx2>1/6 - 20 -
a+bx2 (17\/?7(%2_)(2)1/3)2

%], 77+4\/?]

13 ()

3/4 a2 \1/3 12 2)1/1(3”3 2)2/3 o '
33 a (17 (a+bx2) ) [ T ( . )1/3]2 ElllpthF[Ar‘C51n[
1-+/3 -

a+bx?

1/3
a /
1-

2, (_a \2/3 2\1/6 |
A2 b2x (a+bx2) (a+bx) \l [17\57( - )mjz

a+bx?

Result (type 5, 53 leaves):
13 m])

3x -1+ (1+ M)l/s Hyper‘geome‘cr‘icZFl[l
a 6’ 27 27 a

b (a+bx2)®
Problem 1035: Result unnecessarily involves higher level functions.

N S
J(a+bx2)7/6

Optimal (type 4, 555 leaves, 5 steps):
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3 X

( a )2/3 (a+bx2)7/6 (1_€_( N )1/3)

a+b x? a+b x?

() ()

a+b x? a+b x?

1+\/?—( a 2)1/3

a+b x

3. .3V44/2:4/3 (17( @

EllipticE [Ar‘cSin[
a+bx?

o ()

a+b x? a+bx?

, ~7+4+/3] /

) s \1/3
a 2/3 ’( . )
2bx ; (a+bx2)1/6 - abx® s
a+bx B /*7( 2 )1/3)
(1 3 a+b x?

13 (1) v
EllipticF[ArcSin| ], -7+4/3 ]

N

a+bx?

V7 ae (] ) J

Result (type 5, 55 leaves):

3x-2x [1+822)"° i o, 2, 2, -
_ + 22 Hypergeometric2F1[=, >, 2, -

a (a+bx2)1/6

Problem 1036: Result unnecessarily involves higher level functions.

J;dx
x2 (a+bx2)7/6

Optimal (type 4, 614 leaves, 8 steps):
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3 4bx 4(a+bx2)5/6 4bx

- +

ax(a+bx2)1/6+a2 (a+bx2)1/6 a?x a( a )2/3 (a+bx2)7/® (1_\/?_( a )1/3)+

a+b x? a+b x?

() ()

a+b x? a+b x?

EllipticE [ArcSin|

N ()

a+b x?

a
2 34,2, 4/3 (1-(

a+bx?

a \1/3
ax 1 2)2/3 (a+bx?)¥® |- 1 (a+bx2) — |-
e (1_\/?_(a+ka)xz) )
a \1/3 a \2/3 a \1/3
av2 (1-(2)"7) Sib +(a+";j3)z Elliptick [Arcsin[ 20 lae —], -7+43]
(2] )

a \1/3

31/4ax(a37x2)2/3 (a+bx?)¥® |- = A
| )

a+bx?

Result (type 5, 71 leaves):

-3 (a+4bx?) +8bx2 (1+ :—Xz)l/s Hyper‘geometr‘icZFl{i, i, %, —M]

3aZx (a+bx2>1/6

Problem 1037: Result unnecessarily involves higher level functions.

J;dx
x4 (a+bx2)7/6

Optimal (type 4, 652 leaves, 9 steps):



174 | 1.1.2 Quadratic.nb

3 40 b2 x 10 (a+bx2)>® 40b (a+bx?)>° 40 b2 x

— — + —

ax® (a+bx?)¥® 9a® (a+bx?)° 3a%x3 9a3x 9a2( a )2/3 (a+bx?)7® (1_\/?_( a )1/3)

v (asz)l/g ' (‘“ZXZ)Z/B EllipticE [ArcSin| LevE e ( a )1/3

ey e

a+b x?

20 2+\/?b[1—( 2

a+bx?

1. ( s )1/3
3 33432 a - 2/3 (a+bxz>1/6 - aibx? a
2o (-3 (257
a 1/3 a 2/3 a 1/3
40276 (1- (—2)"7) vl el Elliptick [Arcsin[ 20 Lol 1 7,43
v () ()

9 34a2x (ﬁ)m ("’”bXZ)l/GJ B (1%( 32)1/3]2

a+bx

Result (type 5, 83 leaves):

1/6
-9a2+30abx?+120b2x*-80b2x* (1 + ba—xz) Hypergeometric2F1| i, %, 3, - ﬁ}

27 a3 x3 (a+bx2)1/6

Problem 1038: Result unnecessarily involves higher level functions.

1
J—dlx
X6 (a+bx2)7/6

Optimal (type 4, 680 leaves, 10 steps):
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3 128 b3 x 16 (a+bx2)*® 32b(a+bx?)”® 128b2 (a+bx?)>® 128 b3 x
+ - + - +
2 x5 (a+bx2)1/6 27 3t <a+bX2)1/6 5 22 x5 9a3x3 27 a% x 27a3(a+;,7xz)2/3 (a+bx2)7/6 (l_ﬁ‘(asz)l/B)
1. (2 V3, [_a |23 1443 - [—2 |23
64~/2+/3 b2 (1—( 2 . 1/3) [ (a+b1x/23)2 E1lipticE[Arcsin| (a*bxz)m], 74443 ] /
b
e (liﬁi(asz) ) 1_\/?_(a+2x2)
2 \1/3
9 33/4 33y a 273 (a+bx2) e |- - (a+bx2) -
b x? 1/3)2
2o (1_\/?_(%;%) )
a 1/3 a 2/3 a 1/3
1282 b2 (1- (2)*7) o el +<*+hlj3)2 EllipticF [Arcsin[ 20 —lae —], -7+43]
(17\/_7(@:)(2) ) ] 17\/?7(37:)()
a 1/3
2/3 1/6 1- '
27 x 314 &% x (a+ZXZ) (a " bXZ) \I B [1,\/?7(%;)(1)1/3]2
Result (type 5, 97 leaves):
2\1/6 2
! -3 (27a%-48a’b x> + 160 a b’ x* + 640 b*> x®) + 1280 b> x® |1+ X Hyper‘geometr‘icZFl[l, l, i, _b_x]

405 a* x° (a+bx?)"° a 6 2 2 a

Test results for the 349 problems in "1.1.2.3 (a+b x*2)"p (c+d x*2)*gq.m"

Problem 72: Result more than twice size of optimal antiderivative.
JW

-1+x2

dx

Optimal (type 3, 27 leaves, 4 steps):

]

2 X

ArcSinh[x] - v/2 ArcTanh|
V1+x2

Result (type 3, 64 leaves):
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Log[1-x] - Log[1+x] +Log[l-x+V2 V1+x?|-Log[l+x+V2 V1+x*|

ArcSinh[x] +
V2

Problem 109: Result unnecessarily involves higher level functions.
J(a—bxz)Z/3 (3a+bx?)*dx
Optimal (type 4, 648 leaves, 8steps):

8144a%x (a-bx2)%> 23544a2x (a-bx2)%3
18144 a x(a x) ) ax(a X> 7Eax<a,bxz>5/3(3a+bxz)f
6175 475

3
b 2\5/3 3 b 2 27
f25x(a x) <a+ x)

1235
a2/3 4 als3 (a—bx2)1/3+ (a—bx2)2/3

72576 a* x _|36288 . 31/ /2+\/? J13/3 (a1/3—(a—bxz>1/3)
((1—\/?) a1/3'—(a—bx2)1/3>2

1235 ((17\5) al/’3 _ (a—bxz)m)

31/3 (a1/3_ (a—bxz)l/B)
((17\/?) al/3 - (a—bx2)1/3)2
1+\/?) a3 - (a-bx?) 1, 77+4\E} /

(1—\5) al/3 _ (a—bxz)l/3

+

(1+\/?)al/3—(a—bx2> }’77+4\/?} / 1235b x | -

EllipticE [ArcSin|
17\/?) al/3 _ (afbxz)l/3

a2/3 4 g1/3 (abe2>1/3+ (a*bX2>2/3 EllipticF [AF‘CSin[

24192+/2 33/4313/3 (a1/3—(a—bx2)1/3) (( ) )2
1-+/3 ) a3 - (a—bxz)l/3

al/3 (a1/3 _ (a B bx2)1/3)

1235bx | - ;
((1—\5) al/3 - (afbx2>1/3>
Result (type 5, 99 leaves):
4 31 o3 2 12 5 3,7 4,9 4 bx?)'? . 1 1 3 bx?
-15255a%" x+3390a° b x> +8992 a“b° x> +2626ab’ x’ +247b" x° -40320a" x |1 - — Hyper‘geometr‘1c2F1[—, —, = —]
a 3 2 2 a

1
3

6175 (a-bx?)*?
Problem 110: Result unnecessarily involves higher level functions.
J(afbxz)zﬂ (3a+bx2)%dx

Optimal (type 4, 617 leaves, 7 steps):



1.1.2 Quadratic.nb | 177

7776 a2 ~bx?)?"? 3
2 (a7 22 ) 2y (abx) (324 b - 3110427 x ]

1729 247 19 1729 ((1_5) al/3 _ <a_bxz)1/3)

a2/3 1 gl/3 (a—bx2)1/3+ (afbxz)Z/3

([1-V3) a2 - (a-bx)t?)?

15552 31/4ma10/3 (a1/3_ (a—bx2)1/3)

(1+\/?) al? - (a-bx?)'?
(1—\5) al/3_ (a—bxz)l/3

},77+4\/?}/1729bx - =2 [ (a-bx) ) +
([1-V3) a2~ (a-bx2)*?)’

EllipticE [Ar‘cSin [

(1+\/?) al/3 _ (a—bxz)l/3

2/3 1/3 _ b x? 1/3 _ b x2 2/3
10368 /2 377017 (a2~ (a-bx2) V3] | T 2kt e (30 T btk [Arcsin| |, -7+av3]|/
((1—ﬁ> al/3 - (a—bx2)1/3)2 (1—\/?) al’? - (a-bx?)'?
al/3 (a1/3_ (a_bxz)1/3)
1729bx |-
((1—\5) al/3 (a—bx2>1/3)2
Result (type 5, 88leaves):
24\1/3 2

- ! 3[-1731a>x+961a’bx3+679ab?x>+91b3x’ -3456a3x |1- bx Hyper‘geometr‘icZFl[l, 1, 3, b—x}

1729 (a-bx?)*? a 372 2 a

Problem 111: Result unnecessarily involves higher level functions.

J(a—bxz)y3 (3a+bx?) dx

Optimal (type 4, 588 leaves, 6 steps):
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2
Eax(afbx2>2/3,ix<afbxz)5/3i 72 a% x i

13 13 13((17\5) a1/37(a7bx2)1/3)

36 31/4 /2+\/? 47/ (a1/3— (a—bxz)l/B) a2/3 ; a1/3 (afbx2>1/3+ (afbx2)2/3
(13| a2 (a-bx))?

(1+\/?) al/3 - (a—bxz)l/3
(1—\5) al/3 _ (a—bxz)l/3

},—7+4\/?}/13bx : a2 (a2 - (a-bx?)*”) .
((1-V3) a2~ (a-bx2)*?)?

EllipticE [Ar‘cSin [

a2/3 4 g1/3 (a—bx2)1/3+(a—bx2>2/3 [ [ 1+\/?) al/3—(a—bx2>1/3
EllipticF |ArcSin

((1—ﬁ) al/3 (a—bx2)1/3)2 (1—\/?) al/3 (a—bxz)l/3

242 33/437/3 (a1/3_ (a—bx2)1/3)

|, -7+4+3] /

3l/3 (a1/3 _ (a _ bxz)1/3)

([1-V3) a7 (a-bxe)22)?

13bx | -

Result (type 5, 76 leaves):

1/3
3 (75 a?x+4abx3+b2x5-8a2x (17 ﬁ) HypergeometricZFlE, i, 3, bx })
a

13 (a—bxz)l/3

Problem 112: Result unnecessarily involves higher level functions.

b 2\2/3
J<a X ) dx

3a+bx?

Optimal (type 4, 740 leaves, 6 steps):
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\/? 1/6 (31/3_21/3 (3 p x2 1/3
91/3 31/6 pApcTan [ M] 91/3 41/6 Ar‘cTan[ a’° [a (a-bx*)*] } 91/3 31/6 pApcTanh [ @]
3x Vb x N Vb x B Va N

1VE) @ (aba)? V3 Vi b 36

21/3 a1/6 ArcTanh | - (al/gdl/z ("aib 7 ] \/7\/_ s 22312t (a-bx?) Y4 (a-bx?) >3
s 13 34./2,:4/3 al/3 (a1/37 (afbxz) )
o [ECF

al/3 (a1/3 _ (a _ bxz)1/3)

1+4/3 ) a3~ (a-bx2)'3
(1\5) 1/3( b 2)1/3}, 77+4\/?} / 2bx } 1/3 211/3)\2
3] e oo [[-5] 2 (2w

<1+\/?)a1/3(abx2)1/3] _7+4\/?]/
(1—\/?) at?- (a-bx?)*? ’

EllipticE [ArcSin [

a2/3 4 gl/3 (a—bx2)1/3+ (afbxz)Z/3

([1-V3) a7 (a-bx)2?)?

EllipticF [ArcSin|

2 33/4 5173 (31/3_ (a_bX2)1/3)

al/3 (31/3 _ (a _ bxz)l/B)

[(1-v3) a2 (a-bxe) 2]

bx |-

Result (type 6, 162 leaves):

1 2 3 x? b x2
9ax(afbx2>2/3AppellF1[*,—*, i, —, 7}*7]/
2 3 2 a 3a
5 1 2 3 x2 b x2 5 2 5 bx? 2 1 5 bx? b x2
(3a+bx?) |9aAppellF1|—, -—, 1, =, —, - ——] -2bx* |AppellF1[—, - =, 2, =, —, - | +2AppellF1[ =, =, 1, =, —, - ——
2 3 2 a 3a 3 2 a 3a 3 2 a 3a

Problem 113: Result unnecessarily involves higher level functions.

b 2\2/3
Jib X ) dx

(3a+bx2>2

Optimal (type 4, 584 leaves, 6 steps):
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x(a—be)Z/3 X

6a(3a+bx?) ga ((1_ﬁ) al/3_ (a_bxz)1/3)

2/3, 31/3 (3 _px2)1/3 _px2)%3 1++/3 ) at3- (a-bx2)¥3
2+4/3 (a1/3—(a—bx2)1/3) a2+ 2l (a-bx?) 7+ (a-bx) EllipticE [ArcSin| ) ( ) ],—7+4\/?]/
((1—\/?) a1/3—(a—bx2)1/3)2 (1—\/?) at?- (a-bx?)*?
al/3 (a1/3_ <a—bx2)1/3)
4 33/4323py | _ .
((1—\/?) a1/3—(a—bx2)1/3)2
2/3 . q1/3 (3_px2)1/3 _px2)%/3 1+4/3 ) a¥3- (a-bx2)3
(a1/3—(a—bx2)1/3) P +at? (a-bx?) 7+ [a-bx) EllipticF[Ar‘cSin[( ) ( ) ],—7+4\/?]/

1—\/?) a1/3—(a—bx2)1/3)2 (1—\/?)a1/3—(a—bx2>1/3

(

al/3 (a1/3 _ (a _ bx2>1/3)

((17\/?) al/3 - (afbxz)lﬁ)2

3+/2 314323 px

Result (type 5, 86 leaves):
x (a-bx?)? ) X (“;—"2)1/3 Hyper‘geometr‘icZFl[i, %, 3, M]
6a (3a+bx?) 18a (a-bx?)"?

a

Problem 114: Result unnecessarily involves higher level functions.

b 2\2/3
J7<a X ) dx

(Z-3a+bx2>3

Optimal (type 4, 818 leaves, 8steps):
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x(a—bxz)Z/3 x(a—be)Z/3 X
+

12a (3a+bx?)? 36a% (3a+bx?) 342 (-3 ) o |

.
a—bx2)1/3)

b x }

Ar‘cTan[%E} ArcTan [ V3 at/e (al/s\;/s (a-bx2)"?) } ArcTanh[l%] ArcTanh [ al//s( Ry (abeZ)l/@)
X X a
+ - + -
72 . 22/3 ﬁ al1/e W 72 . 22/3 \/? ali/e W 216 .~ 22/3 g11/6 \/F 72 . 22/3 311/6 W
2/3 1/3 _pbx? 1/3 _bx2 2/3 1+ \/? al’3_ (a_bx? 1/3
2443 (al/Bf(abe2>1/3> #Pvall (a-bxt) e (a-bx) EllipticE[ArcSin[( ) ( ) |, -7+4+/3] /
((17\5) al/3 _ (afbx2)1/3)2 (1_5) al/3 _ (a—bx2)1/3

al/3 <a1/3 _ (a _ bx2>1/3>

((1-vE) @ (a-bxe) )

24 - 33/435/3px

(1+\E)a1/3(abx2>1/3] 77+4\/?]/
TRRYEy SRR

a2/3 , al/3 (a—bx2)1/3+ (a—bxz)Z/3

([1-v3) a2 (a-bxe) 2

EllipticF [ArcSin|

(a1/3 - (afbx2)1/3)

al/3 (a1/3 _ (a B bx2)1/3)

((1-vE) @ (b))

18+/2 3¥4a%3pbx

Result (type 6, 350 leaves):

3(a—bx2) <6a+bx2) 1 1 3 bx? b x2
X + [54 (3a+bx?) AppellF1[—, =, 1, =, —, - —| /
a? 2 3 2 a 3a
1 1 3 bx? b x2 3 1 5 bx? b x2 3 4 5 bx? b x2
9aAppellFl[~, =, 1, =, —, - | +2bx? | -AppellF1[ =, =, 2, =, —, - | +AppellF1[ =, —, 1, =, —, - — ||| +
273 27 a 3a 273 27 a 3a 23 27 a 3a
5 3 1 5 bx? b x2 3 1 5 bx? b x2
5bx? (3a+bx?) AppellF1[ =, —, 1, =, —, - —| / a|15aAppellFl][ =, =, 1, =, —, - ]+
2 3 2 a 3a 2 3 2 a
5 1 7 bx? b x2 5 4 7 be bx2
2bx? (—AppellFl[— =2, -, —, - | +AppellF1| =, —, 1, —, )]] 108 bx2>1/3 (3a+bx2)2>
2 3 2 a 3a 2 3 2 a

Problem 115: Result unnecessarily involves higher level functions.

a-bx?)??

(
J(3a+bx2>4d]x

Optimal (type 4, 849leaves, 9steps):
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x(a—bxz)Z/3 x(a—bxz)Z/3 x(a—bxz)Z/3 X
+ +

+

18a (3a+bx?)® 54a%(3a+bx?)? 14433(3a+bX2>_144a3((1—\/?)a1/3—<a—bx2)1/3)

3 at/s al/3_21/3 (a—b X2>1,/3 7 ArcTanh b x
7Ar‘cTan[%X£] ) 7 ArcTan | ( N ) ] ) 7Ar‘cTanh[%} ) rctan {al/s (24202 (a-bx2) ] ] )
1296 - 22/3+/3 al7/6 /b 1296 - 22/3+/3 al7/6 /b 3888  22/3al7/6+/b 1296  22/3a'7/6 /b
2/3 1/3 _pbx? 1/3 _bx2 2/3 1+ \/? al’3_ (a_bx? 1/3
2+4/3 <a1/3—(a—bx2)1/3> 2227 (abx) T+ (abx) EllipticE[ArcSin[( ) ( ) |, -7+4+/3] /
((17\5) al/3 _ (afbx2)1/3)2 (1_5) al/3 _ (a—bx2)1/3

al/3 <a1/37 (afbx2>1/3>
96 334383 pbx |- +

((1-V3)at2- (a-bx2)*?)°

a2/3 , al/3 (a—bx2)1/3+ (a—bxz)Z/3

(1+\5) al/3 - (a—bx2>1/3

(a1/37(a7bx2)1/3) EllipticF [ArcSin| ],77+4\/?]/
((17\/?) a1/37(a7bx2)1/3)2 (1—\/?) a1/3—(a—bx2>1/3
al/3 (a1/3_ (a—bx2)1/3)
72~/2 34383 px
((1—\/?) al/i‘—(a—bx2)1/3)2
Result (type 6, 364 leaves):
2 2
x|(a-bx?) (75a*+26abx>+3b’x*) + (69a2 (3a+bx2)2Appe11F1[1, 1, 1, i, bix) _bx})/
2 3 2 a 3a
1 1 3 bx? b x? 5 3 1 5 bx? b x? 3 4 5 bx? b x?
[9aAppellF1[—, =1, =, =, - | +2bx? | -AppellF1[ =, =, 2, =, —, - | +AppellF1[ =, =, 1, =, —, - —| ) +
2 3 2 a 3a 2 3 2 a 3a 2 3 2 a 3a
32 3 1 5 bx? bx? 3 1 5 bx?2 bx?
(5ab(3ax+bx) AppellFl[ =, =, 1, =, —, - —] /[ISaAppellFl[, =1, = , - ]+
2 3 2 a 3a 2 3 2 a 3a
2 2 2 2
2 b x? —AppellFl[E, 1) 2, Z, b_X, _bX }+AppellF1[E, i) 1, Z} b_X, _b—X} ]]J/ (43233 (a—bX2>1/3 <3a+bX2>3)
2 3 2 a 3a 2 3 2 a 3a

Problem 116: Result unnecessarily involves higher level functions.

J(a—bxz)S/3 (3a+bx2)3dlx

Optimal (type 4, 668 leaves, 9 steps):
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2809728 a* ~bx2)%3 1404864 a3 ~bx2)*3 3326422 _px2)¥3
ax(a X) . ax(a X) B ax(a X> _ﬂax(a—bxz)s/s(3a+bx2)—ix(a—bx2)8/3<3a+bx2)2—

267995 191425 14725 775 31
1/3 2/3
11238912 a° x s 619456 31/4Wa16/3 (31/3, (aibxz)m) a??+al? (a-bx?)"?+ (a-bx?)¥
267995 ((17\5) al?- (a-bx?)'?) ((1-v3)ava- (a,bxz>1/3)2

al/3 (a1/3 B (a B bx2)1/3)

[(1-V3) a7 - (a-bx)t?)?

1+\E) al/3 _ (a—bxz)l/3
(1—\/?) al/3 - (a—bxz)l/3

+

|, -7+4+/3 ] / 267995bx | -

EllipticE [ArcSin|

a2/3 4 al/3 (a—bx2)1/3+ (a—be)Z/3

((1—\5) al/s (afbx2>1/3)2

3746304 /2 374217 (a2 - (a-bx?)""?]

al/3 (a1/3 _ (a _ bx2>1/3)

((1-+3) a2 (a-bx2)*?)

|, -7+443] / 267995bx | -

EllipticF|[ArcSin|

(1+\E) al/3 _ (afbxz)l/e‘
\/_

VE ) al/3 - (a—bxz)l/3

=

Result (type 5, 1101leaves):

1

3 |5815935a°x-5312355a*bx3-1675114 a3 b2 x° +

1339975 (a- bx2)1/3

/3 ) 1 1 3 bx?
Hypergeometric2F1[ =, =, =, —|
3 2 2 a

b x?
1_—
a

749658 a® b x” + 378651 a b* x° + 43225 b> x1! + 6243840 a° x

Problem 117: Result unnecessarily involves higher level functions.
J]afbxﬂ5”(3a+bxﬂ2dx

Optimal (type 4, 637 leaves, 8 steps):
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28512 a3 -bx2)?? 14256 a2 ~-bx2)°"?
ax(a X) . ax(a X) _ﬁax(a—bX2>8/3—iX<a—bX2)8/3(3a+bX2>—
8645 6175 475 25
1/3 2/3
114048 a* x _ 57024 31/4m313/3 (a1/37 (afbx2)1/3) a’?+al’? (a—bxz) P (a—bxz) '
((1—\5) al/3 _ (a—bx2)1/3)2

8645 ((1,\/?) al/3 _ (afbx2)1/3)
31/3 (a1/37 (a—bx2>1/3)

([1-V3) a2 (a-bxe)?)?

(1+\/?) al/3 - (a—bxz)l/3
> — /1 F \ﬁ
)

+

1+\E)al/3—(afbx2> },—7+4\/?} / 8645b x |
(1—\/?) al/3 _ (a—bxz)l/3

EllipticE [ArcSin|

a??+a'? (a-bx?)*? 4 (a-bx?)*? EllipticF [ArcSin|

38016/2 37/ 2% (a2~ (a-bx?)""?] 1 ) ;
1-+/3 a1/3—(a—bx2)1/3

a1/3 (a1/3 _ (a B bx2)1/3)

([1-V3) a7 (a-bx)22)?

8645bx | -

Result (type 5, 99 leaves):
1

43225 (a-bx?)*?
1/3

66315 a*x - 72370 a% b x> - 4956 a% b% x> + 9282 a b3 x” + 1729 b* x° + 63360 a* x

b x2

1_—

a

1
Hypergeometric2F1| =,
3

3

Problem 118: Result unnecessarily involves higher level functions.
J(a—be)S/S (3a+bx?) dx

Optimal (type 4, 608 leaves, 7 steps):
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1800 a2 - bx2)%? 3
2 x(a-bx’) +@ax<a—bx2)5/3—ix(a—bxz)S/g— 720037 x -
1729 247 19 1729 ((1_\/?) al/3 _ (a—bx2>1/3>

a2/3 4 g1/3 (a—bx2)1/3+ (afbxz)Z/3

([1-V3) a7 (a-bx)22)?

3600 3V%442+4/3 a1 (a2 (a-bx?)'7?

1+\/?) al/3 - (a—bxz)l/3

(1—\5) al/3_ (a—bxz)l/3

},77+4\/?}/1729bx - =2 [ (a-bx) ) +
([1-V3) a2~ (a-bx2)*?)’

EllipticE [Ar‘cSin [

a??+a'? (a-bx?)'? 4+ (a-bx?)?? (1+\/?) al’? - (a—bx2)1/3
EllipticF[ArcSin|

((1—ﬁ) al/3 - (a—bx2)1/3)2 (1—\/?) al? - (a-bx?)'?

2400 /2 3742192 (a2 - (a-bx?)?)

|, -7+4+3] /

al/3 (a1/3 _ (a _ bX2)1/3)

((1—\5) al/s (afbx2)1/3)2

1729bx | -

Result (type 5, 88leaves):

1/3
3(929a3x-1167a2bx3+147 ab? x5 + 91 b3 x” + 800 a3 x (17 b"z) Hypergeometric2Fi[ 1, L, 2, bxz])

a

1729 (a-bx?) 173

Problem 119: Result unnecessarily involves higher level functions.

b 2\5/3
J@X)dx

3a+bx?

Optimal (type 4, 765 leaves, 7 steps):
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4 21/3 37/6 ArcTan [ M}

—ix(a—bx2)2/3+ ax + Vb x
7 7((1-V3) a7 (a-bx)t?) J3 b
1/6 (41/3_91/3 (5 p x2)1/3 b
4 2Y2a7/6 ArcTan| V3@t fa \fix (2-0x) 7] | 4 2'2a’®ArcTanh| %] 427 a”/® ArcTanh | al/e (a¥/3:21/2 (Xafbxz)m) )
- + +
V3 \/b 3+/b Vb

48 31/ /72+\E 473 (al/3, (a—bx2)1/3) aZ/3 4 al/3 (afbx2>1/3+ (afbxz>2/3
((1—\/?) a1/3—(a—bx2)1/3)2

al/3 ( al/3 bxz 1/3)

1—\5) al/3 - (a—bx2>1/3)2

(1+\E) al/3 _ (a—bxz)l/3

, ~7+44/3 7bx |-
R N

EllipticE [ArcSin|

2/3, 3173 (3_px2)2/3 Cbx2)%3 1++/3 ) a3~ (a-bx2)Y3
32\/733/4a4/3(a1/3—<a—bx2)1/3) @ +al (a-bxt) 77+ [a-bx) EllipticF[ArcSin| ) ( ) },77+4\E}/
((17\/?)a1/37(a—bx2)1/3)2 (1—\5)a1/37(a7bx2)1/3
al’3 (a3 - (a - b x2 1/3
7bx |- ( ( ) )
((1-V3) a2 (a-bx2)*?)
Result (type 6, 333 leaves):
2 2
— -3a+3bx2+(144a3Appe11F1[1, 1,2, b—x,-b—X}J/((aawxz)
7 (a-bx2)'? 273 27 a 3a
1 1 3 bx? b x?2 5 3 1 5 bx? b x2 3 4 5 bx? b x2
9aAppellFl[~, =, 1, =, —, - | +2bx? | -AppellF1[ =, =, 2, =, —, - | +AppellF1[ =, —, 1, =, —, - —| )]-
2° 3 2 a 3a 2° 3 27 a 3a 2 3 2 a 3a
3 1 5 bx2 bx? R
(160a bx?AppellFl[ =, =, 1, =, —, - —] /[(3a+bx>
2 3 2 a 3a
3 1 5 bx? b x?2 ; 5 1 7 bx? b x?2 5 4 7 bx? b x?2
[15aAppe11F1[—, =1, 5, —, - | +2bx (—AppellFl[—, =2, =, —, - | +AppellFi[ =, —, 1, =, —, - —] ])]
2 3 27 a 3a 2 3 27 a 3a 23 2 a 3a

Problem 120: Result unnecessarily involves higher level functions.

J<a—bxz)5/3 s
- dX
(3a+bx2>2
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Optimal (type 4, 775leaves, 7 steps):

2x(a—bx2)2/37 11 x 721/331/6Ar‘cTan[%XE]
3(3a+bx2) 3((17\/?) a1/3—(a—bx2)1/3) V3 b

y / / 1/3
21/3 31/6 ApcTan [ V3 2t (at/2-22/3 (a-bx?)Y?)

b
= ] 21/3 31/6 ApcTanh [ %} 21/3 31/6 ApcTanh [ 1/6 (al/3+21/3 (Xa,b X2)1/3) }
+ -

V3 b 3/b Vb

1 /2+\/? 413 (a1/3_ (a—bxz)l/B) a2/3 4 al/3 (afbx2>1/3Jr (afbx2>2/3
((1-V3) a2 (a-bx2)*?)

(1+\5) al/3 _ (afbxz)l/g’
( _\/?) al/3 (a—bx2)1/3

EllipticE[ArcSin|

|, -7+4+/3] /

=

al/3 (31/3 _ (a _ bxz>1/3)

2 3¥4%px +
((1—\/?) a1/3—(a—bx2)1/3)2
2/3, q1/3 (5 _px2)%/3 _px2)2/3 1+4/3 ) a3 - (a-bx2)"?
11+/2 al/3 (a1/3_(a_bx2>1/3) a e (a X) +(a X) EllipticF[ArcSin[( ) ( ) ], —7+4\/?] /
((1—\/?) a1/3’—(a—bx2)1/3)2 (1—\/?) at?- (a-bx?)*?
al’3 (a3 _ (a - b x2 1/3
3 3Y%px ( ( ) )
((17\/?) a1/3—(a—bx2)1/3)2
Result (type 6, 320 leaves):
1 1 1 3 bx? b x?
x [6a-6bx?- |27a*AppellF1[~, =, 1, =, —, - —| /
9(a—bx2)1/3<3a+bx2) 2 3 a 3a
1 1 3 bx? b x2 3 1 5 bx? b x2 3 4 5 bx? b x?
[QaAppellFl[, =1, =, , - | +2bx? | -AppellFi[ =, =, 2, =, , - | +AppellF1[ =, =, 1, =, —, - —] J +
2 3 2 a 3a 2 3 2 a 3a 2 3 2 a 3a
5 3 1 5 bx? b x2
[SSabx AppellFl|[ =, =, 1, =, —, - —] /
2 3 2 a 3a
3 1 5 bx? b x? 5 1 7 bx? b x? 5 4 7 bx? b x?
[15aAppe11F1[, =1, =, , - —— | +2bx? (AppellFl[, =,2, -, , | +AppellF1|[ =, —, 1, =, —, - —] })
2 3 2 a 3a 2 3 2 a 3a 2 3 2 a 3a
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Problem 121: Result unnecessarily involves higher level functions.

b 2\5/3
J7<a X ) dx

(3a+bx2)3

Optimal (type 4, 815leaves, 9 steps):

x(afbxz)Z/3 x(afbxz)Z/3 X

+

3(3a+bx?)? 18a (3a+bx?) 18a ((1,\5) al/3 _ (a—bx2)1/3)

+

V3 al/e (al//3—21/3 (a-b xz)l/@)

b x
ArcTan[%} ) Ar‘cTan[ N } ) Ar‘cTanh[%] ) ArcTanh[al/G (al,/3+21/3 (aibxz>l/3)} )
18 22/3\/?5,5/6\5 18 22/3\55‘5/6\/? 54 . 22/3 asmﬁ 18  22/3 asmﬁ
2/3 ., 31/3 (3_px2)1/3 _bx2)?/3 1++/3 ) al’3- (a-bx2)¥3
2++/3 (a1/3—(a—bx2>1/3) #P+al? (a-bx?) 7+ (a-bx) EllipticE[Ar‘cSin[( ) ( ) |, -7+4+/3] /
((1_\/?) al/3 _ (a—bx2)1/3)2 (1_\/?) al/3 _ (a—bx2)1/3
al/3 (a1/3_ (a—bx2>1/3)
12 33/4323px
((17\/?> al/3 (a—bx2)1/3)2
2/3, 31/3 (5 _px2)1/3 _bx2)2/3 1+4/3 ) a¥3- (a-bx2)3
(31/3_ (a—bx2)1/3) ara (a X ) ! (a x ) EllipticF[Ar‘cSin[ ) ( ) ], —7+4\/?] /

( 1_\/?) a1/3—<a—bx2)1/3)2 (l—ﬁ)a1/3—(a—bxz>1/3

al/3 (a1/3_ (a—bx2>1/3)
9+/2 314 323px

((17\/?) al/3 _ (a—bx2)1/3)2
Result (type 6, 346 leaves):
b2 x* 1 1 3 bx? b x?
X |9a-12bx?+ + [27a (3a+bx?) AppellF1l[—, =, 1, =, —, - —| /
a 2 3 2 a 3a
1 1 3 bx? b x? 5 3 1 5 bx? b x? 3 4 5 bx? b x?
[QaAppellFl[, =1, =, —, - | +2bx? |-AppellF1[ =, =, 2, —, , - | +AppellF1| =, —, 1, =, —, - —| ) -
2 3 2 a 3a 2 3 2 a 3a 2 3 2 a 3a
5 5 3 1 5 bx? b x? 1 5 bx? b x?
5bx? (3a+bx?) AppellF1[ =, —, 1, =, —, - —| /[15aAppe11F1[—, =1, =, 4, - |+
2 3 2 a 3a 3 2 a 3a
2 2 2 2
2 b x2 —AppellFl[E, 1, 2, Z, X _bx }+Appe11F1[E, 4: 1, Z, bfx, _bx })]]J/ (54 (a-bx?)'? (3a+bx2)2)
2 3 2 2 3

a 3a
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Problem 122: Result unnecessarily involves higher level functions.

J(3a+bx2)4

(a-bx?)"?

dx

Optimal (type 4, 659 leaves, 8 steps):

1552608 a3 x (a—bxz)Z/s 36288 a2 x (a—bx2>2/3 (3a+bx?)
: 43225 :

—gax (a—bxz)Z/3 (3a+bx2>2—ix (a—bxz)Z/3 (3a+bx2)3—
6175 19 25

3794688 a* x

1897344 31/e /72+ﬁ 13/ (a1/3—(a—bx2)1/3) a3+ al3 (a-bx2)¥? ¢ (a-bx?)?¥?
8645((1—\/?) a1/3—(a—bx2)1/3) ((1_ﬁ) a1/3—(a—bx2)1/3)2

(1+\/?) al? - (a-bx?)'?

EllipticE [Ar‘cSin [

a1/3 (a1/3_ (a—bx2)1/3)
|, -7+4+/3] / 8645bx |-

(1—\5) al? - (a-bx?)'? ((1_\/?) al/3 _ (a_bxz)l/B)z

+

1/3 2/3
1264896 /2 33/4 3133 (a1/3— (a—bX2>1/3) a2/3 4 al/3 (afbxz) n (a—bXZ)

((1—\/?) al/3 - (a—bx2>1/3>2

1
EllipticF[Ar‘cSin[ (
(1— 3 ) al/3 _ (a—bxz)l/3

+\/?)a1/3—(a—bx2)1/3},7+4\/?} / seasbx |- a1/3(a1/3—(a—bx2)1/3)
5 (15 ) o (b))

Result (type 5, 98 leaves):
1

43225 (a—bx2)1/3

1/3
3x

Hyper‘geometricZFl[

b x2
-941085 a* + 727830 a> b x? + 184044 a2 b? x* + 27482 a b3 x® + 1729 b* x® + 2108 160 a* [1

1
3 > ;J e 7}
Problem 123: Result unnecessarily involves higher level functions.

J(3a+bx2>3

(a-bx?)*?

dx

Optimal (type 4, 628 leaves, 7 steps):
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15768 a% x (a - bx2)?’?
i a’x (a-bx?) _ﬁax(a—bxz>2/3 (3a+bx2)—ix<a‘bxz)2/3 (3a+bx2)2—
1729 247 19

215136 a3 x _ 107568 3”4Wa10/3 (a1/3— <a7bX2)1/3) a’?+alls (a—bx2>1/3+ (a—bx2>2/3
1729 ((17\/?) al/3 - (a—bx2)1/3> ((17\/?) al/3 _ (a—bx2)1/3)2

1+\E) al/3 _ (a—bxz)l/3
(1—\/?) al/3 - (a—bxz)l/3

},-7+4ﬁ}/1729bx - =2 [ (-0 ) ~ |+
((1—\/?)a1/3—(a—bx2)1/3)

EllipticE [ArcSin|

32/3 ; g1/3 (a—bx2>1/3+(a—bx2>2/3 [ [(1+\/?) a1/3—(a—bx2)1/3
EllipticF |ArcSin

((17\/3) al/3 _ (a—bX2)1/3)2 (17\5) al/3 _ (afbx2)1/3

717122 3¥%a193 (a2 - (a-bx?)?)

|, -7+4+3] /

a1/3 (a1/3 _ (a B bx2)1/3)

([1-V3) a7 (a-bx)22)?

1729b x | -

Result (type 5, 88 leaves):

bx2)1/3 1 1
1- ) Hyper‘geometricZFl[f, — T 7]
a 3

1
-8343a3x+7041a%b x> +1211ab? x>+ 91 b3 x” + 23904 a3 x

3

1729 (a- b x?) 173

Problem 124: Result unnecessarily involves higher level functions.

dx

J(3a+bx2)2

(a-bx?)'?

Optimal (type 4, 597 leaves, 6 steps):
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2
fgax(afbx2>2/3fix(a—bx2)2/3 (3a+bx2)7 3240 a“ x )

91 13 o1 ((1-+/3] a2~ (a-bx?)*?)

1620 31/ /2+\/? 473 (a1/3_ (a—bxz)l/B) a%/3 4 al/3 (afbx2>1/3Jr (afbx2>2/3
((1-V3) a2 (a-bx2)*?)

=

( +\/?) al? - (a-bx?)"?
(1—\5) al/3 _ (a—bxz)l/3

},77+4\/?}/91bx - @ [ (-6 v
((1-V3) a2~ (a-bx2)*?)?

EllipticE [Ar‘cSin [

—
[any

+\/?) al/3_ (a—bx2>1/3
—\/?) al/’3 (a—bxz)l/3

a2/3 1 g1/3 (afbx2>1/3+ (afbxz)Z/3

( 1—\/?) al/3 - (a—bxz)l/z’)2

1080 /2 334373 (a1/3— (a—bx2)1/3) EllipticF[ArcSin| |, ~7+4+/3] /

—
=

3l/3 (a1/3 _ (a _ bxz)1/3)

([1-V3) a7 (a-bxe)22)?

91bx |-

Result (type 5, 77 leaves):

1/3
3 (—87 aZx+80abx3+7b?x5+360a%x (17 bxz) Hypergeometric2Fi[1, L, 2, b"z})

a

91 (a-bx?)"?
Problem 125: Result unnecessarily involves higher level functions.
3a+bx?
——dx
J(abxz)l/g'

Optimal (type 4, 568 leaves, 5 steps):
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—ix (a—bx2>2/3— 72 ax |36 3ue /72+\/? e (a1/3— (a—bx2)1/3) a2/3  al/3 (a—bx2>1/3+ (a—bx2>2/3
7 7((1—\/?) a1/3—(a—bx2)1/3) ((17\/?) a1/37(a7bx2)1/3)2
14++/3 ) a3 - (a-bx2)?3 al/3 (al/3 _ (a-bx2)Y3
EllipticE [ArcSin| ) ( ) |, -7+4+3] / 7bx |- ( ( ) ) +

(1—\5) at?- (a-bx?)'? ((1_\/?) a1/3—(a—bx2)1/3)2

2/3 , 31/3 (3 _px2)1/3 _bx2)%/3 1++/3 ) a3 - (a-bx2)¥3
24~/2 334343 (a1/3— (a—bx2)1/3) P+al? (a-bxt) 7+ (a-bx?) EllipticF [ArcSin| ) ( ) |, -7+4+/3] /

((1—%?) a1/3—(a—bx2)1/3)2 (1—\/?) a1/3—(a—bx2)1/3

al/3 (31/3 _ (a _ bxz>1/3)

([1-V3) a2 (a-bxe)r?)?

7bx |-

Result (type 5, 62 leaves):

3 X

1/3
~a+bx?+8a (1—%2) HypergeometricZFl[i, i 3 be])

7 (a-bx2)'?

Problem 126: Result unnecessarily involves higher level functions.

J ! dx
(a—bxz)l/3 (3a+bx?)

Optimal (type 3, 204 leaves, 1step):

V3 Ja V3 ae (a2 (ab ) /b ArcTanh| — o ;
ArcTan | W:‘ ] ArcTan | o | ArcTanh| HX} [al/s (/2122 (a b)) ]
+ - +
2 . 22/3 \/? a5/6 \m 2 . 22/3 \/? 35/6 \m 6  22/3 35/6 \/F 2 22/3 35/6 \m

Result (type 6, 162 leaves):

1 1 3 bx? b x?
9axAppellFl|[~, =, 1, =, —, - —| /[(abxz)l/3 (3a+bx?)
2 3 2 a 3a
1 1 3 bx? b x? 5 3 1 5 bx? b x? 3 4 5 bx? b x2
9aAppellFi[=, =, 1, =, , - | +2bx? |-AppellF1[=, =, 2, =, , - | +AppellF1| =, —, 1, =, —, - ]
2 3 2 a 3a 2 3 2 a 3a 2 3 2 a 3a
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Problem 127: Result unnecessarily involves higher level functions.

J ! dx

(a-bx?)*? (3a+bx?)?

Optimal (type 4, 787 leaves, 7 steps):

ArcTan | @E]
r

x (a-bx?)?? X =

202 (3300 209 (13| a7 (a b7 8 203 aM0b

/3 al/e al/3_21/3 (a—bxz)l/B ArcTanh b x
ArcTan | ( o ) ] ) Ar‘cTanh[%} ) rctan {31/5 (2222 (a-bx2) 2] ] )
8 22/3./3 ll/e \/? 24 . 22/3 3l1/6 \/F 8  22/3 3l1/6 W
2/3,31/3 (g_px2)1/3 _bx2)?3 1++/3 ] a3~ (a-bx2)?3
2+4/3 (a1/37 (a—bx2)1/3> ara (a X ) ’ (a X ) EllipticE[Ar‘cSin[ ) ( ) ], —7+4\/?] /
((17ﬁ) al/3 _ (afbx2)1/3>2 (17\/?) al/3 _ (a—bx2)1/3
al/3 (a1/3 _ (a b Xz>1/3>
16 3¥%a*3bx |- +
((1-V3)at2- (a-bx2)*?)
2/3 . 31/3 (g_px2)1/3 _bx2)?3 1++/3 ] a3~ (a-bx2)¥3
(a1/37 (afbx2)1/3) a??+a'? (a-bx?)""+ (a-bx*) EllipticF[ArcSin| ) ( > |, -7+4+3] /

((1—\/?) al/3 (a—bx2)1/3)2 (1—\/?) al/3 - (a—bx2>1/3

al/3 (a1/3 _ (a B bx2)1/3)

((1—\/?) al/3_ (a—bx2)1/3)2

12+/2 3¥%a%3bx

Result (type 6, 322 leaves):
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1 1 3 bx? b x?
x | |189AppellFl|[—, =, 1, =, —, - —] /

2 3 2 a 3a

1 1 3 bx? b x? 5 3 1 5 bx? b x? 3 4 5 bx? b x?
9aAppellFl[~, =, 1, =, —, - —— | +2bx? | -AppellF1[~, =, 2, =, ——, - —— | +AppellF1[~, —, 1, =, —, - —|
2 3 2 a 3a 2 3 2 a 3a 2 3 2 a 3a
5abx2Appellf1|2, L 1,5, 0% ¥
38*3bX2+ 301 5 bx? b x? : Xz = [2 531 27abx2 BHbL 5 4 7 bx? bx?
15aAppellFl{;,;,1,;,i;37—7;]+2bx (fAzpellFl{;,;,2,;,T;3—§;J+AppellF1 I 7;,7324) // (72 (a Y x2)1/3 (3 . xz))
a

Problem 128: Result unnecessarily involves higher level functions.

J ! dx
(a—bxz)l/3 (3a+bx2)3

Optimal (type 4, 818 leaves, 8steps):
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x(a—bxz)Z/3 5x(a—bx2)2/3 5 x

. _
48 3?2 (3a+bx2>2 288 a3 (3a+bx2) 288 a3 ((1_ﬁ) al/3 _ (a—bx2)1/3)
b x
5 ArcTanh [ 2o (2.2 (a-bx2) ) }

5ArcTan | @E} 5ArcTan| V3 ave (a2 2 [a0x) ] | 5ArcTanh| @}
\/FX + \/FX - \E + —
144 . 22/3 \/? a17/6 \/F 144 ~ 22/3 \/? 317/6 \/? 432 22/3 317/6 \/F 144 ~ 22/3 317/6 \/F
2/3 1/3 _bx2 1/3 b x2 2/3 14+ \/? al’3 _ (a_bx2 1/3
5+/2+4/3 (a1/3—(a—bx2)1/3) P vall (a-bxt) 7+ (a-bx) EllipticE[ArcSin[( ) < ) |, -7+4+/3] /
((17\E)a1/37(a—bx2>1/3)2 1_%?) a1/3_<a_bxz)1/3

a1/3 (al/B _ (a B bx2)1/3)
.

192 334383 px |-
((1-V3) a2 - (a-bw)*?)?

1+\/?)al/3f(afbxz) ],77+4\/?] /

a??+al? (a-bx?)V?+ (a-bx?)?? EllipticF [ArcSin|
1_\/?> RVES (a—bX2>1/3

S(a/ ,(a,bx> ) ((17\5) a1/37(a—bx2)1/3)2

al/3 (a1/3 B (a B bx2)1/3>

144+/2 3Y4 383 px |- -
((1—\/?) al/3 (a—bx2)1/3)
Result (type 6, 352 leaves):
1 1 3 bx? b x2
x |3 (a-bx*) (21a+5bx?) + [675a2 (3a+bx?) AppellF1[—, =, 1, =, —, - —| /
2 3 2 a 3a
1 1 3 bx? b x? 5 3 1 5 bx? b x? 3 4 5 bx? b x?
9aAppellFl[~, =, 1, =, —, - | +2bx? | -AppellF1[ =, =, 2, =, —, - | +AppellF1[ =, —, 1, =, —, - — ||| +
2 3 2 a 3a 2 3 2 a 3a 2 3 2 a 3a
5 5 3 1 5 bx? b x2 3 1 5 bx? b x2
25abx? (3a+bx?) AppellFl][ =, =, 1, =, —, - —| / 15aAppellFl| =, =, 1, =, —, - |+
2 3 2 a 3a 2 3 2 a 3a
5 1 7 bx? b x? 5 4 7 bx? b x?
2 b x? —AppellFl[—, =,2, -, _X, _ X } +AppellF1[—, -, 1, -, _X, _—X} ]]J/ (86433 (a—bX2>1/3 <3a+bX2>2)
2 3 2 a 3a 2 3 2 a 3a

Problem 129: Result unnecessarily involves higher level functions.

(3a+bx2>3
J(a—bxz)‘”3 ¢

Optimal (type 4, 623 leaves, 7 steps):

X
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6x (3 b x2)2 2
2538ax(a_bX2)2/3+EX<a_sz)z/3 (3a+bx2)+ X( a+ X) . 20088 a* x N
a1 13 (a—bx2>1/3 91 ((1_\/?) al/3 _ (a—bx2)1/3)

a2/3 4 gl/3 (a—bx2)1/3+ (a—be)Z/3

((1-V3)ar2- (a—bx2)1/3)2

10044 3V4~[24+/3 a7/3 (a1/3- (a-bx2)1/3)

(1+\/?) al? - (a-bx?)'?
(1—\5) al/3_ (a—bxz)l/3

},—7+4\/?}/91bx - al” (a2~ (a-bx?)*7) .
((1-V3) a2~ (a-bx2)*?)°

EllipticE [Ar‘cSin [

a2/3 4 gl/3 (afbx2>1/3+ (afbxz)Z/3

(

1+\/?) al/3_ (a—bx2>1/3
EllipticF[ArcSin|

1—\/?) a1/3—<a—bx2)1/3‘)2 (1—\/?)a1/3—(a—bx2)1/3

6696 /2 33/437/3 (a1/3— (a—bx2)1/3)

|, -7+4+/3] /

al/3 (a1/3 _ (a _ bxz)1/3)

((1—\5) al/’s - (afbx2)1/3)2

91bx |-

Result (type 5, 76 leaves):

3 X

1/3
~3051a2+132abx?+7b?x*+2232a2 (17 b—") Hypergeometric2Fi[?, 1, 2, bxz])
a

91 (a—bxz)l/3

Problem 130: Result unnecessarily involves higher level functions.

dx

J(3a+bx2>2

(a-bx?)*?

Optimal (type 4, 592 leaves, 6 steps):
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6 3 b x2
Ex(a—bx2>2/3+ x(32+bx) + 324ax +

7 (afbxz)l/3 7((1—\/?)31/3—(a—bx2)1/3)

a2/3 4 gl/3 (a—bx2)1/3+ (afbxz)Z/3

162 31/4\ma4/3 (a1/3—(a—bx2)1/3) (( \/_) 1/3)2
1_+/3 a1/3—<a—bX2)

(1+\/?) al/3 - (a—bxz)l/3
(1—\5) al/3 _ (a—bxz)l/3

al/3 (a1/3 _ (a _ bx2)1/3)

([1-V3) a7 (a-bxe)22)?

EllipticE [Ar‘cSin [

|, -7+4+3] / 7bx |-

a2/3 4 gl/3 (a—bx2)1/3+ (a—bx2)2/3 (1+ﬁ) al/3 _ <a—bx2)1/3
EllipticF [ArcSin|

((1—\/?) al/3 _ (a—bx2)1/3)2 (1—\/?) al/3 _ (a—bxz)l/3

108 /2 33/4 34/3 (a1/3— (a—bx2>1/3>

|, -7+4+/3] /

al/3 (a1/3 _ (a _ bxz>1/3)

((17\/?) al/3 - (afbx2)1/3)2

7bx |-

Result (type 5, 62 leaves):

3 X

1/3
-57a+bx?+36a (17 be) Hyper‘geometricZFl[i, i, 3, bxz})

a

7 (a-bx2)'?
Problem 131: Result unnecessarily involves higher level functions.
3a+bx? B
J(abx2)4/3 X

Optimal (type 4, 561 leaves, 5steps):
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6 x . 9 x L lg 314 /2+\/? a1/3 (a1/3—(a—bx2)1/3) a2/3 4 a1/3 (a—bx2)1/3+(a—bx2)z/3
(a—bxz)l/3 (1—ﬁ)a1/3—(a—bx2)1/3 ((17\/?)a1/37(a7bx2>1/3)2

1+\/?) al/3 - (a—bxz)l/3
(1—\/?) al/s (a—bxz)l/3

al/3 (a1/3 _ (a _ bx2)1/3)

((1—\/?) al/3 - (a—bx2)1/3)2

EllipticE[ArcSin|

|, -7+4~/3] / 2bx |-

a??+al? (a-bx?)V?+ (a-bx?)?? [ [(1+\/?) al? - (a-bx?)*?
EllipticF |ArcSin

([1-+3) a2 (a-bx2)*?) (1-V37) a3~ (a-bx?)'"

3+/2 33/4,1/3 (31/3_ (a—bx2>1/3)

|, -7+4+/3] /

al/3 (al/S _ (a _ bx2)1/3)

([1-V3) a7 (a-bxe)r2)?

bx |-

Result (type 5, 51leaves):

2

3x[-2+ (17"—X
a

1/3 : 1 1 3 bx
) Hypergeometr‘chFl[;, T —])

(a—bx2>1/3

Problem 132: Result unnecessarily involves higher level functions.

J ! dx
(a—bxz)‘”3 (3a+bx?)

Optimal (type 4, 776 leaves, 7 steps):
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ArcTan | 3%@]

3x 3x b x
+

+ +
8 a2 (a—bx2)1/3 8a2((1—\/?) a1/3—(a—bx2)1/3) 8 22/3./3 al1/6[pp

A3 al/e (al/3-21/3 (a—bxz)l/3 ArcTanh b x
( o ) ] Ar‘cTanh[%} ) rclan [al/s (a1,/'3+21/3 (aibxz)l/s) } )

g  22/3 \/? all/6 W B 24 .~ 22/3 311/6 \/F 8  22/3 311/6 \/F

ArcTan [

a2/3 4 g1/3 <a—bX2)1/3+<a—bX2)2/3 [ [(1_'_\/?) a1/3_<a_bxz)1/3
EllipticE|ArcSin

|, -7+4+/3]
((1—\/?) a1/3—(a—bx2)1/3)2 (1—\/?) at? - (a-bx?)*? /

3 344/2+4/3 (31/3—(a—bx2>1/3)

al/3 (al/3 _ (a _ bx2>1/3)

7 ((17\/?) al/3 _ <a—bx2)1/3)2

16 a3 b x

a2/3 4 g1/3 (a—bx2)1/3+(a—bx2)2/3 [ [ 1+\/?) a1/3—(a—bx2)1/3
EllipticF|ArcSin

|, -7+4+3]
((1—\5)a1/37(a7bx2)1/3)2 (1—\5) a1/3—(afbx2)1/3 /

33/4 (a1/3 _ (a _ bx2)1/3)

al/3 (a1/3 _ (a _ bX2)1/3)

(1-43) a2 (a-bx) )

4-/2 a3 bx

Result (type 6, 325leaves):

o
8 (a—bxz)l/3

1
X |- ( [9 AppellF1| —,
2

1 1 3 bx? b x2 5 3 1 5 bx? b x2 3 4 5 bx? b x2
9aAppellFl[ =, =, 1, =, —, - | +2bx? |-AppellF1| =, =, 2, =, —, - | +AppellF1| =, —, 1, =, —, - —| +
2 3 2 a 3a 2 3 2 a 3a 2 3 2 a 3a
3 5abszppellFlﬁ—,é,l,j—,bai,—%w
(3a+bx?) (15aAppe11F1B—, ;—,1,;, %,—%} +2bx? (—AppellFlB—, ;—,2, Z—, bai,—%] +Appe11F1B—, :—,1 % %2,7%”)

a2
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Problem 133: Result unnecessarily involves higher level functions.

J ! dx

(a-bx?)*? (3a+bx2)?

Optimal (type 4, 807 leaves, 8 steps):

X X X
+ + +
122 (a-bx?)"? 242% (a-bx?)'? (3a+bx?) 1223 ((1—\/?) al/3 - (a—bx2)1/3)
\/?al’/e al/3_21/3 (a—bxz)l//3 ArcT h b x
Ar‘cTan[%XE} ArcTan| ( o ) ) Ar‘cTanh{%] rctan [al/s (24427 (a-bx2) ) ]
16 - 22/3 \/? al7/6 \/F 48 - 22/3 317/6 \/F 16  22/3 317/6 \/F

+
16  22/3 \/?317/6 \/F

a2/3 4 g1/3 <a -b xz) 13y (a -b XZ) o EllipticE [Ar‘CSin[

\2+4/3 (a1/3—(a—bx2)1/3) .
((17\/?) al/3 _ (afbx2)1/3)

al/3 (a1/3 _ <a _ bx2)1/3)

((1-vE) @ (a-bxe) )

8 33/4 a8/3 b x

(1+\/?) al/3 _ (a—bxz)l/3

(1—\/?) at? - (a-bx?)"?

(1+V3)a”3(abﬁ)”n
, -7 +4

a??+a'? (a-bx?)"? 4 (a-bx?)?? EllipticF [ArcSin|
1_\/?) RV (a—bX2>1/3

al/3 _ (a—bx2)1/3 -
( ) ((1_\/?) al/3 _ (a—bx2)1/3)

al/3 (a1/3 _ (a _ bx2>1/3>

6\531/4a8/3bx _
[(1-v3) a2 (a-bxe) 2]

Result (type 6, 323 leaves):

5 5 11 3 bx? bx?
x [21a+6bx*+ |27a%AppellFl]~, =, 1, =, —, - —] /
2 3 a 3a
11 3 bx?  bx? 5 31 5 bx? bx? 3 4
9aAppellFl[—, =, 1, =, —, - | +2bx? | -AppellF1[ =, =, 2, =, —, - | +AppellFi[ =, —, 1,
2 3 2 a 3a 2 3 2 a 3a 2 3
, 3 1 5 bx? b x? 3 1 5 bx? b x?
10abx?AppellFl|[ =, =, 1, =, —, - —] / 15aAppellFl[ =, —, 1, =, —, - |+
2 3 2 a 3a 2 3 2 a 3a
b x2 x2 5 4 7 bx? b x2
| +AppellF1|[ =, —, 1, =, —, - —|
2 3 2 a 3a

5
2bx? (—AppellFl[—, s s
2 a 3a

|, -7+4+/3] /

V3| /

]]y/(7zf(a_bxﬂlﬂ(3a+bxq)
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Problem 134: Result unnecessarily involves higher level functions.

dx

1
J(a—bxz)‘”3 (3a+bx2)3

Optimal (type 4, 849leaves, 9 steps):

x 17 x 19x (a-bx?)?"? 19 x
+ - + +
48a% (a-bx?)'? (3a+bx?)> 192a% (a-bx?)*? (3a+bx?) 1152a* (3a+bx?) 1152a4((1—\/?) a1/3_<a_bX2)1/3)

NEX V3 al/e [a3-213 (a-bx?) ) b 7 ArcTanh b x
7 ArcTan| ?b*xi} 7 ArcTan| o | 7ArcTanh| %} [ 2o (22,2 (a-bx2) ) ]
+ - +
288  22/34/3 a??/64/b 288  22/34/3 a?/64/b

+
864 22/3 323/6“/b 288 22/3 a23/6 4/b

19 2+\/? (a1/3_ (a_bx2)1/3) a2/3+a1/3 (a—bx2)1/3+ (a_bXZ>2/3

[(1-V3) a2 (a—bx2)1/3)2

(1+\5)a1/3(abx2>1/3] _7+4\/?]/
(1—\/?) a1/3—(a—bx2>1/3 ’

EllipticE [ArcSin|

al/3 (al/s_ (a_bX2)1/3)
768  3*%a*Pbx |-

((1—\/?) al/3 - (a—bx2)1/3)2

19 (a1/3_ (a_bx2)1/3) a2/3+a1/3 (a—bx2)1/3+ (a—bx2>2/3

([1-V3) a7 - (a-bx)t?)?

(1+\E) al/3 _ (afbxz)l/:"

EllipticF[ArcSin|

(1—\/?) al/3 - (a—bxz)l/Jl 74z /

al/3 (a1/3— (a—bx2)1/3)
576 /2 3433 px |-

([1-V3) a7 (a-bxe)r?)?

Result (type 6, 353 leaves):

[819a2x+420abx3+57b2x5+

999 ax (3a+bx?) AppellF1|

N |

1 3 bx? bx?
y 1) y T 7] /
3 2 3a

a
3 1 5 bx? b x2 4 5 bx?
~AppellF1[ =, =, 2, =, — -
23 2 3

11 3 bx? b x?
9aAppellFl[~, =, 1, — - | +AppellF1]
2 3 a 3a

y T, }+2bx2
2 3a

3
e
2

a
R , 3 1 5 bx? b x2
95 ab x (3a+bx)AppellF1[f, =,1, =, 7,77}
2 3 2 a 3a
b x2 b x2

> +

3 1 5 bx? b x2
/ 15aAppe11F1[f, -1, =, —, - ]
2 3 2 a 3a

2bx? | -AppellF1]|

7
e )
2 a 3a

1 7 bx? b x?
’;’ 2, > 1, —, - }

| +AppellF1] ,
2 a 3a

)

N

5 4
3

]]/ (34563 (a- b2 (32 bx2)?]



202 | 1.1.2 Quadratic.nb

Problem 135: Result unnecessarily involves higher level functions.

dx

J(3a+bx2)4

(a-bx?)7?

Optimal (type 4, 653 leaves, 8 steps):

9x (3a+bx%)? 3x(3a+bx?)3
—324eax(a—bx2)2/3—gx(a—bx2)2/3(3a+bx2)— X( ar X) + X< ar X> -
91 13 2(a—bx2>1/3 2(a—bx2)4/3

36936 a2 x l18468 34 /72+\/? 773 (31/3, (afbx2>1/3) a?/3 4 a1/3 (a—bx2)1/3+ (a—bx2)2/3
91 ((1—\5) al/3 - (afbxz)lu) ((17\5) al/3 _ (a—bx2)1/3)2

1+\E) al/3 _ (a—bxz)l/3
(1—\/?) al/3 - (a—bxz)l/3

},—7+4\/?} / 91bx | - = (al/Bi(aibX2> ) +
((1-V3) a2 (a-bx2)*?)°

EllipticE [ArcSin|

2/3 . 31/3 (g_px2)1/3 _bx2)?/3 1++/3]a¥3- (a-bx2)?3
12312+/2 334373 (a1/37 (a—bx2)1/3) a?+al? [a-bxt) 7+ [a-bx) EllipticF[Ar‘cSin[< ) ( ) |, -7+4+/3] /
((17\/?) al/3 <abe2)1/3)2 (17\/?) al/3 _ (afbx2)1/3
al/3 (173 _ (a-px2)1/3
91bx |- ( < ) )
([1-+3) a2 (a-bx?)*?)
Result (type 5, 96 leaves):
2,1/3 2
Y 3 [iea7a x- 474322053 + 177 b2 X5 + 7 b* X - 4104 a® x (a-bx*) [1- bx? Hyper‘geometr‘icZFl[l, 1, i, b—x]
91 (a-bx?)*? a 32 2 a

Problem 136: Result unnecessarily involves higher level functions.

dx

J(3a+bx2>3

(a-bx?)7"?

Optimal (type 4, 596 leaves, 7 steps):
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By B e

14 2 (a-bx2)*? 7((1_\/?) al/3_(a_bxz>1/3)

a2/3 4 gl/3 (a—bx2)1/3+ (afbxz)Z/3

([1-+3) a2~ (a-bx2)*?)

162  3V4+/2++/3 a*? (a1/3— (a—bx2)1/3)

(1+\/?) al? - (a-bx?)'?
(1—\5) al/3_ (a—bxz)l/3

], -7+4+3] / 7bx |- at? (a2 (a-bx?)"7) )
P Er——ry

EllipticE [Ar‘cSin [

a2/3 , al/3 (a—bx2)1/3+ (afbx2)2/3 (1+ﬁ) al/3 _ <a—bx2)1/3
EllipticF [ArcSin|

((1—\/?) al/3 - (a—bx2)1/3)2 (1—\/?) al? - (a-bx?)"?

108 /2 33/4 34/3 (a1/3— (a—bx2>1/3>

|, -7+4+/3] /

al/3 (a1/3 _ (a _ bxz>1/3)

((17\/?) al/s (afbx2)1/3)2

7bx |-

Result (type 5, 83 leaves):

1/3
8la?x+90abx’-3b2x°+108ax (a-bx?) (1— bai) ! Hyper‘geometr‘icZFl[i, %, %, b2 ]

7 (a-bx2)*”
Problem 138: Result unnecessarily involves higher level functions.
3a+bx?
——dx
J(a_bxz)7/3

Optimal (type 4, 590 leaves, 6 steps):
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3x 9 x 9 x
+ +
2 (a-bx2)*? aa(a-bx?)'? 43((1,\5) a1/37(a7bx2)1/3)

+

(1+\/?) at?- (a-bx?)*?

2/3 1/3 - b 2\1/3 b 2\2/3
31/44/2+4/3 (1/3 )”3) 273l (a-bxd) T7x (a-bxd) EllipticE[ArcSin| ],77+4ﬁ]/
((17\5) a1/3—(afbx2)1/3)2 (1_ﬁ) a1/3—<a—bx2)1/3
al/3 (173 _ (3 _px2)1/3
8a2/3bx _ ( < ) )
([1-+3) a2 (a-bx2)*?)
2/3 . 31/3 (g_px2)1/3 _bx2)?3 1++/3]a¥3- (a-bx2)?3
3. 334 (a1/3—(a—bx2)1/3) 220 +al? (a-bx) 7+ (a-b ) EllipticF[ArcSin[( ’ ) ( ) ],77+4\/?]/
((17\/?) a1/37<a7bxz>1/3)2 (1_\/?) a1/3—(a—bx2)1/3
a1/3 (31/3 _bx2 1/3)

2+/2 a?3bx

—\/?) al/3 - (a—bx2)1/3)2

Result (type 5, 74 leaves):

1/3
15ax-9bx*>-3x (a-bx?) (17 ba—xz) HypergeometricZFl[i, i, 3, £ ]

4a (a—bx2>4/3

Problem 139: Result unnecessarily involves higher level functions.

J ! dx
(afbxz)”e‘ (3a+bx?)

Optimal (type 4, 796 leaves, 8 steps):
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3 X 21 x 21 x
+ +
32a% (a-bx?)*? 6423 (a-bx2)? 64a3((17\/?) a1/37(a7bx2)1/3)
1/6 (41/3_91/3 (4 px2)1/3 b
ArcTan [ %XE} ArcTan [ i (a J;X (a-0x%) ) ArcTanh [ Lj’?’(] ArcTanh [ al/6 (al/adl/s (Xaibxz)l/z') ]
32 . 22/3 317/6 W

4 _
32 . 22/3 \/? al7/6 \/F 32 22/3 \/? al7/6 W 96 .~ 22/3 317/6 W

a2/3 4 al/3 (a—bx2)1/3+ (a—be)Z/3

( 1—\/?) al/3 - (a—bxz)l/B)2

10 45] 2 (a0 Y
(1—\5) a1/3—(a—bx2)1/3 ’

EllipticE[ArcSin|

21 3442443 (a2 (a-bx?)P7)

al/3 (al/3 _ (a _ bx2)1/3)

((1—\5) al/3 - (a—bx2>1/3)2

128 a®/3 b x

(1+\/?) a1/3—(a—bx2)1/3
, 743
(1\/?)31/3(3[))(2)1/3] e 3]/

a2/3 4 gl/3 (afbx2)1/3+ (afbxz)z/3

([1-V3) a7 (a-bxe)22)?

al/3 (31/3 B (a B bx2>1/3)

7 ((17\/?> al/3 _ (a—bx2)1/3)2

EllipticF [Ar‘cSin [

7 . 33/4 <a1/37 (abe2>1/3)

32+/2 a®3bx

Result (type 6, 347 leaves):

1 3 (9a-7bx? 5 11 3 bx? bx? )
X - |153 a? AppellF1|~, =, 1, =, —,7—}/ (3a+bx?)
64a3(a7bx2)1/3 a-bx? 2 3 2 a 3a
1 1 3 bx? b x?2 5 3 1 5 bx2 b x?2 3 4 5 bx? b x2
9aAppellFl[~, =, 1, =, —, - | +2bx? | -AppellF1[ =, =, 2, =, —, - | +AppellF1[ =, —, 1, =, —, - —| -
2 3 2 a 3a 2 3 2 a 3a 2 3 2 a 3a
5 3 1 5 bx? b x2 5
35abx?AppellFl[ =, =, 1, =, 7,—7]/ (3a+bx?)
2 3 2 a 3a
3 1 5 bx? b x? , 5 1 7 bx? b x? 5 4 7 bx? b x2
15aAppellFl|~, —, 1, =, —, - | +2bx? |-AppellF1[ =, =, 2, =, —, - | +AppellF1|[ =, —, 1, =, —, - —]
2 3 2 a 3a 2 3 2 a 3a 2 3 2 a 3a

Problem 140: Result unnecessarily involves higher level functions.

dx

1
J(abxz)”3 (3a+bx2)2

Optimal (type 4, 827 leaves, 9 steps):
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5x 79 X X 79 X

+ + + +
384a% (a-bx?)*? 768a% (a-bx?)'? 242% (a-bx2)*? (3a+bx?) 768a4((17\/?)a1/37(afbxz)l/‘?’)

/3 at/e 1/3721/3( b 2)1/3 b x
\/?ArcTan[%X@} ) V3 ArcTan| al/ (a ik a-bx?)*?) 7 ArcTanh[%] + 3Ar~cTanh[a1//5 s (a—bxz)l/@)}
128  22/3 a23/6\m 128  22/3 a23/6\/F 128 = 22/3 a23/6\/F 128  22/3 azws@
2/3 1/3 _px2)13 _bx2)?3 1+\/? al’3 _ (a_px2)Y3
7972443 (a2~ (a-bx?)'7 2P +al? (abxt) 7+ (a-bxd] E1lipticE[ArcSin| ) ( ) ], -7+4+/3] /
( 1—\/?) a1/3’—(a—bx2)1/3)2 (l—ﬁ)a1/3—(afbx2>1/3
31/3 (a1/3_ (a—bx2)1/3)
512  33/4311/3 px _
((17\5) al/3 _ (a—bx2)1/3)2
2/3 , 31/3 (3_px2)1/3 _bx2)2/3 1++/3 ) at3- (a-bx2)Y3
79 (a1/37<afbx2)1/3) PR3l (a-bxt) T+ (a-bx) EllipticF[ArcSin[( ) ( ) |, -7+4+/3] /
((1_\/?) al/3 _ (a—bx2)1/3)2 (17\5) al/3 _ (afbx2)1/3
al/3 (31/37 (a—bx2>1/3)
384+/2 3143113 px
((17\/?) al/3 _ (a—bxz)l/s)2
Result (type 6, 346 leaves):
897 a%> - 444 a b x? - 237 b2 x* R 11 3 bx*> bx?
X - (1161a AppellFl[—, =, 1, =, y -] /
a-bx? 2 3 2 a 3a
1 1 3 bx? b x2 5 3 1 5 bx? b x2 3 4 5 bx? b x2
[QaAppellFl[, =1, 5, =, - | +2bx? | -AppellFi[ =, =, 2, =, —, | +AppellF1[ =, —, 1, =, —, - —] J -
2 3 2 a 3a 2 3 2 a 3a 2 3 2 a 3a
5 3 1 5 x? b x? 3 1 5 x? b x?
(395abx AppellFl[ =, =, 1, -, , - ] / {15aAppe11F1[—, =1, &, , - |+
2 3 2 a 3a 2 3 2 a 3a
2 2 2 2
2bx? —AppellFl[E, 1, 2, Z, bfx, _bx }+Appe11F1[E, 4*, 1, Z, 7)(, bx}mJ/ (2304a4 (a—bx2)1/3 (3a+bx2))
2 3 2 a 3a 2 3 2 a 3a

Problem 141: Result unnecessarily involves higher level functions.

J ! dx
(-3a-bx?) (—a+bx2)1/3

Optimal (type 3, 252 leaves, 1step):
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V3 Va [(~a)/3-21/3 (—aibx@ 1/3 (-a)Y3+/b
Ar‘cTan[%] Ar‘cTan[ > e (((2)1/32W<xa <) )} Ar‘cTanh[%] Ar‘cTanh[ﬁ(<7a)12+21/3(7;“2)1/3)]

+

2 22/3\5 (7a)1/3ﬁﬁ 2 22/3\5 (78)1/3\5\5 6  22/3 (—a)1/3\/?\/g 2 22/3 (—a)l/B\E\/F

Result (type 6, 163 leaves):

1 1 3 bx? bx?
—( 9axAppellFl|~, —, 1, -, —X, ——X] /[(—a+bx2>1/3 (3a+bx?)
2 3 2 a 3a
1 1 3 bx? b x? 5 3 1 5 bx? b x? 3 4 5 bx? b x2
9aAppellF1[~, =, 1, =, —, - —| +2bx? | -AppellF1[~, =, 2, =, ——, - — | +AppellF1[~, —, 1, =, —, - —|
2 3 2 a 3a 2 3 2 a 3a 2 3 2 a 3a
Problem 142: Result unnecessarily involves higher level functions.
1
J dx
(3a-bx?) (a+bx?)*?
Optimal (type 3, 202 leaves, 1step):
b 1/6 (31/3_21/3 (a+b x2)Y/3
Ar‘cTan{@] APCTan[al/s (/512372 <Xa bx?) ) ] Ar‘cTanh{M] Ar‘cTanh{v?a (o222 (arb )]
~ Va . e e ~ Vb x ~ Vb x
6  22/3 aS/s\/F 2 22/3 a5/6\/F 2 22/3ﬁ35/eﬁ 2 22/3\/?a5/6\/F
Result (type 6, 166 leaves):
1 1 3 bx? bx?
9axAppellFl|~, =, 1, -, 7—X, —X] /[(Babxz) (a+bx2)1/3
2 3 2 a 3a
1 1 3 bx? bx? 5 3 1 5 bx? bx? 3 4 5 bx? bx?
9aAppellFl[~, =, 1, =, -——, — | +2bx? |AppellF1| =, =, 2, =, - ——, ——| -AppellF1[~, —, 1, =, - ——, —|
2 3 2 a 3a 2 3 2 a 3a 2 3 2 a 3a

Problem 143: Result unnecessarily involves higher level functions.

J ! dx
c-dx?) (c+3dx?)'?
( ) )

Optimal (type 3, 204 leaves, 1step):

3 /d V3 ArcTan| —— 24 x e e [ (ce3d )]
ArcTan | G *] ) [ oo (202 (cr3axt) ) | ArcTanh [ dex] ArcTanh | i
2 . 22/3 \/? c5/6 \/? 2 . 22/35/6 \/? 2 22/35/6 \/? 2 22/3¢5/6 \/F

Result (type 6, 153 leaves):



208 | 1.1.2 Quadratic.nb

1 1 3 3dx? dx?
3cxAppellFl|~, —, 1, =, - y —] /[(cdxz) (c+.’-’>dx2)1/3
2 3 P C C
1 1 3 3dx? dx? 5
- =1, =, - , ——] +2dx* |AppellF1]|
2 3 2 (@ C

5 3dx?2 dx?

(3 c AppellF1|

N W

3 2 C C

Problem 144: Result unnecessarily involves higher level functions.

J ! dx
(a—bxz)l/3 (3a+bx?)

Optimal (type 3, 204 leaves, 1step):

1
s T 2, &, , —| - AppellF1]|

ArcTan [ M} ArcTan [ V3 al/e (al/s,zl/s (afb x2>1/'3) } ArcTanh [ 5 x } ArcTanh [ b x
Vb x b x NEY

al/6 (31/3+21/3 (a—b xz) 1/3)

+ - +
2 . 22/3 ﬁ a5/6 \/F 6  22/3 35/6 W

Result (type 6, 162 leaves):

2 . 22/3 ﬁ 35/6 \/F 2 22/3 35/6 \/F

N W

)

1 1 3 bx? bx?
9axAppellFl[~, =, 1, -, —X, ——X] /[(a—bxz)l/3 (3a+bx?)
2 3 2 a 3a
1 1 3 bx? b x? 5 3 1 5 bx? b x?
9aAppellF1l[~, =, 1, =, —, - ——| +2bx? | -AppellF1[~, =, 2, =, ——, - —— | + AppellF1[~,
2 3 2 a 3a 2 3 2 a 3a
Problem 145: Result unnecessarily involves higher level functions.
1
J dx
(c—3dx2)1/3 (c+dx2)
Optimal (type 3, 204 leaves, 1step):
/e [¢22 (c3dx?)*) 3 /d 3 ArcTanh 2 d X
Ar‘cTan[JﬁCLX} ArcTan | i ] Ar‘cTanh[LﬁQ] V3 [cl/G (227 (c3ax7) ) ]
+ - +
2 . 22/3 CS/GH 2 22/3 CS/sﬁ 2 22/3\/?c5/6ﬁ 2 . 22/3 CS/GH
Result (type 6, 156 leaves):
1 1 3 3dx? dx?
3cxAppellFl|—, —, 1, -, X s ——X] /[(C—3dX2>1/3 (c+dx?)
2 3 2 C C
11 3 3dx?  dx? , 3.1 5 3dx? dx? 3
3cAppellFi[~, =, 1, =, , - —— | +2dx? |-AppellFi[ =, =, 2, =, , ——| +AppellF1[ -
2 3 2 C C 2 3 2 C C 2

4 5 3dx? dx?
) 1: R >
3 2
5 bx? b x2
F) 1) N _—}
2 a 3a
4 5 3dx?
e 1: NE) >
3 2
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Problem 146: Result unnecessarily involves higher level functions.

J(l—xz)l/13 (3+x?) o

Optimal (type 3, 113 leaves, 1step):

V3 1-21/3 (17)(2)1/3 ArcTanh X
Ar‘cTan[AXE] ) ArcTan | ( - ) _ ArcTanh [x] ) rctan [1+21/3 (17)(2)1/3]
2 2234/3 2 22343 6 2%/3 22%3
Result (type 6, 118 leaves):
11 3, X
- 9xAppe11F1[f, -1, —, x5, _7] /
273 2 3
1 1 3 2 3 1 5 2 3 4 5 2
((1—x2>1/3 (3+x%) |-9AppellF1[—, =, 1, =, X%, —X—] +2x? [AppellFl|[ =, =, 2, =, X2, —X—] - AppellFl][ =, —, 1, =, X2, —X—] )]]
23 2 3 273 2 3 273 2 3
Problem 147: Result unnecessarily involves higher level functions.
1
J dx
(3—x2) (1+x2)1/3
Optimal (type 3, 109 leaves, 1step):
_x \/? 1.21/3 (142 1/3
ArcTan [x] Ar‘cTan[hzm (1+X2>1/3] ArcTanh[3XE] ArcTanh | ( X( <) )]
_ N _ _
6 2%/3 2. 2%/3 2 22343 2 223./3
Result (type 6, 124 leaves):
11 3, %
- | |9xAppellF1[ =, =, 1, =, -x*, —] /
273 2 3
11 2 1 2 4 2
((—3+x2) (1+x2)13 [9Appe11F1[—, 1,2, e, X—] +2x? AppellFl[i, 12,2, e, X—] —AppellFl[i, 1,2, o0, X—] )]]
273 2 3 273 2 3 273 2 3

Problem 148: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

3-X
J(lxz)l/3 (3+x2) o
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Optimal (type 3, 96 leaves, 1step):

2/3 (1.x)2/3
ﬁAr‘cTan[%—ﬁ] Log[3+x?| 3Log[2!? (1—x)1/3+(1+x)2/3}
- - +

22/3 2 22/3 2 22/3

Result (type 6, 203 leaves):

1 1 1 3, X
3x | |9AppellF1[=, =, 1, =, x%, - —] /
(1-x2)Y2 (3+x?) 2 3 2 3
1 1 3, X2 R 3 1 5 , X 3 4 5 , X
9AppellFl|[ =, =, 1, =, x?, - —| +2x? | -AppellF1[ =, =, 2, =, x?, - —] +AppellF1| =, —, 1, =, x%, - —| || +
273 2 3 203 2 3 273 2 3
1 , X2
x AppellF1[1, =, 1, 2, X3, - —| /
3 3
1 5 x2 5 1 5 x2 4 5 x2
-6 AppellF1(1, —, 1, 2, x*, - —| +x* |AppellF1[2, —, 2, 3, x*, - —| - AppellF1[2, —, 1, 3, x*, - —|
3 3 3 3 3 3

Problem 149: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

3+ X
J dx
(1—x2)1/3 (3+x2)

Optimal (type 3, 95leaves, 1step):

2/3 (1_y\2/3
\/?Ar‘cTan{%— %‘(ﬁ)ﬁ] Log[3+x?] 3Log| (1—x>2/3+21/3 <1+x)1/3]
. _

22/3 2 22/3 2 22/3

Result (type 6, 203 leaves):

1 11 3, X
3x | |9AppellFl[ =, =, 1, =, x*, - —] /
(1-x2)*? (3+x?) 2" 3 2 3
11 3, X ) 3.1 5 , X 3 4 5 , X
9AppellFl|—, =, 1, =, x*, - —| +2x? | -AppellF1[ =, =, 2, =, x*, - —| +AppellF1|[ =, —, 1, =, x*, - —] || +

23 2 3 2 3 2 3 23 2 3

1 , x2
x AppellF1[1, =, 1, 2, X3, - —| /

3 3

1 , X2 5 1 , X2 4 , X
6 AppellF1[1, —, 1, 2, x?, - —| +x? | -AppellF1[2, —, 2, 3, x?, - —| +AppellF1[2, —, 1, 3, x?, - —|
3 3 3 3 3 3
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Problem 150: Result unnecessarily involves higher level functions.

= dx
(a+bx2)1/3 (%+dx2)

Optimal (type 3, 151 leaves, 1step):

b x al/y3—(a+b Xz>1/3 2 \/?Tal/s (al/"3—(a+bx2)1/3)
\/FAr‘cTan[Lsﬁ] ) Vb ArcTan| — ] ) Vb ArcTanh]| o
12a°/¢d 12a°/¢d 4-/3 a5/6d
Result (type 6, 169 leaves):
11 3 bx2 bx?
[27abeppellF1[—, =,1, &, ——X, 2 ] /[d (a+bx2)1/3 (9a+bx?)
2 3 2 a 9a
1 1 3 b x? b x? 5 3 1 5 b x? b x? 3 4 5 b x? b x?
27 aMppellFl|~, =, 1, =, - ——, - ——| -2bx? |AppellF1[ =, =, 2, =, - ——, - | +3AppellF1[ =, —, 1, =, - ——, - —|
2 3 2 a 9a 2 3 2 a 9a 2 3 2 a 9a
Problem 151: Result unnecessarily involves higher level functions.
1
dx
J(abxz)lﬂ (79ad +dX2)
b
Optimal (type 3, 153 leaves, 1step):
\/3 al/e (31/3—(a—b xz)l/g) B x al/é—(a—b Xz)l/’s 2
) \/FAr‘cTan[ o ] ) \/FAr‘cTanh[L_jﬁ} ) \/FAr‘cTanh[J—L3‘_ﬂl/6\/Fx
4+/3 a56d 12a%/¢d 12a°/6d
Result (type 6, 167 leaves):
11 3 bx2 bx?
([27abeppe11F1[—, 1, 2, 2K —X] /(d (a-bx2)*? (9a-bx?)
2 3 2 a  9a
1 1 3 bx? bx? 5 3 1 5 bx? bx? 3 4 5 bx? bx?
27 aAppellFl|—, =, 1, =, —, | +2bx? |AppellF1[ =, =, 2, =, —, | +3AppellF1[=, —, 1, =, —, —]
2 3 2 a 9a 2 3 2 a 9a 2 3 2 a 9a

Problem 152: Result unnecessarily involves higher level functions.

1
J\(—a+bx2>1/3 (—gad +dx2> o

b
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Optimal (type 3, 151 leaves, 1step):

\/?al//s (air’/3+(—a+b X2>1/3) b al/3+(—a+b Xz)l’/3 2
Vb ArcTan| o ] ) WAr‘cTanh[LBHX} ) WAr-cTanh[l—)—“l/eﬁx ]
4~/3 a5/6 ¢ 12 a%/6d 12 a°/6d

Result (type 6, 168 leaves):

11 3 bx? bx?
—([27abeppellF1[—, =,1, &, X s —X] /[d (9a-bx?) (—a+bx2)1/3
2 3 2 a 9a
1 1 3 bx?2 bx? ) 3 1 5 bx? bx? 3 4
27 aAppellFl|~, =, 1, =, , — | +2bx? |AppellF1| =, =, 2, =, —, —| + 3 AppellFi[—~, —
273 2" a 9a 23 2" a 9a 23
Problem 153: Result unnecessarily involves higher level functions.
1
dx
J(abx2)1/3 (m+dx2)
b
Optimal (type 3, 153 leaves, 1step):
B x ArcT al//3+(—a—b Xz>1/3 2 ArcTanh \/?al//ﬁ (al/’/3+(—a—bx2)1/3)
_\/FAr‘cTan[L3ﬁ} ) b Arc an[j—Laal/sﬁx ] ) Vb ArcTanh]| N
12a%/%d 12a%%d 4+/3 a%/6d
Result (type 6, 172 leaves):
1 3 bx2 bx?
[27abeppellF1[—, 1, 2,2 7—X] / [d (-a-bx?)*? (9a+bx?)
2 3 2 a 9a
1 1 3 b x2 b x? 5 3 1 5 b x2 b x? 3
27 aAppellFl|—, =, 1, —, - , - ——] -2bx? |AppellFi[ =, =, 2, =, - , - | +3AppellFi[ =,
2 3 2 a 9a 2 3 2 a 9a 2

Problem 154: Result unnecessarily involves higher level functions.

1 dx
(2+bX2)1/3 (%erxz)

Optimal (type 3, 151 leaves, 1step):

/: /' 2 7, . /r
A/b x 21/37(2+b xz>1,3) 21/6 3" (21/37(2”))(2)1,3)
\/FAr‘cTan[Bﬁ] ) WAr‘cTan[ T ] ) \/FAr‘cTanh[ o ]

12 25/6d 12 25/6d 4 25/64/3 d




Result (type 6, 148 leaves):

1 1 3 b x2 b x2
—([27beppellF1[, =1, =, -, -] / [d (2+bx2)1/3 (18 +bx?)
273 2 18
1 3 b x2 b x?2 5 3 1 5 b x?2 b x?2 3
-27 AppellFl| =, —=, 1, =, - —, - | +bx? |AppellFl[ =, =, 2, =, - ——, - ——| + 3 AppellF1[
2 2 18 203 2 2 18 2

Problem 155: Result unnecessarily involves higher level functions.

J

Optimal (type 3, 147 leaves, 1step):

1
(—2+bX2>1/3 (7%+dxz)

dx

25 /3 (2v3% (-2+b2) ) B x 212, (~2:bx2)¥3)”
\/FAr‘cTan[ o } ) \EAPCTanh[Bﬁ} 7 \/FAr‘cTanh[ R }
4 25/6+/3 d 12 25/6d 12 2%/6d

Result (type 6, 148 leaves):

11 3 bx? bx?
[27beppe11F1[—, 21, 2,2 —X] / d(-18+bx?) (~2+bx?)"?

2" 3 2 18

11 3 bx? bx? 5 3.1 5 bx* bx? 3 4 5

27 AppellF1[~, =, 1, =, —, —— ] +bx? |AppellF1[ =, =, 2, =, ——, ——] + 3 AppellF1[ =, —
273 27 2 18 2" 3 27 2 18 2" 3 2
Problem 156: Result unnecessarily involves higher level functions.
1
J dx
<2+3X2)1/3 (6d+dx2>
Optimal (type 3, 123 leaves, 1step):
21/3_ (2,3 x2)1/3 2 1/6 (91/3_ (5,3 x2)1/3

Ar‘cTan[%] ) ArcTan | ; 2(1/6%?))( ) Ar‘cTanh[Z (2 12 3%
4. 2%6+/3 d 4 25/64[3 d 4 2564
Result (type 6, 136 leaves):

11 3 3x2 2
-( 9xAppellFi[=, =, 1, =, - 2, - %] /[d (6+x2) (2+3x2)3

2" 3 2 6

1 3 3 x2 x? 5 3 1 5 3 x2 x2 3 4
-9 AppellF1[ =, =, 1, =, - ——, - —| +x? |AppellF1[ =, =, 2, =, - =, - =] +3AppellF1] =, —, 1,
2" 3 2 2 6 2" 3 2 2 6 273

3

4 5 b x2

) 1) T T T *—]
3 2 2

bx? bx?

) 1: ) 7]

2 18

5 3 x? X2

T T T *7]

2 2 6
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Problem 157: Result unnecessarily involves higher level functions.

J ! dx
(2—3x2)1/3 (—6d+dx2)

Optimal (type 3, 123 leaves, 1step):

ArcTan | ( . ) ] ArcTanh| ﬁ] ArcTanh | s ]
- - +
4 . 25/6( 4. 256./3 d 4 25/6+/3 ¢

Result (type 6, 136 leaves):

1 1 3 3x% x?
9xAppellF1[ =, =, 1, =, —, —| /
2" 3 2° 2 6
1 1/3 ) 1 1 3 3x2 x? 5 3 1 5 3x2 x? 3
d(2-3x%)"° (-6+x*) |9AppellF1|—, =, 1, =, —, —] +x* [AppellF1[ =, =, 2, =, —, —| + 3 AppellF1| -,
2" 3 2" 2 6 2" 3 2° 2 " 6 2
Problem 158: Result unnecessarily involves higher level functions.
1
J dx
(—2+3X2)1/3 <—6d+dX2>
Optimal (type 3, 119leaves, 1step):
25 (2134 (-2:3%2) ) x 2124 (~2432) )"
ArcTan| - ] ) ArcTanh | ﬁ] ) ArcTanh | ST
4.2°¢d 4 256+/3 d 4 25/64/3 d
Result (type 6, 136 leaves):
1 1 3 3x? x?
9xAppellF1[ =, =, 1, =, —, —| /
2" 3 27 2 " 6
5 51173 11 3 3x2 x? 5 3.1 5 3x? x? 3
d(-6+x*) (-2+3x%) 9AppellFl[~, =, 1, =, =, —| +x® |AppellF1[ =, =, 2, =, =——, —| + 3 AppellF1| -,
273 27 2 6 2" 3 2° 2 6 2

Problem 159: Result unnecessarily involves higher level functions.

J 1 dx
(—2—3x2)1/3 <6d+dx2)

Optimal (type 3, 119leaves, 1step):
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2134 (-2-3x2)Y2)° 216 (2134 (—2-3x2)Y/3
Ar‘cTan[%} ArcTan | vy, ArcTanh | ( (X <))
- - +
4 256./3 d 4 25/6+/3 d 4 25/6(d

Result (type 6, 136 leaves):

1 1 2 2
( 9x AppellF1[=, =, 1, 2,3, -2 / [d (-2-3x%)"° (6+x2)
2" 3 2 2 6
11 3 3 x2 X2 5 3 1 5 3 x? x2 3 4 5 3 x? X2
-9 AppellF1[ =, =, 1, =, - ——, - —| +x? |AppellF1[ =, =, 2, =, - =——, - —] +3AppellF1|~, —, 1, =, - ——, - —]
273 2 2 6 23 2 2 6 23 2 2 6
Problem 160: Result unnecessarily involves higher level functions.
1
J dx
(1+x2)1/3 (9+x2)
Optimal (type 3, 70leaves, 1step):
1 . 1 (17 (1+x2)1/3)2 Ar‘cTanh[ﬁ )
— ArcTan[ =] + — ArcTan| | - %
12 37 12 3 x 43
Result (type 6, 124 leaves):
2
_( 27xAppe11F1[£, 11,2, e, -X] /((1+x2)1/3 (9+x?)
23 2 9
11 3 x2 3 1 5 x2 3 4 5 x2
(-27Appe11F1[—, =, 1, =, -x%, - =] +2x? |AppellF1[ =, =, 2, =, -x?, - —] +3AppellF1[ =, —, 1, =, -x?, - —| ] ]
23 2 9 273 2 9 23 2 9

Problem 161: Result unnecessarily involves higher level functions.

J 1 dx
<1+bX2)1/3 (9+bX2>

Optimal (type 3, 104 leaves, 1step):
Ar‘cTan[l%} Ar‘cTan[l—)—li(hbxzw3 } Ar‘cTanh[—(—M 17(1+bxz)1/3]

. 3+/b x ~ Vb x
12+b 12/b 4-/3 /b

Result (type 6, 137 leaves):
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1 1 3 b x2
~| |27 xAppellF1[ =, =, 1, =, -bx?, })/ [<1+bx2)1/3 (9+bx?)
2 3 2 9
11 3 , bx? 5 3.1 5 , bx? 3
-27 AppellFl| =, =, 1, =, -bx?, - ——] +2bx? |AppellF1[ =, =, 2, =, -bx?, - ——| + 3 AppellF1| —,
2 3 2 9 2 3 2 9 2

Problem 162: Result unnecessarily involves higher level functions.

o™

Optimal (type 3, 74 leaves, 1 step):

(1_y2)1/3
Ar‘cTan[ﬁ L (1) ] 1 « 1 (17 (17)(2)1/3)2
% + — ArcTanh|[ =] - — ArcTanh| ]
INED 12 37 12 3x
Result (type 6, 125leaves):
1 “1+x\V3 [ 14x\1/3 2 1 1 5 4 2 —1+x\13 (1+x)\1/3 2
( ) ( AppellFl[—, =, =, =, - , - - ( [ ) AppellF1[—
4(1_)(2)1/3 -3+x -3+x 3 3 3 3 -3+x -3+x 3+X 3+X 3

Problem 166: Result unnecessarily involves imaginary or complex numbers.
J(a+bx2)3/2x/c+dx2 dx

Optimal (type 4, 328 leaves, 6 steps):
<7aC*ZZ—CZ+%)XVa+bX2 2 (bc-3ad)xVa+bx* Vcrdx? bxvVa+bx? (c+dx?)??

C

- + +
15/ c + d x? 15d 5d
Ve (2 b2c?-7abcd-3a? dz) Vva+bx? EllipticE[Ar‘cTan[%], 1- Z—Z] c3/2 (bc—9ad) Va+bx? EllipticF[Ar‘cTan[%], 1- 27;]
C
15 b d3/2 LEﬁx?\/c+dx2 15 d3/2 LEM%\/CerXZ
a (c+d x? a (c+d x?

Result (type 4, 243 leaves):
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2 2
de(a+bx2) (c+dx?) (6ad+b(c+3dx2))—jc(—2b2c2+7abcd+3a2d2)\/1+bx \/1+dx EllipticE[i ArcSinh| Ex},‘;—d]_
\| a a c \| a c

2 2
bx \/1+dx E1lipticF[i ArcSinh | Ex],:—d] / 15 |2 @ faibx Jerdn
a C a

21ic (b2c24abcd+3a2d2)\/1+
a C

Problem 167: Result unnecessarily involves imaginary or complex numbers

J\/a+bx2 \/c+dx2 dx
Optimal (type 4, 249 leaves, 5steps):

b d \ b x2
( cra )X arox ! \/a+bx2 \/c+dx2

+ — X
3b+/c+dx? 3
e (bc+ad) Va+bx? EllipticE| Ar‘cTan[L}, l—zf;} 2c32+/a+bx? ElllpthF[Ar‘cTan[L], 1—%]
C
.
3b-/d ,ca+zx2 Ve +dx? 3+/d ,ca+2x2 Ve +dx?
a(c X a (cC X
Result (type 4, 198 leaves):
b b x2 d x? b ad
|2 dx (a+bx?) <c+dx2)—ic<bc+ad)\/1+ . \/1+ . EllipticE[i Arcsinh| |- x|, 27 -
a a c a bc

2 2
c(bc+ad)\/1+bx \/1+dx EllipticF[i ArcSinh| Ex],zi] / 3 Ed\/a+bx2 \/c:erx2
a c a

a C

Problem 169: Result unnecessarily involves imaginary or complex numbers

a+bx2)?

me ax

Optimal (type 4, 84 leaves, 1step):
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\Jc+dx? EllipticE [Ar‘cTan[%] ,1-24]
a

bc

rrm a (c+dx?)

c (a+b xz)

Result (type 4, 133 leaves):

1+K 1+—

ElllptlcE nAr‘cSmh[f ] } Elllp’uCF[J1 Ar‘cSlnh{\/?X},%]]

b

a

X (c+dx2 +

ava+rbx? vc+dx?

Problem 170: Result unnecessarily involves imaginary or complex numbers.
J Ve+dx?
(

)5/2

dx
a+bx?

Optimal (type 4, 237 leaves, 4 steps):
N (2bc-ad) Vc+dx? EllipticE[Ar‘cTan[%}, 1—%] c32+/d Va+bx? EllipticF[Ar‘cTan[%], 1—b—c]

a ad
32 N
3a(a+bx? 2 2
( ) 3a%24/b (bc-ad) Va+bx? LEC“:—XZ)L 3a% (bc-ad) LE%‘)L\/CerXZ
C [a+D X a(c+dax

Result (type 4, 243 leaves):

/ 2 2
Ex(c+dx2> (2a?d-2b’cx?’+ab (-3c+dx?)) +ic (-2bc+ad) (a+bx2)\/1+bx \/1+dx EllipticE[i ArcSinh| Ex],:—d]—
a a c a c
2 2
2ic(-bc+ad) (a+bx?) \/1+bx \/1+dx EllipticF[i ArcSinh| b x|, :i] / 3a’ b (-bc+ad) (a+bx2)3/2x/c+dx2
a c \ a c \/a

Problem 171: Result unnecessarily involves imaginary or complex numbers.
J Ve+dx?
<

a+bx2)7

dx

Optimal (type 4, 309 leaves, 5 steps):
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</ a bc
+ _

. . /b x ad
3 Abc-3ad a2 (8b2c?-13abcd+3a*d?) Vc+dx? EllipticE[ArcTan| ], 1-24]
x\c+dx . (4bc-3ad) xVc+dx

5/2 3/2
5a(a+bx?)”? 15a% (bc-ad) (a+bx?)* 15a5/2\/F(bcfad)2m a (cedx?)

c (a+bx?)

2¢2+/d (2bc-3ad)Va+bx? EllipticF[ArcTan[@}, 1- 9]

Nra ad

15 a3 (bc—ad)2 clabX) a2

a (c+dx?)

Result (type 4, 285leaves):
1

15a3\/E (bc—ad)2 (a+bx2)5/2\/c+dx2

b x(c+dx2) (Sa2 (bc—ad)2+a(—bc+ad) (—4bc+3ad) (a+bx2)+(8b2 2—13abcd+3a2d2) (a+bx2>2)+
\/a

b x? d x?
ic(a+bx2>2\/1+ \/1+
a C

(8b>c*-13abcd+3a”*d®) E1lipticE|i ArcSinh| b x|,
\/ a

ad
bc

ad
bc

| +(-8b>c®+17abcd-9a®d?) EllipticF[i ArcSinh| e x|, ]
\| a

Problem 172: Result unnecessarily involves imaginary or complex numbers.

J(a+bx2)3/2 (c+dx2)3/2dlx

Optimal (type 4, 410 leaves, 7 steps):
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2(bc+ad) (b2c2—6abcd+a2d2)xx/a+bx2 1 bc2 2a2d 2<4bc—ad)x(a+bx2)3’/2\/c+dx2

- +(9ac+ - x\/a+bx2 \/c+dx2+ +
35b2d/c+dx? 35 d b 35b

dx<a+bx2)5/2m+2ﬁ<bc+ad> (b2c2—6abcd+a2d2) va+bx? EllipticE[Ar‘cTan[%], 1—:%1} )

7b

35p2 g3/2 [ clabx) \/c+dx2

a (c+dx?)

c*?2 (b>c2-18abcd+a2d?) Va+bx? EllipticF[Ar‘cTan[l@], 1- 8¢

Nra ad

35p 32 | SlabX] Sege

a (c+dx?)

Result (type 4, 302 leaves):

! ® dx (a+bx?) (c+dx?) (a®d*+abd (17c+8dx*) +b® (®+8cdx®>+5d*x*)) +

a
35b IE d2vVa+bx? vc+dx?

b x2 d x? b ad
2ic(b>’c?-5ab’c?d-5a’bcd*+a’d’) [1+ 1+ EllipticE[i ArcSinh|[ | = x|, —] -
a C a bc
b x? d x? b ad
c(2b*c®-11ab’c*d+8a’bcd*+a*d’) [1+ 1+ EllipticF[i ArcSinh[ | = x|, —]
a C a bc

Problem 173: Result unnecessarily involves imaginary or complex numbers.
Jxla+bx2 (c+dx2)3/2dlx

Optimal (type 4, 336 leaves, 6 steps):
(3b?c2+7abcd-2a2d?) x\a+bx? 2(3bc—ad)xx/a+bx2 Ve +dx2 dx(a+bx2)3/2\/c+dx2

+ + -
15b2 /¢ +d x? 15b 5b
Ve (3b2c2+7abcd-2a2d?) Va+bx? EllipticE[Ar‘cTan[%], 1- :—;] c*2 (9bc-ad) Va+bx?* EllipticF| Ar‘cTan[L], 1- :—;]
C C

+

15b2v7/;—2%x;L Verdx2 15bv—/”*zx Verdx2
c+ax C X

Result (type 4, 246 leaves):
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2 2
de(a+bx2) (c+dx®) (6bc+ad+3bdx*) +ic (-3b? 2—7abcd+2a2d2)\/1+bx \/1+dx EllipticE[i ArcSinh| EX]:ZJ]—
a a C a C
2 2
I'Lc(3b2c2+2abcd+a2d2)\/1+bx \/1+dx E1lipticF [i Arcsinh| | 2 x],Z—d} / 156 |2 dfarbe \Jcrdx
a C a C a

Problem 174: Result unnecessarily involves imaginary or complex numbers.

(c+dx?)®?
e
Optimal (type 4, 273 leaves, 5steps):
2d (2bc-ad) xVa+bx? +dxx/a+bx2 Ve+dx?

dx

3b2+/c+dx? 3b
2+vc vd (2bc-ad) Va+bx? EllipticE[Ar‘cTan[@}, 1—:—;] c*? (3bc-ad) Va+bx? E111pt1cF[Ar‘cTan[L}, 1—:—:}
\/ C C
+
3 b2 c(a+3x2 v +dx? 3ab+/d ,ca+(tj)x2 Ve+dx?
a (c+d X a (c

Result (type 4, 199 leaves):

2 2
de(a+bx2) (c+dx2)+2i1c(—2bc+ad)\/1+bx \/1+dx EllipticE|i ArcSinh| Ex},ﬂ]—
a a ¢ a bc
2 2
c(bc+ad)\/1+bx \/1+dx EllipticF[i ArcSinh| Ex],zi] / 3b E\/a+bx2 \/c:erx2
a c \| a c \| a

Problem 175: Result unnecessarily involves imaginary or complex numbers.

dx

J(c+dx2)3/2

(a+bx2)3/2

Optimal (type 4, 267 leaves, 5 steps):
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d(bc-2ad)xvVa+bx? (bc-ad)xVc+dx?

- + +
abZ+/c+dx? ab+/a+bx?
Ve AJd (bc—2ad) Va+bx? EllipticE[Ar‘cTan[%}, l—gf;} c3/2+/d Va+bx? EllipticF[Ar‘cTan[%], 1—2*3]
C C
+
ab? | <Xl fomNE ab | clabXl g
a <c+d x2 a (c+d xz)

Result (type 4, 191 leaves):

) b x2 d x? Lo ) . b ad
-ic(-bc+2ad) [1+ 1+ EllipticE[iArcSinh| | = x|, —] +
a C a bc

2 2 3/2
(bc—ad) bx<c+dxz)_jc\/1+bx \/1+dx EllipticF[ler'cSinh[ Ex],ﬂ} /[ [ ] \/a+bx \/c+dxz}

a a C a bc

Problem 176: Result unnecessarily involves imaginary or complex numbers.

d 2\3/2
J(c+ x) i

(a+bx2)5/2

Optimal (type 4, 229 leaves, 4 steps):

(bc-ad) xVerdx2 ) 2 (bc+ad) Vec+dx? EllipticE[Ar‘cTan[%}, 1- ﬁ] c324/d Va+bx? EllipticF[Ar‘cTan[%], 1- ’;—;}

3ab (a+bx2)3/2

d 2 b x?
3a232b32/a+bx2 a[c+dx 3a2p | @] o
c a+bx2) a (c+dx?)

Result (type 4, 232 leaves):

/ 2 2
Ex(c+dx2> (a?d+2b’cx*+ab (3c+2dx*)) +2ic (bc+ad) (a+bx2)\/1+bx \/1+dx EllipticE[i ArcSinh| Ex},zfd]—
a a c a c

2 2 3/2
c(2bc+ad) (a+bx2)\/1+bx \/1+dx EllipticF i ArcSinh]| Ex],ﬂ] /(3a3(2) (a+bx2)3/2\/c+dx2
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Problem 177: Result unnecessarily involves imaginary or complex numbers.

dx

J(c+dx2)3/2

(a+bx2)7/2

Optimal (type 4, 315leaves, 5 steps):
(bc-ad) xVc+dx? 2 (2bc+ad)xVc+dx?
+

+

5ab(a+bx2>5/2 15a2b(a+bx2)3/2
(8b2c?-3abcd-2a?d?) x/c+dﬂ’EllipticE[Ar‘cTan[%], 1-24] 244 (4bc-ad)aibx EllipticF[ArcTan[%],l_:_;]
15 a5/2 p3/2 <bc—ad) VasbxZz |[2ledX) 15a3b(bc—ad) clabx] ST %2
c (a+bx2) a (c+d xz)

Result (type 4, 285leaves):

b x(c+dx2> (3a2 (bc—ad)2+2a (bc—ad) (2bc+ad> (a+bx2) + (8b2c2—3abcd—2a2d2) (a+bx2)2) -
\[ a

2 2
Jic(a+bx2)2\/1+bx \/1+dx
a c
(-8b>c®+3abcd+2a*d*) E1lipticE|i ArcSinh| b x|, Z—d]+(8b2 ?-7abcd-a’d*) EllipticF|i ArcSinh| e x|, Z—d] /
\| a c \ a c

3/2
(15a4[2] (bc—ad) <a+bx2)5/2x/c+dx2

a

Problem 178: Result unnecessarily involves imaginary or complex numbers.
j\/2+bx2 \/3+dx2 dx

Optimal (type 4, 235leaves, 5steps):
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(3b+2d) xV2+bx?
+7x\/2 b x2 \/3 d x?
3b/3+dx? 3

V2 (3b Zd) V2 +bx? EllipticE ArcTan[%}, 1—Q} 22 V2+bx? E111pt1cF Ar‘cTan[L} l—ﬂ}

3bd | 22 3 dx VE [ aa
+d X

Result (type 4, 127 leaves):

1

3+/b d

WX], 291 i3 (3b-24) EllipticF[jArcSinh[WX}, 24

J2  3b J2 o 3b

Vb dx+/2+4bx2 \/3+dx® —i+/3 (3b+2d) ELLlipticE[i ArcSinh|

Problem 191: Result unnecessarily involves imaginary or complex numbers.

o=

Optimal (type 4, 13leaves, 4 steps):

dx

-EllipticE[ArcSin[x], -1] + 2 EllipticF[ArcSin[x], -1]

Result (type 4, 12leaves):
-1 EllipticE[1 ArcSinh[x], -1]

Problem 192: Result unnecessarily involves imaginary or complex numbers.
1-x2
ji dx
V2+3x2
Optimal (type 4, 31leaves, 3steps):

5EllipticF [Ar‘cSin X1, - 3]
2 EllipticE [Ar‘csin [X], - 2

3
2 342
Result (type 4, 27 leaves):

i EllipticE[iArcSinh[ |2 x|, - 2]

V3



Problem 193: Result unnecessarily involves imaginary or complex numbers.

4 -x?
J e
V2+3x2
Optimal (type 4, 35leaves, 3 steps):

—E\EEllipticE[ArcSin[i], -6] + Z\EEllipticF[Ar‘cSin[i], -6]
3 2 3 2

Result (type 4, 27 leaves):

2 EllipticE[i Ar‘cSinh[\/E x|, - é]
_ 5

Problem 194: Result unnecessarily involves imaginary or complex numbers.

dx

j\/1—4x2
V2 +3x2

Optimal (type 4, 35leaves, 3 steps):

2 N _ 3, 11EllipticF[ArcSin(2x], - 2]
-—4/2 E111pt1cE[Ar‘c51n[2 x], 7_] i
3

8 62

Result (type 4, 27 leaves):

i EllipticE[i Ar‘cSinh[\/? x|, —%]
7 V3

Problem 195: Result unnecessarily involves imaginary or complex numbers.

dx

J\/1+X2
V2+3x2

Optimal (type 4, 131 leaves, 4 steps):
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x\2:3x V2 W2+ 3x? EllipticE[ArcTan(x], - 7] ) V2+3x? EllipticF[ArcTan(x], - ]
31+ x?

34/1+x2 | 22X V2 1 |

1+x? 1+x?

Result (type 4, 27 leaves):

i EllipticE[i Ar‘cSinh[\/E x|, 2]

_ NG

Problem 196: Result unnecessarily involves imaginary or complex numbers.
Va X
Ve
Optimal (type 4, 136 leaves, 4 steps):
xV213x2 ﬁmEllipticE[Ar‘cTan[ﬂ, -5] ZﬁmEllipticF[Ar‘cTan[f], -5]
- +

dx

3+/44 %2 2 .
o 3V 222 Vaod |z
Result (type 4, 27 leaves):

21 EllipticE[i Ar‘cSinh[\/? x|, 2]
_ YEx

Problem 197: Result unnecessarily involves imaginary or complex numbers.

Jm 4
V2+3x2

Optimal (type 4, 148 leaves, 4 steps):

X

s 5 5
4xV2:3x2 ] 22 \/2+3x? EllipticE[ArcTan[2x], g] V2 +3x? EllipticF [ArcTan([2x], g}

+

3v1+4x2
/ 3 |22 e 27 222 ek
+4 X X

Result (type 4, 27 leaves):




i EllipticE[i Ar‘cSinh[\/E x|, 2]

_ NG

Problem 199: Result unnecessarily involves imaginary or complex numbers.

dx

(a+bx2)7/2
e
Optimal (type 4, 423 leaves, 7 steps):

8 (bc-2ad) (6b2c?-11abcd+11a2d?) xVa+bx?

+

185d3 Ve +dx?
b (24b2c?-71abcd+71a%d?) xJa+bx? Vc+dx? 6b(bc-2ad)x (a+bx?)*?Vc+dx?
- +
105 d? 35d?

NI ad

bx<a+bx2)5/2m S\E<bc—2ad) (6b2c2—11abcd+11a2d2) Va+bx? EllipticE[Ar‘cTan[@],l—L‘]
+

7d .
105 d7/2 | LX) S Tge

a (c+dx?)

Ve (3bc-7ad) (8b>c2-11abcd+15a%d?) Va+bx? EllipticF[Ar‘cTan[l@}, 1-5¢]

N ad

105 d7/2 | £labX] S Tge

a (c+dx?)

Result (type 4, 321 leaves):
! b |2 dx (a+bx?) (c+dx?) (122a%d*+abd (-89c+66dx?) +3b? (8c?-6cdx?+5d>x*)) -

a
105 /5 d*Va+bx2 Vc+dx?

8ibc (-6b>c®+23ab’c®*d-33a’bcd®+22a%d®) |1+

b x? d x? L , . b ad
1+ ElllpthE[l Ar‘cSmh[ - x}, 7] -
a c a bc

b x2 d x? L . . b ad
1+ EllipticF[i ArcSinh| | = x|, —
a c a bc

i (48b%c*-208ab’c’d+353a’b?c*d*-298a’bcd®+105a%d?) |1+

]
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| 227
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Problem 200: Result unnecessarily involves imaginary or complex numbers.

(a+bx?)>?
e
Optimal (type 4, 344 leaves, 6 steps):

(8b2c?-23abcd+23a2d?) xVa+bx* 4b(bc-2ad)xvVa+bx? Vc+dx?

- +

dx

15d?+/ c + d x2 15 d?
2 2 2 42 2 st Vd x bc
bx(a+bx2)3/zm \/?(8b c?-23abcd+23a2d?) Va+bx® EllipticE[ArcTan| e },1—ad}
- +
5d

15g5/2 | clabX]  fge

a (c+dx?)

Ve (4b2c?-11abcd+15a2d?) Va+bx? EllipticF[Ar‘cTan[@], 1—b—c]

A/ c ad

15¢s/2 [ clabx?] \/c+dx2

a (c+dx?)

Result (type 4, 260 leaves):

b |2 dx(asbx?) (codx?) (-4bce1lad3bdx?) -
a
2 2
ibc (8b2c2—23abcd+23a2d2)\/1+bx Judx EllipticE i ArcSinh]| /E x|, Z—d}—
a C a C

b x? dx? b ad b
1'1(—8b3c3+27ab2czd—34a2bcd2+15a3d3)\/1+ J1+ EllipticF[i ArcSinh|[ [ = x|, —| / 15 |2 dJarbx? \Jcrdx
a a

a C bc

Problem 201: Result unnecessarily involves imaginary or complex numbers.

dx

J<a+bxz)3/2
Vve+dx?

Optimal (type 4, 260 leaves, 5 steps):



2(bc-2ad)xvVa+bx? bx+va+bx? Vc+dx2
+

+

3d+/c+dx? 3d
2+ ¢ (bc—Zad) Va+bx? EllipticE[Ar‘cTan[@}, 1- L‘] Ve (bc—3ad) Va+bx? EllipticF[Ar‘cTan[@]J 1- bfc]
N ad NS ad
332 | el e 32 | Clabll g
a (c+dx?) a (c+dx?)

Result (type 4, 216 leaves):

b ) b x? d x? L , . b ad
b | = dx (a+bx?) (c+dx2)—21bc(—bc+2ad)\/1+ \/1+ EllipticE[i ArcSinh| —x],b—}—
\ a a c \/a c

2 2
j(2b2c2—5abcd+3a2d2>\/1+bx \/1+dx EllipticF[i ArcSinh| Ex],i—d] / 3 Edz\/a+bx2 \/c+dx2
a c \| a c a

Problem 205: Result unnecessarily involves imaginary or complex numbers.

1
dx
J(a+bx2)5/2x/c+dx2
Optimal (type 4, 255 leaves, 4 steps):
bx/Crd@ ) 2b (bc-2ad) Vc+dx? EllipticE[Ar‘cTan[%], 1- ﬂ]

3a(bc-ad) (a+bx2>3/z 1 (bcfad)z\/m 2 (codx?)

c (a+bx?)

Ve /d (bc-3ad)Va+bx? EllipticF[ArcTan[%}, 1-2¢]
C

ad

3 a2 (bc—ad)2 clabx) ST a2

a (c+dx?)

Result (type 4, 261 leaves):
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b |2 x(cedx?) (-5a2d+2b2cx rab (3c-4dx)) -
a
2 2
2ibc(-bc+2ad) (a+bx2)\/1+bx Judx EllipticE[i ArcSinh| /9 x},Z—d]—j(szcz—Sabcd+3a2d2>
a C a C

2 2
(a+bx2>\/1+b: \/1+ch EllipticF[i ArcSinh| Sx},%] / 3 a? (bc—ad)z(a+bx2>3/2xlc+dx2

Problem 206: Result unnecessarily involves imaginary or complex numbers.

v |o

1
dx
J(a+bx2)7/2\/c+dx2

Optimal (type 4, 334 leaves, 5 steps):

P Vb x ad
bxVCrdxZ 4b<bc72ad)xm Vb (8b2c2-23abcd+23a2d?) \/c+dx? E111pt1cE[ArcTan[rX],1f
+

N
5/2 3/2
5a(bc-ad) (a+bx?) 15a% (bc-ad)? (a+bx2)* 15357 (b ad)®arbx® 2 (codx?)

c (a+bx?)

Ve W/d (4b?c2-11abcd+15a2d?) Va+bx? EllipticF[Ar‘cTan[m], 1-°2¢]

c ad

15 a3 (bc—ad)3 clabx) g %2

a (c+d x?)

Result (type 4, 301 leaves):

a



1

15 a3 /g (bc—ad)3 (a+bx2>5/2\/c+dx2

b b x(c+dx2) (3a2 (bc—ad>2+4a (bc—Zad) (bc—ad) (a+bx2)+(8b2 2—23abcd+23a2d2) (a+bx2>2>+

a

2 2
Ji(a+bx2)2 1+bX 1+dX bc (8b2c?-23abcd+23a®d?) E1lipticE[i ArcSinh| Ex],ﬂ]Jr
a C a bc
(-8b*>c®+27ab?c*d-34a’bcd”+15a° d®) E1lipticF[i ArcSinh| ° x|, :—d}
a c

Problem 207: Result unnecessarily involves imaginary or complex numbers.

dx

J(a+bx2)7/2

(c+dx2)3/2

Optimal (type 4, 445 leaves, 7 steps):
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(48b%c®-128ab?c?d+103a2bcd?-15a°d>) xVa+bx?  (bc-ad)x (a+bx?)>? b (24b2c?-43abcd+15a*d?) x/a+bx? Vc+dx?

15 cd®+c +d x? cd/c+dx?

b(6bc-5ad)x (a+bx2)3/2\/m (48b%c*-128ab2c2d+103a*bcd’-15a%d®) Va+bx? EllipticE[ArcTan[%], 1-2¢]

+

ad

5cd?

15~/c d7/2 [ <labXl ST

a (c+dx?)

bc (24b2c2-6labcd+45a%d?) Va+bx? EllipticF[Ar‘cTan[l@}, 1- b—“]

A c ad

15d7/2 | Slasbx] frge

<c+dx

Result (type 4, 318 leaves):

+
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1 b dx (a+bx2) (-45a2bcd2+15a3d3+ab2cd (61c+16dx2) -3b3¢ (8c2+2cdx2-d2x4)) +

a
15 lg cd*Va+bx2 Vecrdx?

; 3.3 2 2 2 2 3 43 bx dx? oticE [ : b ad
ibc (-48b°c®+128ab>c*d-103a*bcd’+15a°d®) [1+ 1+ EllipticE[iArcSinh|[ | = x], —] +
a c a bc
b x? dx? b ad
4ibc (12b>c*-38ab’c?d+41a’bcd’-15a%d’) [1+ 1+ EllipticF[iArcSinh|[ | = x], —|
a C a bc

Problem 208: Result unnecessarily involves imaginary or complex numbers.

b 2\5/2
jﬁ”x) x

(c +d XZ) 3/2

Optimal (type 4, 346 leaves, 6 steps):

(8b?c2-13abcd+3a2d?) x\a+bx? (bc—ad)x(a+bx2>3/2 b(4bc—3ad)xx/a+bx2 e+ dx?

- - + +
3cd?Vc+dx? cdvVc+dx? 3cd?
(8b2c2-13abcd+3a2d?) Va+bx? EllipticE[ArcTan[%}, 1-°¢] 2b+/c (2bc-3ad) Va+bx EllipticF[ArcTan[%], 1-0b<
C c
3+/c d5/2 clabX) S g X2 3gs/2 | <labX) fmne
a (c+dx?) a (c+dx?)

Result (type 4, 256 leaves):

b 2 2 42 2 2

— dx (a+bx®) (-6abcd+3a*d>+b’c (4c+dx*)) +

a

. - - b x? d x? L . . b ad

ibc(8b>c?-13abcd+3a’d’) |1+ 1+ EllipticE[i ArcSinh|[ | = x|, —] -

a [ a bc

2 2
ibc (8b*c*-17abcd+9a*d?) 1+bX 1+dX EllipticF[i ArcSinh| Ex},ﬂ] / 3 Ecd3\/a+bx2 \/c+dx2
a c a

Q
(op
g
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Problem 209: Result unnecessarily involves imaginary or complex numbers.

dx

J(a+bx2)3/2

(c+dx2)3/2

Optimal (type 4, 258 leaves, 5 steps):
(bc-ad) xVa+bx? (2bc-ad)xva+bx?
- +

cd+c+dx? cd/c+dx?
(2bc-ad) Va+bx? EllipticE[Ar‘cTan[@}, 1-2¢] b+c Va+bx? EllipticF[Ar‘cTan[@}, 1-5¢]
N ad NG ad
N
Ve gz [ Sl e @32 [ clabll e
a (c+dx?) a (c+d x?)

Result (type 4, 196 leaves):

, b x2 d x? o , . b ad
ibc(-2bc+ad) |1+ 1+ EllipticE[i ArcSinh|[ | = x], —] +
a C a bc
2 2
(-bc+ad) /de(amxz)-zjchubx \/1+dx EllipticF[iArcSinh[/Ex],:—d] / 12 cafaibe Jcran
a a c a c a

Problem 210: Result unnecessarily involves imaginary or complex numbers.
J* va+bx?
(

)3/2

dx
c+dx?

Optimal (type 4, 84 leaves, 1 step):
Va+bx? EllipticE[ArcTan| %] , 1<

ad

\/_\/_ C a+bx m

a (c+dx?)

Result (type 4, 136 leaves):

. a+bx2 \/7 [ 1+ [ElllptlcE nAr‘cSJ.nh{\/i },:‘:}—EllipticF[i Ar‘cSinh{J:T x},%}]

d
Vva+bx? Vc+dx?
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Problem 212: Result unnecessarily involves imaginary or complex numbers.

J ! dx
(a+bx2)3/2 (c+dx2>3’/2

Optimal (type 4, 242 leaves, 4 steps):
\d (bc+ad) Va+bx?* EllipticE [Ar‘cTan[l@} , 12

b x Nra ad
+ _
albc-ad)Va+bx? Vc+dx?
( ) Ja Ves avc (bc-ad)? :—E%ng—\/c+dx2
+d x

2b+/c \/d Va+bx? EllipticF[Ar‘cTan[%}, 1 b<]
C

ad

a (bc—ad)2 clabx) o Tdx2

a (c+dx?)

Result (type 4, 224 leaves):

2 2
b Ex(a2d2+abd2x2+b2c(c+dx2))+jbc<bc+ad)\/1+bx \/1+dx EllipticE[i ArcSinh| Ex],ﬂ}+
a a a c a bc

2 2
jbc(—bc+ad)\/1+bx \/1+dx EllipticF[i ArcSinh| EX]’ZJ} /[bc(bc—ad)z\/a+bx2 \/c+dx2
a c \/a c

Problem 213: Result unnecessarily involves imaginary or complex numbers.

J ! dx
(a+bx2)5/2 (c+dx2>3/2

Optimal (type 4, 323 leaves, 5steps):
b x 2b (bc-3ad) x

+ +

3a(bc-ad) (a+bx2>3/2\/c+dx2 3 a2 (bcfad)z\/a+bx2 e+ dx?

\/d_(2b2c2—7abcd—3a2d2) va+bx? EllipticE[Ar‘cTan[@],l—b—c] b\/?\/?(bc—Qad) va+bx? EllipticF[ArcTan[%],l—
c

NS ad
3a2\/?(bcfad>3 C—E%Xi))—\/c+dx2 3a2<bcfad)3 C—E%Xig—\/mrdxz
a (c+d X a(c+d X

Result (type 4, 337 leaves):



1

3 a2 /5 C (7bc+ad)3 (a+bx2)3/2\/c+dx2

b x (3a*d®>+6a’bd’x*-2b*c®x* (c+dx?) +a’b’d (8c?+8cdx*+3d*x*) +ab’c (-3c*+4cdx*+7d*x*)) +
\/a

2 2
ibc (-2b*c?+7abcd+3a?d?) (a+bx2)\/1+bx \/1+dx EllipticE[i ArcSinh| Ex],i—d]Jr
a c \| a c

2 2
2ibc (b2c-4abcd+3ald?) (a+bx2)\/1+bx Judx E1lipticF[i Arcsinh| | 2 x], :—d]
a C a C
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Problem 219: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

JA 1 d
X
Vi1-x2 V2+4x?

Optimal (type 4, 10leaves, 1step):
EllipticF[ArcSin([x], -2]

V2
Result (type 4, 58 leaves):

i V1-x2 \/1+2x? EllipticF[iArcSinh[V2 x], - 7]

2V1+x2-2x4

Problem 222: Result unnecessarily involves imaginary or complex numbers.

JA ! d
X
V1-x2 2+ x2

Optimal (type 4, 12leaves, 1step):
EllipticF[ArcSin[x], - %]

2
V2
Result (type 4, 18leaves):
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X
-1 EllipticF[i ArcSinh|[ —], -2]

V2

Problem 224: Result more than twice size of optimal antiderivative.

JA 1
dx
\/2—2x2 \/1—x2

Optimal (type 3, 8leaves, 2 steps):
ArcTanh[x]

V2

Result (type 3, 26 leaves):
%Log[l—x] - % Log[1+X]

_ NE3

Problem 228: Result unnecessarily involves imaginary or complex numbers.

X
\/ +X2'\/ +5X2

Optimal (type 4, 51leaves, 1step):
V2 +5x% EllipticF[ArcTan[x], - i}

14x2

Result (type 4, 19leaves):
i EllipticF[i ArcSinh[x], 3]

_ NE3

Problem 229: Result unnecessarily involves imaginary or complex numbers.

J ! dx
\/1 +x2 V2+14x?
Optimal (type 4, 49leaves, 1step):
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V1+2x? EllipticF[ArcTan[x], -1]

\/7 V1 + x2 12

1+x?

Result (type 4, 17 leaves):
i El1lipticF[i ArcSinh[x], 2]

7 N

Problem 230: Result unnecessarily involves imaginary or complex numbers.

1
J dx
V1+x2 V213x2

Optimal (type 4, 51leaves, 1step):
V/2+3x2 EllipticF[ArcTan(x], - %}

14x2

Result (type 4, 19leaves):
i El1lipticF [1'1 ArcSinh[x], %]

_ NE3

Problem 232: Result unnecessarily involves imaginary or complex numbers.

J\v\(] A/ !
X
+X2 +X2

Optimal (type 4, 47 leaves, 1step):
V2 +x? EllipticF|ArcTan(x], 7]

\/?\/lJrXZ 20

1+x2

Result (type 4, 19leaves):
i EllipticF[i ArcSinh[x], f]

_ NS
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Problem 233: Result unnecessarily involves imaginary or complex numbers.

1
dx
Optimal (type 4, 10leaves, 1 step):

EllipticF[ArcSin[L], -2]

V2

Result (type 4, 19 leaves):
i El1lipticF [1'1 ArcSinh[x], - %]

_ z

Problem 243: Result more than twice size of optimal antiderivative.

J ! d
X
V2-x2 V-1+x2

Optimal (type 4, 12leaves, 1step):

X
~EllipticF [ArcCos| —], 2|

V2
Result (type 4, 47 leaves):

1-x* [1-* EllipticF[ArcSin(x], ]

V-2+3x%-x*

Problem 248: Result unnecessarily involves imaginary or complex numbers.

J 1
dx
\/—1—x2 \/2+5x2

Optimal (type 4, 53 leaves, 1 step):
V2 +5x? EllipticF [Ar‘cTan [x], - %}

V2 Tl [ zse

1+x2

Result (type 4, 39 leaves):
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iV1+x? EllipticF[i ArcSinh[x], 3}
V2 V-1-x2

Problem 249: Result unnecessarily involves imaginary or complex numbers.

X
\/ X2 \/ +4 X2

Optimal (type 4, 51leaves, 1 step):
v1+2x? EllipticF[ArcTan[x], -1]

V2 A1 @ | m2e

1+x2

Result (type 4, 37 leaves):
i+1+x? EllipticF[i ArcSinh[x], 2]

. V2 A -1-x2

Problem 250: Result unnecessarily involves imaginary or complex numbers.

J 1 d
X
V-1-x2 \/2+3x2

Optimal (type 4, 53 leaves, 1 step):
V2 +3x? EllipticF[ArcTan[x], - %}

V2 1o [ 232

1+x2

Result (type 4, 39 leaves):
iV1+x?* EllipticF[i ArcSinh[x], %}

_ VTV

Problem 252: Result unnecessarily involves imaginary or complex numbers.

X
\/ X2 \/ XZ

Optimal (type 4, 49leaves, 1 step):
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V2+x? EllipticF[ArcTan(x], |

V2 A C1ox 20¢

1+x2

Result (type 4, 53 leaves):
iV1+x? +/2+x2 EllipticF[i ArcSinh(x], %]

\/?\/—(1+X2> (2+X2>

Problem 253: Result unnecessarily involves imaginary or complex numbers.

J ! dx
V-1-x2 A2-x2
Optimal (type 4, 31leaves, 2 steps):
V1 +x? EllipticF[ArcSin| G ], -2]
Result (type 4, 39 leaves):

i+1+x? EllipticF [1'1 ArcSinh[x], - i]

7 Ny

Problem 292: Result unnecessarily involves imaginary or complex numbers.

J\
X
\/4+X2 \/C‘FdXZ

Optimal (type 4, 61 leaves, 1step):
Ve+dx? EllipticF[ArcTan[%], 1- 24]

X 4d
2 C

cVa+x? cedx®

c (4+x?)

Result (type 4, 47 leaves):

. c+d x? PR . s x 4d
i el E111pt1cF[1Ar‘c51nh{2], -

Ve+dx?

—
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Problem 293: Result more than twice size of optimal antiderivative.

1
J dx
V1-x2 vV -1+2x2

Optimal (type 4, 6leaves, 1step):
-EllipticF [ArcCos[x], 2]

Result (type 4, 27 leaves):
V1-2x? EllipticF[ArcSin([x], 2]

Problem 301: Result unnecessarily involves higher level functions.

J(lzxz)'" i

1-x?

Optimal (type 5, 62 leaves, ? steps):

2°2m~/x2 (2 -4x2)"" Hypergeometric2F1 | %, 1;'“ s 3*7"', (1-2x%)?]

(1+m) x

Result (type 6, 122 leaves):

3x (1—2x2>mAppe11F1[l, -m, 1, E, 2x2, x2|
2

2 2 /
=

1 1 3
3AppellFl|—, -m, =, =, 2x%, x?] + x?
2 2 2

3 1
—4mAppellF1[—, 1-m, —,
2 2

N U

3 3 5
, 2x%, x?| + AppellF1[ =, -m, =, =, 2x?, x?
2 2 2

Problem 304: Result unnecessarily involves higher level functions.

J 1 dx
<2+3x2)1/4 (4+3x%)

Optimal (type 3, 129 leaves, 1step):

Ar‘cTan[2 2/42.2Y1 2435 ] Ar‘cTanh[2 2/-2x20 2432 ]

2+/3 x (243x2)Y* 243 x (2:3x2)Y*

2 2344/3 _ 2 2344/3
Result (type 6, 135leaves):
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1 1 2 2
4xAppellfF1[=, =, 1, =, 73—)(, 73—)(] /((2+3x M4 (a4 3%
2 4 2 2 4
1 1 3 3x2 3x? 3 1 5 3x2 3 5 5 3x2  3x?
~4MppellFl[~, =, 1, =, - ——, - =] +x? |2AppellF1| =, =, 2, =, - =, - ——| +AppellF1[~, =, 1, =, - —, - —]
2 4 2 2 4 2 4 2 2 4 2 2 4
Problem 305: Result unnecessarily involves higher level functions.
1
J dx
(2-3x2)Y* (a-3x?)
Optimal (type 3, 120 leaves, 1step):
ArcTan[Lz’ﬁ 2:3x -] ArcTanh[Lpﬁ 2:3x -]
21443 x (2,3)(2)1/4 21443 x (273)(2)1/4
+
223443 2 2344/3
Result (type 6, 135leaves):
1 3 3x2 3
—( 4xAppellFl|—, =, 1, =, —X, X ] /((2—3x2>1/4 (-4+3x%)
2 20 2 4
1 1 3 3x2 3x? 3 1 5 3x2 3x? 3 5 5 3x2 3x?
(4Appe11F1[ =1, s, e, [2Appe11F1[ =,2, =, ——, —| +AppellF1[ =, =, 1, =, —, —] ])]
27 4 20 2 4 27 4 20 2 4 2 4 20 2 4
Problem 306: Result unnecessarily involves higher level functions.
1
J dx
<2+bX2)1/4 (4+bX2>
Optimal (type 3, 129leaves, 1step):
Ar‘cTan[z 23/442.21/4 /2+b/x2 } Ar‘cTanh[z 23/4-2 21/4x/2+b/x2 }
2\/F><<2+bx2)1/4 mex(bbxz)l/4
2 2244/b 2 2344/b
Result (type 6, 144 leaves):
1 2 2
( 12 x AppellFl[ =, =, 1, 3, 7b—x, 7b—x] /((2+bx2)1/4 (4+bx?)
2" 4 2 2 4
11 3 bx2  bx? 5 3.1 5 bx? x2 3 5 5 bx2 bx?
-12AppellF1|~, =, 1, =, -——, - —— | +bx? [2AppellF1| =, =, 2, =, - ——, - —— | +AppellF1[~, =, 1, =, - ——, - —]
2 4 2 2 4 2 4 2 2 4 2 4 2 2 4
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Problem 307: Result unnecessarily involves higher level functions.

J 1 dx
(2-bx?)Y* (4-bx?)

Optimal (type 3, 124 leaves, 1step):
ArcTan[Lz’ﬁ 2-bx2 } Ar‘cTanh[Lpﬁ 2:bx }

21/4/b x (2-bx2)¥* 2Y/4\/b x (2-bx2)"/*
+

2 2244/b 2 2244b
Result (type 6, 145leaves):

3 bx? bx?

1
—( 12xAppellFl|—, ~, 1, =, —, —| /[(Z—bxz)l/4 (-4+bx?)
24 20 2 4
1 1 3 bx?> bx? 5 3 1 5 bx? bx? 3 5 5 bx?> bx?
12 AppellFi[ =, =, 1, =, —, | +bx? [2AppellF1[ =, =, 2, =, , | +AppellF1|[ =, =, 1, =, —, —| )]]
2 4 20 2 4 2 4 20 2 2 4 20 2 4
Problem 308: Result unnecessarily involves higher level functions.
1
J dx
(a+3x2)1/4 (2a+3x?)
Optimal (type 3, 120leaves, 1step):
[aa2 [132
a3/4 1+\43+:< ] a3/4 17\/afix ]
ArcTan| —————-] ArcTanh| ———=—"]
\Ex(a+3xz)1/4 \Ex(a+3x2)1/4
2+/3 a¥/4 2+/3 a3/
Result (type 6, 155leaves):
1 1 3 3x2 3x2
—( 2axAppellFl|—, ~, 1, -, ——X, ——X] / ((a+3x2>1/4 (2a+3x%)
2 4 2 a 2a
1 1 3 3 x2 3 x2 5 3 1 5 3 x? 3 x2 3 5 5 3 x2 3 x2
~2afppellFl|~, =, 1, =, - ——, - | +x% |2AppellF1][ =, =, 2, =, - —, - | +AppellF1[ =, =, 1, =, - —, - —]
2 4 2 a 2a 2 4 2 a 2a 2 4 2 a 2a

Problem 309: Result unnecessarily involves higher level functions.

J 1 dx
(a—:-!xz)l/4 (2a-3x2)
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Optimal (type 3, 120leaves, 1step):

23/4 17\‘%3)(2 ] az//A {1+Va—3xz ]
- -
Ar‘cTan[%] Ar‘cTanh[%]
V3 x (a—3x2)1/4 V3 x (a—3x2)1’4
+
2+/3 a¥/4 2+/3 a3/4

Result (type 6, 155leaves):
1 1 3 3x%> 3x?

- ||2axAppellF1|~, =, 1, =, —, —| /
2 4 2" a 2a

3 3x? ﬁ

)11 e >

1
4 2 a 2a

(a-3x2)"* (~2a+3x?)

5 3x2 3x? 3
y 2,y ey ] +AppellF1[£,

1
2 AppellFl| =, ~
4 2 a 2a

B

, }er2

N W

(2 a AppellF1l [

N |

Problem 310: Result unnecessarily involves higher level functions.

J 1 dx
(a+bx2)1/4 (2a+bx2)

Optimal (type 3, 120leaves, 1step):

3/4 p_Yerbx

=

[ ,

a 1+ﬂ] 33/4
—

Ar‘cTan[g\‘a—/} Ar‘cTanh[ :
Vb x (a+bxz)1’4 Vb x (a+bx2)1/4

2a34+/b 2a34+/b

—
[a

]

Result (type 6, 165leaves):
1 3 b x? b x?
) 1) T T T *_]
4 2

1
6 a x AppellF1|
a 2a

2

/((a+bx2>1/4 (22+b5)

3

5 bx? bx?
32, =, - y } +Appe11F1[
2 a 2a

3 bx*? bx? 5
) 1) T T T _7} -bx

1
= 2 AppellF1]
4 2 a 2a

B )

N W
N W

1 1 5
(6 aAppellFl[—, e 2
2 4 4

Problem 311: Result unnecessarily involves higher level functions.

J ! dx
(a—bxz)l/4 (2a-bx?)

Optimal (type 3, 124 leaves, 1step):

23/4 [17 Va-bx? ] 23/4 [1+\ a-bx? ]
[a [a
ArcTan| ———=—-]  ArcTanh| ——=—-|
Vb x(a—bx2>1/4 Vb x(a—bxz)l/4

+
2a34+/b 2a¥4\b
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Result (type 6, 162 leaves):

2 2
6axAppe11F1[l, 1, 1, i, b_x, b—X})/ ((a—bx2)1/4 (2a-bx?)
2

4 2 a 2a
1 1 3 bx? bx? 3 1 5 bx? x2 3 5 5 bx? bx?
6aAppellFl[~, =, 1, =, —, | +bx? |2AppellFl[ =, =, 2, =, —, | +AppellF1[ =, =, 1, =, —, —|
2 4 2 a  2a 2 4 2 a  2a 2 4 2 a  2a

Problem 312: Result unnecessarily involves higher level functions and more than twice size of optimal

antiderivative.

J ! dx
(-2+3x2) (-1+3x2)1*

Optimal (type 3, 61leaves, 1step):

3 3

2 2

Ar‘cTan 2 ArcTanh

(-1+3x?) 1/4 (-1+3%2) 1/4
2\/_ 2\/_
Result (type 6, 127 leaves):
11 3 , 3x2
2xAppellF1[~, =, 1, =, 3x?, —] /
2 4 2 2
11 3 3 x2 3 1 5 3 x2 3 5 5 3 x2
((—2+3x2) (—1+3x2)1/4 [ZAppellFl[— =,1, =, 3%, | +x% |2AppellFl[ =, =, 2, =, 3x%, | +AppellF1[ =, =, 1, =, 3x%, —}J])
274 2 2 2 4 2 2 4 2 2

Problem 313: Result unnecessarily involves higher level functions and more than twice size of optimal

antiderivative.

J ! dx
(-2-3x2) (-1-3x2)"*

Optimal (type 3, 61leaves, 1step):

3 3
2 2

Ar‘cTan ArcTanh
-1-3x?) 1/“ -1-3%?) 1/“

2 \/_ 2 \/_
Result (type 6, 127 leaves):
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» 1 i: *3X2: *7]

1 1
2xAppe11F1[f, —

2 4 2 2
1
2

-

3 3 X
, 1, =, -3x2, -] +x?

1
(—2 AppellF1|~, =
4 2 2

2 AppellF1|

N W

J

1
4

/[(13x2)1/4 (2+3x%)

5
> 2: ) _3X2:

3 x? 3
- =] + AppellF1| =
2 2 2

Problem 314: Result unnecessarily involves higher level functions.

J = dx
(—2+bx2) (—1+bx2)1/4

Optimal (type 3, 77 leaves, 1 step):

Ar‘cTan[—*L,] Ar‘cTanh[—\M]
VI (-14b3a) Y VI (-1eb32) Y

22 /b 2+/2 /b

Result (type 6, 132 leaves):

1 3 , bx?
e 1) ) b x i) 7]
4 2 2
1 3 b x?
» =51, =, bx?, ——] +bx?
4 2 2

1
6 xAppellFl[f,
2

(6 AppellF1|

N |

(2 AppellF1|

B

N w

R

//“2+bxﬂ (-1+bx2) Y

32, bXZ, _} +AppellF1[
2

5 b x2

)

N W

2

Problem 315: Result unnecessarily involves higher level functions.

j ! dx
(-2-bx?) (-1-bx2)"*

Optimal (type 3, 79leaves, 1 step):

Ar‘cTan[—*L] Ar‘cTanh[—\M]
VI (-1-b)Y VI (-1-b)V

2v/2 Vb 2v/2 Vb
Result (type 6, 137 leaves):

1 1 3 , bx?
6 x AppellF1[~, =, 1, =, -bx?, - —|
2 4 2 2
1
2

3 b x2
,1, =, -bx?, - ——] +bx?

1
(—6 AppellF1|—, =
4 2 2

2 AppellFi|

N W

)

//“1bxﬂ1“(z+bxw

FNQN

5 , bx?
»2, =, -bx?, - ——] + AppellF1]
2 2

)

Nl w

)

>
4

5
K] 1: ) _bxz: _7]

2

b x2

2

]



Problem 316: Result unnecessarily involves higher level functions.

J & dx
(-2a+3x2) (~a+3x2)V*

Optimal (type 3, 85leaves, 1step):

3
2

Ar‘cTan Ar‘cTanh

3
2

al/4 a+3X 1/4 al/4 a+3x 1/A
2\/—a3/4 2\/—33/4
Result (type 6, 157 leaves):
1 1 3 3x2 3x2
2axAppellFl[ =, =, 1, =, —, —| / (-2a+3x2) (-a+3x2)"*
2 4 27 a 2a
1 1 3 3x? 3x? 3 1 5 3x? 3x2
2aAppellF1[ =, =, 1, =, =——, ——] +x* |2 AppellF1[ =, —
2 4 2 a 2a 2 4 2 a 2a

Problem 317: Result unnecessarily involves higher level functions.

J 1 dx
(-2a-3x%) (—a—3x2)1/4

Optimal (type 3, 85leaves, 1step):

N w

x
N

N w

x
N

ArcTan| —~]  ArcTanh| ]
al/* (-a-3x2)%* al/4 (-a-3x2) "
2+/6 a3/ 246 a3/
Result (type 6, 157 leaves):
1 1 3 3 x2 3 x2
2axAppellfFl[=, =, 1, =, - =, - =] / ((—a—3x2)1/4 (2a+3x?)
2 4 2 a 2a
11 3 3x2  3x? 3 1 5 3x2
~2afppellFl|—, =, 1, =, - ——, - ——| +x* |2AppellF1[ =, =, 2, =, - ——
2 4 2 a 2a 2 4 2

Problem 318: Result unnecessarily involves higher level functions.

1
J(—2a+bx2) (—a+bx2)1/4

dx

32, =5 —/, —] +AppellF1[

N W

- =] +AppellF1[ ~,
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Optimal (type 3, 101 leaves, 1step):

ArcTan[%L] ArcTanh[;L/}
V2 al/* (-a+b xz)l/4 N2 al/4 (—a+bx2)1r’4

22 a¥4+b 22 a¥4+b
Result (type 6, 163 leaves):

1 1 3 bx? bx?
—( 6axAppellFl[—, ~, 1, =, —, —}J/ ((Za—bxz) (—a+bx2>1/4
2 4 2 a 2a
1 1 3 bx?® bx? , 3 1 5 bx? bx? 3 5 5 bx? bx?
6aAppellF1[~, =, 1, =, —, ——| +bx? |2AppellF1][ =, =, 2, =, —, — | +AppellF1[=, =, 1, =, —, —|
2 4 2 a 2a 2 4 2 a 2a 2 4 2 a 2a

Problem 319: Result unnecessarily involves higher level functions.

J ! dx
(-2a-bx?) (7afbx2)1/4

Optimal (type 3, 103 leaves, 1step):

ArcTan[g*L] Ar‘cTanh[;L/}
2 at/4 (-a-b xz)l/4 V2 a4 (-a-b xz)l/4

22 a¥4+b 22 a¥4+b
Result (type 6, 168 leaves):

11 3 b x2 b x2
_( 6axAppellF1[—, -1, = -—, ——] /((_a_bXZ)lm (2a+bx2)
2 4 2 a 2a
1 1 3 b x? b x? ; 3 1 5 b x? b x? 3 5 5 b x?
6aAppellF1[~, =, 1, =, - —, - | -bx? |2AppellFl[ =, =, 2, =, - ——, - — | +AppellF1[ =, =, 1, =, -
2 4 2 a 2a 2 4 2 a 2a 2 4 2 a

Problem 320: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J ! dx
(2-x2) (-1+x2)P*
Optimal (type 3, 53 leaves, 1step):

2 (-1+x?) 2 (-102)V*
22 22
Result (type 6, 115leaves):

Ar‘cTan[ﬁ} ArcTanh | —>——|
+
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11 3 2 3.1 5 2 3 5 5 2
(( 20x2) (-1 M0 (GAPPellFl[— =1, T, %, X—] 2 |2AppellF1[ =, =, 2, =, X, X—] +AppellF1[=, =, 1, =, x2, X—] ])]
2 4 2 2 2 4 2 2 2 4 2 2
Problem 321: Result unnecessarily involves higher level functions.
(a+bx?)7*
J————————dx
c+dx?
Optimal (type 4, 362 leaves, 13 steps):
x2\1/4 . . X
6abx 2b(bc-ad)x 2bx (asbx?)®* 6a3/2\/F(1+bT) E111pt1cE[%Ar‘cTan[Lvt’a7],2]
- + - +
5d (a+bx?)"* d? (a+bx?)'* 5d

5d (a+bx2) Y

1/4
2\/;\/? (bc—ad) (1+%)1/4EllipticE[%Ar‘CTan[%L 2] 3l/4 (_bc+ad)3/2 l_ba—xz EllipticPi[ ofa Jd /-\r‘csln[ asbx?)

, -1
a A/ -bc+ad al/4 } }
+ _
d? (a+bx2)1/4 d5/2 x
at4 (-bc+ad)®? |- ElllptlcPl[M APCSln[M], -1]
/-bcrad al/4
dS/ZX
Result (type 6, 431 leaves):
5 1 1 3 b x? d x? 1 1 3 b x? d x?
2x|-1||9a c(—2bc+5ad)AppellF1[f =1, Sy -, -] / -6acAppellF1[~, =, 1, =, - —, - —] +
2 4 2 a C 2 4 2 a C
3 1 5 b x? d x? 3 5 5 b x? d x?
2 |4adAppellFl[~, =, 2, =, - ——, - ——] +bcAppellF1[~, =, 1, =, - ——, - — | ||| +
2 4 2 a C 2 4 2 a C
) ) 3 1 5 b x? x? 5 5 5
b|-5ac(6ac+bcx®+14adx +6bdx)AppellF1[— =1, =, -, -] +3x (a+bx?) (c+dx?)
2 4 2 a C
5 1 7 bx? dx? 5 5 7 bx? dx? 3 1 5 bx?
4adAppellFl[~, =, 2, =, -——, - —— ] +bcAppellF1[ =, =, 1, —, - y =] / -10acAppellFl| =, —, 1, =, - —,
2 4 2 a C 2 4 2 a C 2 4 2 a
d x? 5 1 7 b x? d x? 5 5 7 b x? d x?
-——]+x* |4adAppellF1][ =, =, 2, —, - , ———] +bcAppellF1[ =, =, 1, —, - , - }J]]J/(ﬁd(a+bxz>1/4(c+dxz>)
C 2 4 2 a C 2 4 2 a C

| 249
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Problem 322: Result unnecessarily involves higher level functions.

dx

J(a+bx2)5/4

c+dx?
Optimal (type 4, 302 leaves, 12 steps):

2bx (a+bx2) 2a%24/b (1+ba—xz)B/AEllipticF[%Ar‘cTan[%], 2] 2+a /b (bc-ad) (1+"%)3/4EllipticF[%Ar‘cTan[%}, 2]
a

a
+ - +
3d 3d(a+bx2)3/4 d2 (a+bx2)3/4
a4 (bc-ad) E111pt1cP1[ ofaVd Ar‘cSm[M}, -1] a%*(bc-ad) E111pt1cP1[4DL Ar‘cSm[M], -1]
\ Jberad ’ \ Jbcrad
d? x : d? x

Result (type 6, 435 leaves):

1 5 1 3 3 bx2 dx? 1 3 3 bx2 dx?
2X 9a‘c 2bc+3ad)AppellF1[f —, 1, f,—i,—i]/ 6acAppellF1[f -, 1, —, 7,—7]+
9d (a+bx?)** (c+dx?) 274 2 a c 27 4 2 a c
3 5 b x2 d x? 3 7 5 b x2 d x?
2 |4adAppellF1[~, =, 2, =, -——, - ——] +3bcAppellF1[~, —, 1, =, - —, - —| +
4 2 a C 2 4 2 a C
5 5 3 3 5 b x? x2 5
b|-5ac(6ac+3bcx*+10adx*+6bdx*) AppellF1[ =, =, 1, =, -——, - —— | +3x* (a+bx?) (c+dx?)
2 4 2 a C
5 3 7  bx*? dx? 5 7 7 bx*? dx?
4adAppellFl[ =, =, 2, —, -——, - —— | +3bcAppellF1| =, =, 1, —, - ——, - —| /710ac
2 4 2 a C 2 4 2 a C
3 3 5 b x? d x? 5 3 7 b x? d x? 5 7 7 b x? d x?
AppellFl|[ =, =, 1, =, -——, - ——| +x* |[4adAppellF1[~, =, 2, —, -——, - ——| +3bcAppellF1[ =, —, 1, —, - ——, - —|
2 4 2 a C 2 4 2 a C 2 4 2 a C

Problem 323: Result unnecessarily involves higher level functions.

(a+bx2)3/4d]
——dx
j c+dx?

Optimal (type 4, 244 leaves, 8steps):
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bx? 1/4 . . 1 b x
S b x 2v/a Vo (1457 ElllpthE[ZAr‘cTan[Lﬁ ], 2]
- +
d(a+bx?)'* d (a+bx?)'*
at4~/-bc+ad |- EllipticPi|- ~fa vd Ar‘csln[M}, -1]  a'4+/-bc+ad |- EllipticPi| LL Ar‘csln[M], -1]
m 1/ N -bcvad al/4
d3/2X h d3/2x

Result (type 6, 161 leaves):

[6acx (a +bx2)3/4AppellF1[l, -
2

3 3 5 b x? d x? 3 1
-4adAppellFl[ =, - =, 2, =, - , - ——| +3bcAppellF1[ =, = -
2 4 2 a C 2 4 2 a C

Problem 324: Result unnecessarily involves higher level functions.

dx

(a+bx2)t*
J c+dx?
Optimal (type 4, 199 leaves, 8 steps):
2+/a Wb (14 2)7" EllipticF[iAr‘cTan[%] ) 2]

a

d (a+bx2)>*

al’/s |- E111pt1cP1[ —\%Ld Ar‘csln[l&j)l/—ﬁ, -1]  at4 |- E111pt1cP1[—\DL Ar‘csln[M}, -1]
+/-bc+a al/ +

-bc+ad al/4
d x dx
Result (type 6, 160 leaves):
1 1 3 b x2 d x? 1 1 3 b x2 d x?
[6acx<a+bx2)1/4AppellF1[,—, 1) :_:—})/(<C+dxz) (GacAppellFl[,—, 1, 7,—7,_7]4.
2 4 2 a C 2 4 2 a C
3 1 5 b x? d x? 3 3 5 b x? x2
-4adAppellFl[ =, -~,2, =, -——, - ——| +bcAppellF1[~, =, 1, =, - —, - —]
2 4 2 a c 27 4 2 a c

Problem 325: Result unnecessarily involves higher level functions.

J 1 dx
(a+bx2)1/4 (c+dx2>

Optimal (type 4, 167 leaves, 4 steps):
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al/4 l—bai EllipticPi|[- Jbg% Ar‘cSm[lﬂl’iﬂ], -1] a4 - E111pt1cP1[JDL Ar‘cSm[M], -1]
\V -b C+a /

Vbcrad al/s
Jd V/-bc+ad x \Jd A/ -bc+ad x
Result (type 6, 160 leaves):
11 3 b x? d x? 1 1 3 b x? d x?
([6achppellF1[ -1, =, - ,—7} /((a+bx2)1/4 (c+dx2> 76acAppe11F1[7, - 1, 7,—7,—7]+
2 4 2 a C 2 4 2 a C
3 1 5 bx? dx? 3 5 5 bx? dx?
2l4adAppellFl[~, =, 2, =, -——, - ——] +bcAppellF1[ =, =, 1, =, - ——, - —|
2 4 2 a c 2 4 2 a c

Problem 326: Result unnecessarily involves higher level functions.

J 1 dx
(a + bX2)3/4 (c +dX2>
Optimal (type 4, 152 leaves, 5 steps):

al/s | _ ElllpthPl{ % Ar‘CSln[W]; _1} alt/4 |- ElllpthPl[jDiL APCSln{M]: ‘1]
-bc+a a”/

p
-bc+ad al/4

+

(bc-ad) x (bc-ad) x

Result (type 6, 161 leaves):

1 3 3 b x? d x? 1 3 3 b x? d x?
([6achppe11F1{— =, 1, —,——,——})/((a+bx2)3/4 (c+dx?) |-6acAppellF1[ =, =, 1, =, - ——, - — | +
2 4 2 a C 2 4 2 a C
3 3 5 b x2 d x? 3 7 5 b x? x2
2 |4adAppellF1[ =, =, 2, =, -——, - ——] +3bcAppellF1[ =, —, 1, =, - ——, - —|
2 4 2 a C 2 4 2 a C

Problem 327: Result unnecessarily involves higher level functions.

J ! dx
(a+bx2)5/4 (c+dx?)

Optimal (type 4, 233 leaves, 7 steps):



- (1+ %)1/4 EllipticE[iAr‘cTan[%], 2]

a

+

bc—ad) (a+bx? )1/4

/4
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at/4+/d | -®< EllipticPi|- e d Ar‘cSm[M}, -1]  a'4+/d [ -"* Ellipticpi] —\DL Ar‘cSm[M}, -1]

A\/-bc+ad \/-bc+ad

al/4

(- bc+ad)3/2 (- bc+ad)3/2

Result (type 6, 339leaves):
1

3(-bc+ad) (a+bx2)1/4

3b 11 3 bx2  dx? ) 11 3 bx2  dx?
2x([9c(bc+ad)AppellF1[ =1, =, -, -] /((c+dx) (GacAppellFl[, T T T I
a 2 4 2 a C 2 4 2 a C
3 1 5 b x? d x? 3 5 5 b x? d x?
2|4adAppellFl][ =, =, 2, =, -——, - ——| +bcAppellF1[ =, =, 1, —)——:——}J] -
2 4 2 a C 2 4 2 a C
3 1 5 x? d x? 5 3 1 5 b x? d x?
(Sbcdx AppellFl[ =, =, 1, =, - ——, - —| /((c+dx ) |-10acAppellF1[=, =, 1, =, - ——, - — | +
2 4 2 a C 2 4 2 a C
5 1 7 bx? dx? 5 5 7 X d x?
2 |4adAppellF1| =, =, 2, -, -——, - ——| +bcAppellF1[~, =, 1, —,——,——}J]]J
2 4 2 a C 2 4 2 a C
Problem 328: Result unnecessarily involves higher level functions.
1
J dx
(a+bx2)7/4 (C+dx2>
Optimal (type 4, 254 leaves, 9 steps):
- 2B (1 ( bx2>3/4 EllipticF[%ArcTan[%}, 2]
a(bc-ad) (a+bx2)3/4 BV—(bc—ad) (a+bx2)3/4
al’4d |- E111pt1cP1[ fa d Ar‘cSm[M}, -1]  av4d |- E111pt1cP1[4DL Ar‘cSm[M], -1]
\/m al/4 /-bcrad al/4
(bc—ad)zx (bc—ad)2

Result (type 6, 342leaves):
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1
9 (-bc+ad) (a+bx2)3/4

3b 1 3 3 b x? d x? 1 3 3 b x2 d x?
2x |-~—=+|9c (bc-3ad)AppellF1[—, =, 1, =, - —, - —| / (c+dx?) |-6acAppellF1[ =, =, 1, =, - —, - — | +
a 2 4 2 a C 2 4 2 a C
3 3 5 bx? dx? 3 7 5 bx?  dx?
2|4adAppellFl| =, =, 2, =, -——, - ——| +3bcAppellF1[ =, —, 1, =, - ——, - —| +
2 4 2 a C 2 4 2 a C
3 3 5 X2 d x? 5 3 3 5 b x2 d x?
5bcdx*AppellFl[~, =, 1, =, - ——, - —] / (c+dx®) |-1@acAppellF1[=, =, 1, =, - —, - — | +
2 4 2 a C 2 4 2 a C
5 3 7 b x? d x? 5 7 7 b d x?
2|4adAppellFl][ =, =, 2, =, -——, - ——| +3bcAppellF1[ =, —, 1, —, - ——, - —|
2 4 2 a C 2 4 2 a C
Problem 329: Result unnecessarily involves higher level functions.
1
J dx
(a+bx2)9/4 (c+dx2>
Optimal (type 4, 274 leaves, 10 steps):
bx2 1/4 . . 1 b
5 b x 2v/b (3bc-8ad) (1+°X) E111pt1cE[2ArcTan[Lﬁ"],2}
+ +
a(bc-ad) (a+bx?)** 5a%2 (bc-ad)? (a+bx?)'*
al/d g3z | _bxX EllipticPi[—M, Ar‘cSin[M], —1} alt/4d3/2 |- E111pt1cP1[LL Ar‘cSm[M}, —1}
a v/ -bc+ad al/4 v -bc+ad al/4
(-bc+ad)®?x (-bc+ad)®?x
Result (type 6, 404 leaves):
3b(-9a?d+3b2cx*+4ab (c-2dx?))
2 X +
a+bx?
- 5 11 3 bx2  dx? 5 11 3 bx2  dx?
9ac (-3b°c*+8abcd+5a’d?) AppellFl|[—, —, 1, =, - ——, - —| / (c+dx?) |[6acAppellFl|—, =, 1, =, - ——, - — | -
2 4 2 a C 2 4 2 a C
3 1 5 b x? d x? 3 5 5 b x? d x?
2|4adAppellFl][ =, =, 2, =, -——, - —— | +bcAppellF1[ =, =, 1, =, - —, - —] ||| -
2 4 2 a C 2 4 2 a C
3 1 5 b x2 d x? 5 3 1 5 b x? d x?
S5abcd (-3bc+8ad) x*AppellFl|[ =, =, 1, =, - ——, - —| / (c+dx?) |-1@acAppellF1[=, =, 1, =, - —, - — | +
2 4 2 a C 2 4 2 a C
5 1 7 b x2 d x2 5 5 7 b 2 d 2
2 |4adAppellFl] =, —, 2, —,7—X,7—X}+bcAppe11F1[— =1, -, X X ] / 15 a? bcfad)z(a+bx2)1/4)
2 4 2 a C 2 4 2 a




1.1.2 Quadratic.nb | 255

Problem 330: Result unnecessarily involves higher level functions.

J = dx
(a + bxz)ll/4 (C +dX2)

Optimal (type 4, 304 leaves, 10 steps):

2b x 2b (5bc-12ad) x 2\/F(Sbc—12ad> (1+%)3/4EllipticF[%Ar‘cTan[%},2}
+ + +
a(bc-ad) (a+bx?)”* 2122 (bc-ad)? (a+bx?)>* 21a2%2 (bc-ad)? (a+bx?)**
al/ad2 |- E111pt1cP1[ ofa Jd AI"CSln[M], -1]  at/4a? |- ElllptlcPl[—\DL Arcsln[M}, -1]
Vbcrad al/4 v -bcrad al/4
+
(bc-ad)? (bc-ad)’x

Result (type 6, 408 leaves):
[2 3b(-15a’d+5b%cx?*+4ab (2c-3dx?))
X

+

a+bx?

5, . 1 3 3 b x2 d x? 5 1 3 3 b x2 d x?
9ac (5b*c?-12abcd+21a%d?) AppellFl[—, =, 1, —, - , - ] / (c+dx?) |6acAppellFl][~, =, 1, =, - ——, - —| -
2 4 2 a C 2 4 2 a C
3 3 5 b x? x? 3 7 5 b x? d x?
2|4adAppellFl| =, =, 2, =, -——, - ——| +3bcAppellF1[ =, —, 1, =, - ——, - —| +
2 4 2 a C 2 4 2 a C
3 3 5 b x? d x? 5 3 3 5 b x? d x?
5abcd (-5bc+12ad) x? AppellF1[ =, =, 1, =, - » -] / (c+dx?) |-1@acAppellFl| =, =, 1, =, - ——, - — | +
2 4 2 a C 2 4 2 a C
5 3 7 x2  dx? 5 7 7 be dx2 ) 5\ 3/4
2 |4adAppellF1[~, =, 2, =, -——, - —— ] +3bcAppellF1[ =, —, 1, —, - —— /63a (bc-ad)?® (a+bx?) )
2 4 2 a C 2 4 2

Problem 331: Result unnecessarily involves higher level functions.

j(a+bx2)7/4

<C+dx2)2

dx

Optimal (type 4, 340 leaves, 9steps):
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b(5bc-ad)x (bc-ad) x (a+bx?)* Va +/b (5bc-ad) (1+:—X2)1/4EllipticE[iAr‘cTan[%},2}

a

2cd (arbxt)¥t 2cd(codx) 2¢d (arbxt)
a4y “bc-ad (Sbcw2ad) [~ Ellipticei[- (20 arcsin[l2rls 0, 1)
-bc+a !
4cd®?x _
al/4x/m(5bc+2ad)rElllptlcpl{% Arcsin[ 122X, 1]
/-bc+rad a”/
4cd’?x

Result (type 6, 436 leaves):

1 ) 11 3 bx2  dx? 11 3 bx2  dx?
-||18a? (bc+ad) AppellF1]—, —, 1, f,f—,f—]/ -6acAppellF1[~, =, 1, =, - —, - —| +
6d (a+bx2)* (c+dx?) 2 4 2 a c 20 4 2 a c
3 1 5 b x2 d x? 3 5 5 b x2 d x?
2|4adAppellF1][ =, =, 2, =, -——, - —— ] +bcAppellF1[ =, =, 1, =, - —, - —] ||| +
2 4 2 a C 2 4 2 a C
3 1 5 x?2 d x?
(Sac(6a2d—b2cx2+ab(—6c+5dx2))Appe11F1[— =1, =, -—, -——]+3(bc-ad) ¥’ (a+bx?)
2 4 2 a c
5 1 7 b x2 d x? 5 5 7 b x2 d x?
4adAppellFl[ =, =, 2, =, -——, - ——| +bcAppellF1[~, =, 1, —, - ——, - —| /c 10ac
2 4 2 a C 2 4 2 a C
3 1 5 b x? d x? 5 1 7 b x? dx? 5 5 7 b x? dx?
AppellFl[ =, =, 1, =, -——, - ——| -x* |[4adAppellF1[~, =, 2, —, - ——, - —— | +bcAppellF1[ =, =, 1, —, - ——, - —|
2 4 2 a C 2 4 2 a C 2 4 2 a

Problem 332: Result unnecessarily involves higher level functions.

J(a+bx2)5/4d]
~— 1 ax
<c+dx2)2

Optimal (type 4, 279 leaves, 9 steps):

+
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(bc-ad)x (a+bx2)V Va \/b (3bc+ad) (1+ —b:2)3/4 EllipticF[iAr‘cTan[Lb 1, 2]
- +

a

2cd (c+dx?) 2cd2(a+bx2)3/4

a4 (3bc+2ad) |- 0% E1lipticPi[- e d APCSIH[M], -1]

-bc+ad al/4
4 cd?x
1/4
a4 (3bc+2ad) |- ElllptlcPl[LbLd Ar‘cSm[%}, -1]
\-bc+ad al/4
4 cd?x

Result (type 6, 439 leaves):

1 5 1 3 3 bx2 dx? 1 3 3 bx2 dx?
-||18a? (bc+ad) AppellF1][~, =, 1, —, - ——, - —] / -6acAppellF1[~, =, 1, =, - —, - —| +
6d (a+bx2)>* (c+dx?) 2 4 2 a c 20 4 2 a c
3 3 5 b x? d x? 3 7 5 b x2 d x?
2 |4adAppellF1] =, =, 2, =, - , - ——] +3bcAppellF1][ =, =, 1, =, - y -] +
2 4 2 a C 2 4 2 a C
3 3 5 x2 d x?
(Sac(6a2d—3b2cx2+ab(—6c+7dx2))Appe11F1[— =1, =, -—, -—|+3 (bc-ad) ¥’ (a+bx?)
2 4 2 a C
5 3 7 b x2 d x? 5 7 7 bx2 dx2 3 3
4adAppellFl[ =, =, 2, =, -——, - ——] +3bcAppellF1[ =, —, 1, —, / 10 a c AppellFl[ =, =, 1,
2 4 2 a C 2 4 2 a 2 4
5 b x2 X2 5 3 b x2 d x? 5 7 7 b x2 d x?
~, -——, -——| -x*|4adAppellF1[ =, =, 2, —, -——, - ——] +3bcAppellF1|[~, —, 1, —, - ——, - —|
2 a C 2 4 2 a C 2 4 2 a C

Problem 333: Result unnecessarily involves higher level functions.

J(a+bx2)3/4d]
~— 1 ax
<c+dx2)2

Optimal (type 4, 309 leaves, 9 steps):

bx « (a+bx2)3/4 Va /b (1 ( bx2)1/4 EllipticE[%Ar‘cTan{%], 2]
- + +
2cd(a+bx2)1/4 2¢ (c+dx?) 2cd(a+bx2)1/4
a4 (bc+2ad) |- E111pt1cP1[ ofa Vd Ar‘csln[M}, -1] a%4(bc+2ad) |- E111pt1cP1[—\DL Ar‘csln[M], -1]
Vbcrad 1/4 v/ -bc+ad al/4

4cd¥?+/-bc+ad x
Result (type 6, 320 leaves):

4cd¥?2+/-bc+ad x
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1 3(a+bx2) 11 3 bx? dx?
X 18 a AppellF1[—, =, 1, —,——,——]/
6 (a+bx?)"* (c+dx?) o 24 2 a c
1 1 3 b x? d x? 3 1 5 b x? d x? 3 5 5 b x? d x?
-6acAppellfF1[~, =, 1, =, - ——, - ——] +x? |[4adAppellF1[ =, =, 2, =, - ——, - ——| +bcAppellF1[ =, =, 1, =, - ——, - —] | | +
2 4 2 a C 2 4 2 a C 2 4 2 a
3 1 5 b x2 d x2
5abx?AppellFl[=, =, 1, =, - ——, - —| /
2 4 2 a C
3 1 5 b x? d x? 5 1 7 b x? d x? 5 5 7 b x? d x?
-10acAppellFl|~, =, 1, =, - ——, - ——| +x? [4adAppellF1[ =, =, 2, —, - ——, - —— ] +bcAppellF1[~, =, 1, —, - ——, - —|
2 4 2 a C 2 4 2 a C 2 4 2 a C

Problem 334: Result unnecessarily involves higher level functions.

b x2) 14
J(a+ x2) i

<C+dx2)2

Optimal (type 4, 278 leaves, 9 steps):
x2 | 3/4
x(a+bx2)1/4 \/7\/7( . )

2c (c+dx?)

a4 (bc-2ad) |- E111pt1cP1[ —
\/-bc+a

EllipticF [ i ArcTan [ %] s 2}

a

2cd (a+bx2)3/4

1/4

“bcrad al/

S pecsin[ B2 Lg) aus (peo2ad) leptlcpl[ AT ppesin] (2222
e (b2

|5 -1]

4cd<bcfad)x

Result (type 6, 322 leaves):

1 3(arbx?) 13 3 bx* dx? 1
X 18 a* AppellFl[~, =, 1, =, - —, - —] / -6acAppellFl[—,
6(a+bx2)3/4<c+dx2) c 2 4 2 a C 2
3 3 5 bx?  dx? 3 7 5 bx?  dx?
2l4adAppellFl[ =, =, 2, =, -——, - ——] +3bcAppellF1][ =, —, 1, =, - ——, - — | || -
2 4 2 a C 2 4 2 a C
3 3 5 b x2 d x? 3 3 5 b x2 d x?
S5abx?AppellFl[=, =, 1, =, - ——, - —| / -10acAppellFl| =, =, 1, =, - ——, - — | +
2 4 2 a C 2 4 2 a C
5 3 7 b x? d x? 5 7 7 b x? d x?
2l4adAppellFl[ =, =, 2, —, -——, - ——] +3bcAppellF1[ =, —, 1, —, - ——, - —|
2 4 2 a C 2 4 2 a C

Problem 335: Result unnecessarily involves higher level functions.

J ! dx
(a+bx2)1/4 (c+dx2>2

4cd (bcfad)x
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Optimal (type 4, 336 leaves, 9 steps):

1/4 ..
b x ) d x <a+bx2)3/4 a Vb (1+ baiz) ElllpthE[iAr‘cTan[%}, 2]

c(bc-ad) (a+bx2)1/4 2c(bc—ad) (c+dx2)

c(bc-ad) (a+bx2)1/4

a4 (3bc-2ad) |- E111pt1cP1[ % Ar‘csln[lﬂf‘:)l’—m], -1]
-bc+a a’

4C\/F( bc+ad)3/2

at’4 (3bc-2ad) |- E111pt1cP1[—\DL Ar‘cSm[M}, -1]

v/ -bc+ad al/4

4C\/F( bc+ad)3/2

Result (type 6, 358 leaves):

1
6 (a+bx?)"* (c+dx?)
3d (a+bx?) 11 3 bx* dx? 11 3 bx*  dx?
X |-—————+|18a (-2bc+ad) AppellF1|—, —, 1, =, - ——, - —| / (bc-ad) |-6acAppellF1[~, =, 1, =, - —, - — | +
c(bc-ad) 2 4 2 a c 2 4 2 a c
3.1 5 bx? 2 5 5 bx* dx?
2 |4adAppellFl[~, =, 2, =, -——, - ——| +bcAppellF1[ =, =, 1, =, - ——, - —| +
2 4 2 a c 2 4 2 a c
3 1 5 b x? d x? 3 1 5 b x? d x?
S5abdx?AppellFl][ =, =, 1, =, - ——, - —| / (-bc+ad) [-1@acAppellF1[ =, —, 1, =, - ——, - — | +
2 4 2 a c 2 4 2 a c
5 1 7 bx* dx? 5 5 7 bx* dx?
2 |4adAppellF1[ =, =, 2, =, -——, - —— | +bcAppellF1[ =, =, 1, —, - ——, - —|
2 4 2 a c 2 4 2 a c

Problem 336: Result unnecessarily involves higher level functions.

J 1 dx
(a+bx2)3/4 (c+dx2>2

Optimal (type 4, 292 leaves, 9 steps):
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3/4 e
dx (a+bx?)** Va Vb (1+bT"2) ElllpthF[iArcTan[%}, 2]

- +

c(bc-ad) (c+dx?) 2c (bc-ad) (a+bx?)**
a/* (5bc-2ad) _bx EllipticPi|- ~fa Jd_ Ar‘cSm[M], -1]
a Jboad’ 2t/
N
c(bc-ad)*x
a4 (5bc-2ad) E111pt1cP1{LL Ar‘cSm[M}, -1]
v -bcrad al/4
c(bc-ad)*x

Result (type 6, 340leaves):

3d (a+bx?) 1 3 3 bx*? dx? 13 3 bx2 dx¥?
X|-—————"+|18a (-2bc+ad) AppellF1[—, =, 1, =, - —, - —| / -6acAppellFl[~, =, 1, =, - —, - |+
C 2 4 2 a C 2 4 2 a C
3 3 5 b x2 d x? 3 7 5 b x2 d x?2
2|4adAppellFl] =, =, 2, =, - —, - | +3bcAppellFl[ =, —, 1, =, - ——, - —] || +
2 4 2 a C 2 4 2 a C
3 3 5 b x2 d x2 3 3 5 b x2 d x?
Sabdx?AppellFl[=, =, 1, =, - —, - —] / -10acAppellFl| =, =, 1, =, - —, - |+
2 4 2 a C 2 4 2 a C
5 3 7 b x? d x? 5 7 7 b x? d x?
2|4adAppellFl| =, =, 2, —, - ——, - | +3bcAppellFl[ =, —, 1, —, - ——, - —| ) /(6<bc_ad) (a+bx2)3/4 (c+dx2))
2 4 2 a C 2 4 2 a C

Problem 337: Result unnecessarily involves higher level functions.

J ! dx
(a+bx2)5/4 (c+dx2>2

Optimal (type 4, 314 leaves, 10 steps):
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dx Vb (4bc+ad) (1+ba—xz)mEllipticE[iArcTan{%}, 2]

a

- +

c(bc-ad) (a+bx2)1/4 (c+dx?) 2+/a ¢ (bc—ad)2 (a+bx2)1/4

a1/4\/F(7bc_2ad>FElllptlcPl[ j% APCSln[lﬂlxi)l_m]J ‘1}
~bc+a a”/

c (—bc+ad)5/2x

a’*+/d (7bc-2ad) |- E111pt1cP1[—\DL ArcSln[M}: -1]

/.
v/ -bc+ad al/4

( bc+ad>5/2

Result (type 6, 480 leaves):

y - 1 1 3 b x2 d x?2 1 1 3 b x2 d x?
18 (2b®c?+4abcd-a®d?) AppellFl|—, =, 1, =, - ——, - ——| / ~6acAppellF1[—, =, 1, =, - —, - — | +
2 4 2 a C 2 4 2 a C
3 1 5 b x2 x2 3 5 5 b x2 x2
2 |4adAppellFl[~, =, 2, =, - ——, - ——] +bcAppellF1[ =, =, 1, =, - ——, - — | || +
2 4 2 a C 2 4 2 a C
3 1 5 b x2 d x?
(5ac(6a2d2+5abd2x2+4b2c(6c+5dx2))AppellF1[ =1, =, - , 7]—
2 4 2 a C
2 /212 2 2 ) ) 5 1 7 b x? d x? 5 5 7 b x? d x?
3x* (a®d*>+abd’x*+4b’c (c+dx*)) |4adAppellFl|—, =, 2, —, -——, - —— | +bcAppellF1[ =, =, 1, —, - —, - —| /
2 4 2 a 2 4 2 a C

b x? d x?
)7_)7—}
a C

10 a c AppellF1[ =, 2 |4adAppellFi[ =, =, 2,

] ’—]Jr

C
7 b x? d x?
2 a C

1
4

)/ lstoe-aa® (2o ferae

N o

b c AppellF1[—,

N\u-l NIUJ

J

Problem 338: Result unnecessarily involves higher level functions.

J ! dx
(a+bx2)7/4 (c+dx2>2

Optimal (type 4, 345leaves, 10 steps):
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b(4bc+3ad)x dx

- +

6ac (bc—ad)2 (a+bx2)3/4 2c (bc-ad) (a+bx2)3/4 (c+dx?)

Vb (4bcr3ad) (14 22)7" EllipticF[iArcTan[%], 2] aV*d(9bc-2ad) [-* EllipticPi[- L2 arcsin]

a

sﬁc(bcfad)z(a+bx2)3/4 4c(bc—ad)3x

at/4d (9bc-2ad) |- ElllpthPl[—\%Ld Ar‘cSm[M}, -1]
v -bc+a al/4

C (bc—ad)3x

Result (type 6, 485leaves):

- - 1 3 3 bx2 dx? 1 3 3
x |-||18 (2b>c®-12abcd+3a’d?) AppellFl|[—, =, 1, —, - ——, - —| / -6acAppellFl[—, =, 1, =,
274 2 a c 27 4 2
3 3 5 b x2 d x? 3 7 5 b x2 d x?
2|4adAppellFl][ =, =, 2, =, - —, - | +3bcAppellFi[=, —, 1, =, - —, - —] ||| +
2 4 2 a C 2 4 2 a C
- _ 5 5 3 3 5 x2 d x?
S5ac (18a*d’+2labd’x*+4b’c (6c+7dx?)) AppellFl|~, =, 1, =, - ——, - — | -
274 2 a c
5 3 7 bx* dx?
3x* (3a*d*+3abd*x*+4b’c (c+dx?)) (4adAppellF1[ =2, =, -—, - | +3bcAppellFi[ =,
27 4 2" a c
3 3 5 b x2 d x2 5 3 b x2 d x2
c|1@acAppellFl[~, =, 1, =, -——, - ——] -x? |[4adAppellF1[ =, =, 2, —, - ——, - |+
2 4 2 a C 2 4 2 a C
5 7 7 b x2 d x?
3bcAppellFl[ =, —, 1, —, - ——, - —| J]]]/(ls(bcad>2(a+bx2>3/4(c+dx2>)
27 4 2 a c

Problem 339: Result unnecessarily involves higher level functions.

J ! dx
(a+bx2)9/4 (c+dx2>2

Optimal (type 4, 371 leaves, 11 steps):
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d x

c(bc-ad) (a+bx2)5/4 (c+dx?)

+

b(4bc+5ad)x

10ac (bc—ad)2 (a+bx2)5/4

Vb (12b?c2-52abcd-5a?d?) (1+ %)1/4 EllipticE[iAr‘cTan[%], 2]
a

10a3/2 ¢ (bcfad)3 (a+bx2)1/4

al/4 d3/2 (11bc—2ad) \/7E111pt1cP1{ % APCSln[W]J ‘1}
—~bc+a /

N
4c(-bc+ad)’?x
al/4d*? (11bc-2ad) E111pt1cP1[—\LL ArcSm[M}) -1]
A Jbead at/e
c(-bc+ad)”*x

Result (type 6, 634 leaves):

1
30 a2 (bc—ad)3(a+bx2)1/4(c+dx2)
1 1 3 b x2 d x? 1 1 3 b x2 d x?
18a (6b’>c®-26ab>c*d-30a’bcd*+5a*d®) AppellF1[ =, —, 1, =, - —, - —| /[ 6acAppellFl| =, =, 1, =, - ——, - — | +

2 4 2 a C 2 4 2 a C

3 1 5 b x? d x? 3 5 5 b x? d x?

2 |4adAppellFl[ =, =, 2, =, -——, - ——| +bcAppellF1[ =, =, 1, =, - ——, - — ||| +
2 4 2 a C 2 4 2 a C
c(—24c2+57cdx2+65d2x4))

[—Sac (30a4d3+55a3bd3x2—12b4c2 2 <6c+5dx2) +a’b*d (336 c?+284cdx®+25d*x*) +4ab’

3 1 5 b x?2 d x?
AppellFl[—, -1, = -— *_] +
27 4 2 a C
3x (5a d®*+10abd3x?-12b*c? 2<c+dx2)+a2b2d(56c2+56cdx2+5d2x4)+4ab3c(—4c2+9cdx2+13d2x4))
5 1 7 b x?2 d x? 5 5 7 b x?2 d x? 5
4adAppellFl[ =, =, 2, —, -——, - ——] +bcAppellF1[~, =, 1, =, - ——, - —| /c(a+bx) 10ac
27 4 2 a C 2”4’ 2 a C
3 1 5 b x2 d x? 5 1 7 b x2 d x? 5 5 7 b x2 d x?
AppellFl|[ =, =, 1, =, - ——, - —| -x* |4adAppellF1[~, =, 2, —, - ——, - —— ] +bcAppellF1[ =, =, 1, —, - ——, - ——
2 4 2 a C 2 4 2 a C 2 4 2 a C

Problem 340: Result unnecessarily involves higher level functions.

1 d
J(aerxz)ll/4 (c+dx2)2 *

Optimal (type 4, 419 leaves, 11 steps):

263
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b(4bc+7ad)x b (20b2c?-76abcd-21a%d?) x
+

1l4ac (bc—ad)2 (a+bx2)7/4 42 a2 ¢ (bc—ad)3 (a+bx2)3/4

Vb (20b2c2-76abcd-21a2d?) (1+ba—xz)wEllipticF[iArcTan[%}, 2]

d x a
+ +
c(bc-ad) (a+bx2)7/4 (c+dx?) 42a%%c (bc-ad)’ (a+bx2)3/4
a/4d? (13bc-2ad) |- E111pt1cP1[ ~faJd Ar‘cSm[M], -1]
~bc+ad al/4

c (bc—ad)4

at/4d? (13bc-2ad) |- E111pt1cP1[—\DL Ar‘cSm[M}, -1]

v/ -bc+ad al/4

c (bc—ad)4

Result (type 6, 637 leaves):
1

126 a2 (bc—ad)3 (a+bx2)3/4 (c+dx?)

3 3 5, , 5 3 3 1 3 3 b x2 d x? 1 3 3 b x2
18a (-10b°c®+38ab?c®d-126a*bcd? + 21a% d°) AppellFl][~, =, 1, —, - ——, - —| / -6acAppellF1[~, =, 1, =, - —, - —] +
2 4 2 a C 2 4 2 a
3 3 5 b x?2 d x?2 3 7 5 b x?2 d x2
2 |4adAppellFl[ =, =, 2, =, -——, - ——| +3bcAppellF1| =, —, 1, =, - ——, - — ||| +
274 2 a c 274 2 a c

[—Sac (126a4d3+273a3bd3x2—20b4c2x2 (6c+7dx2) +4ab3c <—48c2+61cdx2+133d2x4> +a%b%d (528c2+604cdx2+147d2x4))

3 3 5 b x? d x?
AppellFl[—, -1, = - -—| +
2 4 2 a C
3x* (21a*d*+42a’bd*x* -20b* c*x* (c+dx?) +4ab’c (-8c®+11cdx®*+19d*x*) +a’b’d (88 c*+88cdx®+21d*x*))
5 3 7 b x? d x? 5 7 7 b x? d x? ; 3
4adAppellFl[ =, =, 2, —, -——, - ——] +3bcAppellF1| =, —, 1, —, - ——, - —| /c(a+bx) 10 a c AppellFi[ =,
2 4 2 a C 2 4 2 a C 2
3 5 b x? d x? 5 3 7 b x? d x? 5 7 7 b x2 dx2
=1, =, -——, -——| -x* |[4adAppellF1| =, =, 2, =, -——, - —— | +3bcAppellF1[~, —, 1, =, - ——, - ——
4 2 a C 2 4 2 a C 2 4 2 a

Problem 341: Result more than twice size of optimal antiderivative.
J(a+bx2)p (c+dx?)9dx

Optimal (type 6, 79 leaves, 3 steps):



P d -4 1 3 b x2 d x?
x (a+bx*)P (1+ X ) (c+dx*)® [1+ X ] AppellFl|[~, -p, -q, —, X 8
a C 2 2 a C
Result (type 6, 172 leaves):
1 3 b x2 d x? 3 b x2 d x?
[Bacx (a+bx?)? (c+dx?)9AppellFl|[~, -p, -q, —, 7—X, 7—X] / (BacAppellFl[—, -p, -q, —, 7—X, 7—X} +
2 2 a C 2 a C
5 3 5 bx? dx? 3 5 bx? x?
2 X bcpAppellFl[f, 1-p, -q, — ——, —7] +aquppellF1[f, -p,1-q, = -—, —7]
2 2 a C 2 2 a c
Problem 346: Result more than twice size of optimal antiderivative.
(a+bx2)p
Ji dx
c+dx?
Optimal (type 6, 57 leaves, 2 steps):
bx%\ P 1 3 b x? dx?
x (a+bx?)P <1+ T) AppellFl[;, P, 1, 2, -2, _T]
c
Result (type 6, 162 leaves):
arp 1 3 bx?2 dx? , 1 3 bx? dx?
-||3acx (a+bx?)PAppellF1[~, -p, 1, =, - ——, - —] / (c+dx®) |-3acAppellF1[ =, -p, 1, =, - —, - — | +
2 2 a c 2 2 a c
5 3 5 b x? d x? 3 5 b x? d x?
2x* |-bcpAppellFl[=,1-p, 1, =, -——, - ——| +adAppellF1| =, -p, 2, =, - ——, - ——|
2 2 a C 2 2 a C

Problem 347: Result more than twice size of optimal antiderivative.

J(a+bx2)p ix

(c+dx2)2

Optimal (type 6, 57 leaves, 2 steps):
X (a+bx2)p (1+ ba%z)ipAppellFl[iJ ) 2: i: 77) *7]

c2

Result (type 6, 162 leaves):

1 3 b x2 d x? 1
([3acx<a+bx2)pAppellF1[,p, 2, =, -, -] /((c+dx2>2(3acAppellF1[,p, 2, =, -, - —] -
2 2 a C 2 2 a C
) 3 5 b x? d x? 3 5 b x? d x?
2x* [bcpAppellFl[ =, 1-p, 2, =, -——, -——| -2adAppellF1[~, -p, 3, =, - ——, - —]
2 2 a @ 2 2 a C

1.1.2 Quadratic.nb | 265
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Problem 348: Result more than twice size of optimal antiderivative.

J<a+bx2)p i

(c+dx2)3

Optimal (type 6, 57 leaves, 2 steps):
X (a+bx2)p (1+ %>7PAPP€'11F1[i, -P» 3) %: - 2 ° - c

c3

Result (type 6, 162 leaves):

a\p 1 3 bx? dx? 03 1 3 bx? dx?
-||3acx (a+bx?)? AppellFi[ =, -p, 3, —,——,——]/ (c+dx?)® |-3acAppellF1|—, -p, 3, =, - —, - — | -
2 2 a C 2 2 a C
5 3 5 bx?  dx? 3 5 b x? d x?
2 X bcpAppellFl[f,l—p, 3, f,—i,—i}—BadAppellFl[f, -p, 4, f,—i,—i]
2 2 a C 2 2 a [«

Problem 349: Result unnecessarily involves higher level functions and more than twice size of optimal

antiderivative.

ad

J(a + sz)—l—m"ﬁ (c + dxz)’l*m dx

Optimal (type 3, 53 leaves, 1 step):

X (a+bx2)’zbcb—7€zad (c+dx?)zoczaa

ac

Result (type 6, 594 leaves):



1.1.2 Quadratic.nb | 267

SALY: 5y 2¢ 1 bc ad 3 b x? d x?
3acx (a+bx?) ecaae (c+dx?)zeczaa | |dAppellF1[ =, , 1+ s —» - , - ] /
2 2bc-2ad -2bc+2ad 2 a C
5 1 bc ad 3 b x2 d x2 5 3 bc
(c+dx?) [3ac(-bc+ad) AppellF1[—, ——————, 1+ ——————, —, - ,-——]+x*|ad (2bc-3ad) AppellF1|~, —————,
2 2bc-2ad -2bc+2ad 2 a [« 2 2bc-2ad
ad 5 b x2 d x? y 3 bc ad 5 b x2 d x?
24—, —,*—,——]+b C AppellFl[—,lJr , 1+ y =y - —, - ] .
-2bc+2ad 2 a C 2 2bc-2ad -2bc+2ad 2 a C
1 bc ad 3 b x2 d x2 ) 1 bc
b AppellF1[—, 1+ s ,f,—f,—f}/ (a+bx?) [3ac (bc-ad) AppellF1[—, 1+ ———,
2 2bc-2ad -2bc+2ad 2 a C 2 2bc-2ad
ad 3 b x? d x? - 3 bc ad 5 b x? d x?
=, ———, - —— | +x* |a®?d? AppellF1| =, 1+ L1+ y 2, e s ]
-2bc+2ad 2 a C 2 2bc-2ad -2bc+2ad 2 a C

bc ad 5 b x2 dxz]
2bc—2ad,—2bc+2ad,2, a ’ C

3
bc(-3bc+2ad) AppellFl[;, 2+

I

Test results for the 1156 problemsin "1.1.2.4 (e x)"m (a+b x*2)"p (c+d x"2)*q.m"

Problem 31: Result more than twice size of optimal antiderivative.
Jx (a+bx2)5 (A+Bx?) dx
Optimal (type 1, 42leaves, 3 steps):

(Ab-aB) (a+bx2)6 B(a+bx2)7
+
12 b? 14 b?

Result (type 1, 107 leaves):

—x* (42a°A+21a* (5Ab+aB) x*+70a’b (2Ab+aB) x*+105a°b* (Ab+aB) x®*+42ab’ (Ab+2aB) x*+7b* (Ab+5aB) x'°+6b°Bx"?)
84

Problem 47: Result more than twice size of optimal antiderivative.

dx

(a+bx2)5 (A+BX2>
j X15
Optimal (type 1, 48 leaves, 3 steps):

A(a+bx2)6 (Ab-7aB) (a+bx2)6

14 a x4 84 a2 x12

Result (type 1, 118leaves):
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- 114(21b5x19 (A+2Bx2) +35ab*x8 (2A+3Bx2) +35a%b3x® (3A+4Bx2) +21a3b%x* (4A+5Bx2) +7a*bx? (5A+6Bx2) +a° (6A+7Bx2))
84 x

Problem 108: Result more than twice size of optimal antiderivative.
a+bx?
J dx
1-x2
Optimal (type 3, 11leaves, 2steps):
-bx+ (a+b) ArcTanh [x]

Result (type 3, 28 leaves):

1
= (-2bx- (a+b) Log[1-x] + (a+b) Log[1+x])
2

Problem 336: Result unnecessarily involves higher level functions.

Xm
J dx
(a+bx2)3 (C+dx2)
Optimal (type 5, 234 leaves, 6 steps):
b x1em b(bc(3-m)-ad (7-m)xtm 1
+ +
4a(bc-ad) (a+bx?)? 8a? (bc-ad)? (a+bx?) 8a’ (bc-ad)’ (1+m)
2
b (a®d? (15-8m+m?) -2abcd (5-6m+m?) +b?c? (3-4m+m?)) x**"Hypergeometric2Fi[1, 1+m, 3+m) 7b7x] -
2 2 a
d? x1*" Hypergeometric2F1[1, 1;”‘, 3;'", —dc—xz}

c(bc-ad)® (1+m)

Result (type 6, 196 leaves):

1 1+m 3+m  bx?  dx?
[ac(3+m)x*"‘AppellF1[, 3, 1, ,7—,7—}/
2 2 a c
2 2
((1+m) (a+bx?)? (c+dx?) |ac (3+m) AppellFl[ﬂ, 3,1, 3+m)_b_x,_d_x}_
2 a C

3+m 5+m b x2 d x? 3+m
adAppellF1[——, 3, 2, » -~ - ——| +3bcAppellF1[—, 4, 1, e
2 2 a C 2 2 a C

2 x?
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Problem 341: Result unnecessarily involves higher level functions.

Xm
dx
J(a+bx2)2 (c+dx2)2

Optimal (type 5, 230 leaves, 6 steps):

d(bc+ad) xtn b x1+m

.
2ac (bc-ad)z(c+dx2) 2a(bc-ad) (a+bx?) (c+dx?)

b2 (ad (5-m) -b (c —cm)) xL+m Hyper‘geometr‘icZFl[l, Lem = 3:m - _ bxz] d? (ad (1—m) -bc (5—m)> X1 Hyper‘geometr‘icZFl[l, 1*?”', 3+m M]

ZaZ(bc—ad)3(1+m) 2c2(bc—ad)3(1+m>

Result (type 6, 195 leaves):

) 1+m 3+m b x2 d x?
[ac(3+m)x*mAppellF1[, 2, 2, ,—,—})/
2 2 a C
2 2
((1+m) (a+bx2>2 (c+dx2)2 ac (3+m) AppellFl[lJr—m, 2, 2, 3+m, —b—x, —d—x]
2 2 a C
3+m 5+m b x2 d x? 3+m 5+m b x2 d x?
4x* |adAppellF1[—, 2, 3, , - , - | +bcAppellF1[—, 3, 2, s m——y — ] ]]
2 2 a C 2 2 a C

Problem 342: Result unnecessarily involves higher level functions.

Xm
dx
J(a+bx2)2 (c:+dx2)3

Optimal (type 5, 325leaves, 7 steps):

d(2bc+ad) x1em b x1+m d<4b2c2—a2d2 (3—m)+abcd(11—m)>x1*m
+ + -
4ac (bc—ad)2<c+dx2)2 2a(bc—ad) (a+bx2) (c+dx2)2 8 ac? (bcfad)3 (c+dx?)
b* (ad (7-m) -b (c-cm)) x¥"Hypergeometric2F1|1, 1;’", 3;"‘, —b:z] ) 1
2a% (bc-ad)* (1+m) 8c® (bc-ad)* (1+m)
2
d? (b>c? (35-12m+m?*) -2abcd (7-8m+m?) +a*d? (3-4m+m?)) x*" Hypergeometric2F1[1, 1+m, 3em _dix]

2 2«
Result (type 6, 197 leaves):
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1+m 3+m b x? d x?
—>5 2, 3, )’—)*_}

2 a C

[a c (3+m) x**"AppellF1|

/

2 2
((1+m) (a+bx2>2 (c+dx2)3 ac (3+m) AppellFl[lJr—m, 2, 3, 3+m, _b_x) _d_x] -
2 2 a [«
) 3+m 5+m b x2 d x? 3+m 5+m b x2? d x?
2x* |3adAppellFl| —, 2, 4, , -~ - ——| +2bcAppellF1[—, 3, 3, e )]
2 a C 2 2 a C

Problem 681: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
J\/CerXZ

X (a+bx2)

dx

Optimal (type 3, 80leaves, 6 steps):
\/?ArcTanh[@} vJbc-ad Ar‘cTanh[W crdx ]

. Vbcad
a avb

Result (type 3, 229 leaves):

1

2a

2a+/b [\/Fc—j\/?dwf\/bc—ad ) c+d x2 Za\/F[\/ch\/a_dXH/bc—ad ) c+d x2
L _
(bc-ad)3/2 (1'1 \/?-#\/FX) ] * og[ (bc-ad)3/2 (—]'L \/a_ﬂ/Fx)

Vb

Vbc-ad |Log|-

2+/c Log[x] —2\/?Log[c+\/?x/c+dx2 |+

Problem 683: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
J Verdx?

x3 (a+bx2)

dx

Optimal (type 3, 113 leaves, 7 steps):

A/ +d x? b +d x?
_er (2bc—ad)Ar‘cTanh{ cﬁx ]_\/F\/bc—ad ArcTanh | bciadx ]

ZaX2 Zazf\/c a2

Result (type 3, 281 leaves):
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+

1 [a+vc+dx? (2bc-ad)Llog[x] (-2bc+ad)Lloglc+c Ve+dx® |
-— + +
2a? x? NI NI

2 a2 (\/Fc—i\/?dXJr\/bc—ad \/c+dx2) 2 a2 (\/Fc+jm/?dx+\/bc—ad \/c+dx2>
| +Vb /bc-ad Log|
\/F(bc—ad)3/2(j\/?+\/3x) \/F(bc—ad)3/2(—j\/?+\/3x)

Vb Vbc-ad Log|

Problem 690: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(c+dx2)3/2

X (a+bx2)

dx

Optimal (type 3, 96 leaves, 7 steps):

+ 2 N 2
dmcm”ﬂa”h[%] (bC—ad)mArcTanh[@%%}

.
b a ab3/2

Result (type 3, 271 leaves):

2a+/b d+/c+dx? +2b¥2c32 Log[x] 72b3/2c3/2Log[c+\/?«/c+dx2 |+

2a b3/2

2ab3/? (\/b c-ivadx++Vbc-ad \/c+dx2) 2ab3/? (\/b c+ivadx++V/bc-ad \/c+dx2)
] + (bc—ad)3/2Log[—
(bc-ad)*? (iva +b x| (bc-ad)*?(-iva +b x|

(bc-ad)*? Log]-

Problem 692: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

d 2\3/2
J(c+ x) x

x> (a+bx?)
Optimal (type 3, 114 leaves, 7 steps):

+d x? +d x2
_chr\/?(Zbc—Bad)Ar‘cTanh[l%] ) (bc—ad)3/2Ar‘cTanh[vacfaddX ]

2ax? 2 a2 a2/b

Result (type 3, 284 leaves):
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2
A jaee e (ahc3ad) togix) - Ve (2bc-3ad) toglcr Ve Jerdax |+
2a X

2a2/b (Wc—ix/?dxa/bc—ad A/ c+d x2
(bc-ad)5/? (]‘L x/?n/Fx)

2a2/b [Wc+jﬁdx+\/bc—ad \/ c+d x?
(bc-ad)5/? (—1'1 \/?H/Fx)
Vb Vb

(bc-ad)?? Log|

(bc-ad)*? Log]

Problem 695: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Jx3 (c+dx2)5/2

a+bx?

dx

Optimal (type 3, 144 leaves, 7 steps):

Vb A/ c+d x?
a(bc—ad)zx/c:+dx2 a(bc-ad) (c+dx2)3/2 a(c+dx2)5/2 (c+dx2)7/2 a(bc—ad)S/zAr‘cTanh[ — ]

N B + + \Vbc-ad
b4 3b3 5 b? 7bd b2/2
Result (type 3, 298 leaves):
1
v 2+/b +/c+dx? (—105a3d3+15b3 (c+dx2)3+35a2bd2 (7c+dx2) ~7ab?d (23c2+11cdx2+3d2x4)) +
210 b d

2692 (\/Fc—j\/?dx+\/bc—ad \/c+dx2>
(bc-ad)”? (122242 x|

26°2 (Vb c+iva dxsvbc-ad Verdx |
(bc-ad)”?(-ia*2+ab x|

105ad (bc-ad)>? Log|-

105ad (bc-ad)>? Log|-

Problem 697: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

)5/2

x<c+dx2
J—dlx

a+bx?

Optimal (type 3, 1191leaves, 6 steps):
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Vb e
(bcfad)z\/mJr (bc-ad) (c+dx2)3/2Jr (c+dx2)5/2_ (bc—ad)S/zAr‘cTanh[ t:%addx ]

b3 3 b? 5b b7/2

Result (type 3, 268 leaves):

1
30 b7/2

2/b Jc+dx? (15a2d2—5abd (7c+dx2) +b? (23c2+11cdx2+3d2x4>) -

2b7/2 (WC*]‘I\/?dX*’\/bC*ad \/c+dx2) 2b7/2 (\/FCJrJi\EdXJr\/bc—ad \/c+dx2>

15 (bc-ad)®? Log| | -15 (bc-ad)®? Log|

<bc—ad)7/2(i\/?+ﬁx) (bc—ad)7/2(—i\/;+\/?x)
Problem 699: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
J<C+dxz)5/2 dx
x (a+bx?)

Optimal (type 3, 124 leaves, 8 steps):

+ 2 \/7 + 2
d(2bc-ad)Verdx® +d<c+dxz>3/2c5/2Ar‘cTanh[3:cv%X ] ) (bc—ad)s/zAr‘cTanh[Lz% ]
b2 3b a ab>/?

Result (type 3, 288 leaves):

2a+/b dy/c+dx? (7bc-3ad+bdx?) +6b%2c*? Log[x] -6b%2c*2Log[c+c \[c+dx? |+

6a b5/2

2ab5/2 (\/Fc—j\/?dx+\/bc—ad \/C+dX2)

2ab5/2 (\/Fc+i\/?dx+\/bc—ad \/c+dx2)
3(bc-ad)*?Log|- ] +3 (bc-ad)*?Log|-

(bc—ad)7/2(i\/a_+\/Fx) (bc—ad)7/2(—i\/?+\/3x)
Problem 701: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
2\5/2
j(C-*—dX ) / dx
x3 (a+bx?)

Optimal (type 3, 144 leaves, 8 steps):

d (bc+2ad> JeidxZ ¢ (c+dx2)3/2 c3/2 (2bc—5ad) ArcTanh[ﬁ%] (bc—ad)S/ZAr‘cTanh[\mbc:ddx2 }
_ . _ v

2ab 2ax? 2 a2 a2 b3/2
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Result (type 3, 311 leaves):

c¥2(-2bc+5ad) Log(x] c*?(2bc-5ad) Log[c++/c Vcrdx |
Je+dx? o+ N )

a? a?

1 [dz c?
Z 2| =
2 b 2ax?

2a2b3/2 [\/F c-iva dx+/bc-ad x/c+dx2) 232 b3/2 (\/F c+iva dx+vVbc-ad +/c+dx?
(bc-ad)’/? (1’1 \/a_ﬂ/Fx) (bc-ad)?”/? (—J’L \/a_M/Fx)

a2 b3/2 aZ b3/2

(bc-ad)®? Log|

| (bc-ad)*?Log|

Problem 706: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

1
dx
Jx (a+bx?) Vc+dx?
Optimal (type 3, 80leaves, 6 steps):

Ar‘cTanhP:céx2 } \/b ArcTanh [ Wb c:ddxz ]
+

a+/c avbc-ad
Result (type 3, 229 leaves):

Za{x/?cfﬂ\/?dxn bc-ad \/ c+dx? ] Za[\/?cui\/?dxm bc-ad \/ cidx? 1

NCY Log{— }+Log{—
2logx] 2Log{c+\/? [ cad x2 w N Vb Vbead [iv/a /b x Vb bcad [a‘:ﬁd?x
NS N bc-ad
2a

Problem 707: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

1
dx
Jx3 (a+bx?) Ve+dx?
Optimal (type 3, 115 leaves, 7 steps):
Jerdx? <2bc+ad) Ar‘cTanh[@] b3/2 Ar‘cTanh[W crd X }

B . N B bc-ad
2acx? 23232 a2+/bc-ad
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Result (type 3, 292 leaves):

2a21c3/2 -(2bc+ad) Log[x] + (2bc+ad) Log[c+c \Jc+dx? | -
2a%2 (Vb c-iva dx++vVbc-ad Vc+dx?
;\/? avbc-ad \Jc+dx?* +b¥?cx?Log| ( . )
Vbc-ad x? b3/2+/bc-ad (1\/?+Wx)

2 a2 (\/Fc+j\/a_dx+\/bc—ad \/c+dx2)
b*2+/bc-ad (-1H+Wx)

b*2 ¢ x? Log|

|

Problem 718: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J ! dx
x (a+bx?) (c+dx2)3‘/2

Optimal (type 3, 107 leaves, 7 steps):

ArcTanh | @] b3/2 ArcTanh | Vb Jerdx? ]

- d _ \/? 4 Vbc-ad
c(bc-ad)Vec+dx? ac’? a(bcfad)”2

Result (type 3, 316 leaves):

Log(x] 1 2d 2 Log[c++/c Verdx? |
+ — - +
ac¥ 2 |c(bcrad)Verdx ac?
s Za(\/FC\/bc—ad ~i+a dv/bc-ad x+bc/c+dx? —adn/ c+dx? i) 2a [\/FC\/bc—ad +i+a dybc-ad x+bc/c+dx® ~ad/c+dx?
o Log - o] L o [
+
a(bc-ad)*? a(bc-ad)*?

Problem 720: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J ! dx
x3 (a+bx2) (c+dx2>3/2
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Optimal (type 3, 156 leaves, 8 steps):

A/ c+d x? \/b_ +d x?
) d(bc-3ad) ) 1 ) (2bc+3ad) ArcTanh| Cﬁx ]_b5/2Ar'cTanh[ ﬁ ]
2ac? (bc-ad)Vec+dx? 2acx*Vc+dx? 2a%c>? a? (bc-ad)??
Result (type 3, 355leaves):
d+ =
1 biid*? (2bc+3ad) Log(x] (2bc+3ad)Log[c+Vc Ve+rdx? |
el - . -
2 | c2+/c+dx® a2 c>/? a? c*/?

2a? [\/b cvbc-ad -i+a dvbc-ad x+bc/c+dx? ~ad+/c+dx?

2a2|\/b cvbc-ad +i+/a dy/bc-ad x+bc/c+dx® —ad+/c+dx?
bS/2 Log | | b%2Log| ]
b5/2 (jL ﬁnﬁx) p5/2 (711 \Emﬁx)
a? (bc-ad)?? a? (bc-ad)’*?

Problem 727: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J 1 dx
e <a+bx2) (c+dx2)5/2

Optimal (type 3, 145leaves, 8steps):

E \m +d x?
_ d ) d(2bc-ad) ) ArcTanh | Cﬁx ] + bS/2 ArcTanh | ﬁ( ]
3¢ (bc-ad) (crdx?)*? 2 (bc-ad)?Verdxd ac5/2 2 (bc-ad)?

Result (type 3, 365 leaves):

1 2d 6d (-2bc+ad) 6Llog[x] 6Llog[c+Vc Verdx? |
— + + - +
6 lc(-bc+ad) <c+dx2)3’/2 c? (bc—ad)zm ac/? acs/?

2a(bc-ad) [\/b cv/bc-ad -i+a dv/bc-ad x+bc/c+dx?> -ad/ c+dx?
iva b%2:b%x

a (bcfad>5/2

2a(bc-ad) [chbc—ad +ia dybc-ad x+bc+/c+rdx? —ad/c+dx?
3b%/2 Log| - | 3b°%Log|-

~i+a b%/2:b3x
+

a (bcfad)S/2
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Problem 729: Result unnecessarily involves imaginary or complex numbers.
J 1
x> (a+bx?) (c+dx?)>?

dx

Optimal (type 3, 211 leaves, 9steps):

A C+ 2 +d x2
d(3bc-5ad) 1 d(b2c? Babcd:sazdz) (2bC+S5ad) ArcTanh[ o0 ] bmA'”CTa"h[WJ%;LX ]
_ _ . _
6ac? (bc-ad) (c+dx2>3’/2 2acx? (c+dx2>3/2 2ac3 (bcfad)Z\/Cerx2 2a2c’/? a2 (bc—ad)‘r’/2

Result (type 3, 409 leaves):

2 [_ 3 2cd? 6d*> (3bc-2ad)
1 Verdxt axt | (bead) (cednt)? (bc—ad)z(udxz)) (2bc+5ad) Log[x] (2bc+5ad) Log[c+Vc Vec+dx? |
2 3 C3 N a2 C7/2 * a2 C7/2 N

2a% (bc-ad) (\/ch/bc—ad —i+/a dy/bc-ad x+bc/c+dx? —ad~/c+dx? 2a2 (bc-ad) (\/chbc—ad +i+/a dy/bc-ad x+bc/c+dx? —adx/c+dx2]
iva b7/2ib* x ] -i~/a b7/24b*x
a? (bc-ad)®? a? (bc-ad)®?

b7/2 Log[ b7/2 Log[

Problem 736: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
J Ve +dx?
X

(a+bx2)2

dx

Optimal (type 3, 1191leaves, 7 steps):

rdx Vb Jcrd
Verdx? EA"”‘““P%] ) (2bc-ad) ArcTanh[%]

2a(a+bx2> a2 2a2+/b Vbc-ad
Result (type 3, 313 leaves):
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1 |2avc+dx?
— 7+2+4\/?Log[x} ~4+/c Log[c+c AJcrdx? |+
4a a+bx

4a2+/b |Vb c-i+a dx+vVbc-ad /c+dx? 432\/F(\/Fc+iﬁdx+w/bc—ad \/ c+d x2
vVbc-ad (2bc-ad) (iﬁn/?x) vbc-ad (2bc-ad) (—j\/?+rx)

Vb Vbc-ad Vb V/bc-ad

(2bc-ad) Log|-

(2bc-ad) Log|-

Problem 738: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
J Ve +dx?

x3 (a+bx2)2

dx

Optimal (type 3, 159 leaves, 8 steps):
4/ c+d x? /b A/ c+dx?
_bm_ m +(4bc—ad)Ar‘cTanh[ N }_\/F(4bc—3ad)Ar‘cTanh[ s }
a? (a+bx?) 2ax? (a+bx?) 2a3/c 2a3/bc_ad

Result (type 3, 343 leaves):

1 |2a(a+2bx?)/c+dx* 2(4bc-ad)Llog[x] 2(4bc-ad)Log[c+c Ve+dx? |

— + - +

43 X2 (a+bx?) NrS NrS

4 a3 (W c-i+va dx+bc-ad / c+dx? 41iad [\/chﬁdxmlbc—ad \/ c+d x?
b (4bc-3ad)+/bc-ad (iﬁ+\mx)] b (4bc-3ad)+/bc-ad (\/?+i\mx)
+

Vvbc-ad Vvbc-ad

Vb (4bc-3ad) Log| Vb (4bc-3ad) Log|
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Problem 745: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

dx

J<c+dx2)3/2

X (a+bx?) 2
Optimal (type 3, 129leaves, 7 steps):

+ 2 r 4 2
(bc_ad)mc”ZArcTanh[l%] Vb ad (20c- ad) arcTamn| fode )

2ab (a+bx?) a2 2 a2 b3/2

Result (type 3, 381 leaves):

2a(bc-ad) v d x?
1 |2a(bc-ad) Ve-dx +4c*2Logx] -4c*?Log[c+c \Jcrdx? |+

4 32 b(a+bx2)

432 b3/ [\/F c-i+va dx+vV/bc-ad +/c+d xzj 41 a2 b¥/? [\/Fcniﬁdxn/bc—ad ) c+d x?

Vbc-ad (2b%c*-abcd-a*d?) (iva +Vb x| Vbc-ad (2b%c*-abcd-a’d?) (Va +i b x|
+

b3/2+/bc-ad b3/2+4/bc-ad

(2b?c2-abcd-a*d?) Log|- (2b2c?-abcd-a?d?) Log|-

Problem 747: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

dx

J(c+dx2)3/2

x3 (a+bx?) 2
Optimal (type 3, 170leaves, 8 steps):

+ 2 r + 2
_(Zbc—ad)m_ cVerdd \/?(4bc—3ad) Ar‘cTanh[l%] vbc-ad <4bc—ad)Ar‘cTanh[ bbcfaddx ]

2 a2 (a+bx2) 2ax2<a+bx2)+ 2 a3 2a3b

Result (type 3, 405 leaves):
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2a dx? (2bcx? —-dx?
o1 |faverdx (2bcxtrafc-dx)) +2\/?(4bc—3ad) Log[x1—2\/?(4bc—3ad> Log[c+Vc yJcrdx® ]+

433 x2 (a+bx2)

4a*+/b [\/b c-i+v/a dx+Vbc-ad +/ c+d x?

4ia*b [x/b c+i~/a dx+Vbc-ad A/ c+d x?

(4b2c?-5abcd+a?d?) Log | (4b*c2-5abcd+a’d?) Log|
Vbc-ad (4b2c?-5abcdra?d?) (1'1 \/:-#\/FX) Vbc-ad (4b2c?-5abcd+a?d?) (\/?H'U/Fx)

+

Vb Vbc-ad Vb Vbc-ad

Problem 750: Result unnecessarily involves imaginary or complex numbers.

dx

Jx3 (c+dx2)5/2

(a+bx2)2

Optimal (type 3, 198 leaves, 7 steps):
(2bc-7ad) (bc-ad)Vc+dx? (2bc-7ad) (c+dx?)??

+

2b* 6 b3
Vb Jerax
(2bc-7ad) (c+dx2)5/2+ a(c+dx?)’”? ) (2bc-7ad) (bc-ad)*?ArcTanh| bb:addx ]
10b% (bc-ad) 2b (bc-ad) (a+bx?) 2b%/2

Result (type 3, 332leaves):

24/b /c+dx?

15a (bc—ad)2

46 b*c*>-140abcd+90a*d*+2bd (11bc-10ad) x* + 6 b d* x* +

60 b°/2 a+bx?

4b2 (Vo c-iva dx+Vbc-ad Verdx® |
(2bc-7ad) (bc-ad)®? (jm/?m/?x)

402 (Vo cviva dx+bc-ad Verdx® | ]
(2bc-7ad) (bc-ad)*? (-iva +Vb x|

15 (2bc-7ad) (bc-ad)*?Log|

15 (2bc-7ad) (bc-ad)*?Log|
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Problem 752: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Jx (c+dx2)5/2

(a+bx2>2

dx

Optimal (type 3, 126 leaves, 6 steps):

b s
5d (bc-ad) Vec+dx? +5d(c+dx2)3/2 (c+dx2)5/2 5d (bc-ad)’*ArcTanh| H ]

263 6 b2 2b (a+bx?) 272

Result (type 3, 289 leaves):

1
12 b7/2

2v/b Verdx® (3(bc-ad)?+2d(-7bc+6ad) (a+bx?) -2bd?x? (a+bx?) |

a+bx?

4p7/2 (\/Fc—jm/?dx+\/bc—ad \/c+dx2)
15d (bc-ad)>? Log|

4p7/2 (\/Fc+i\/?dx+\/bc—ad \/c+dx2)
] -15d (bc-ad)*?Log|
5d (bc-ad)®? (]'l\/?+\/FX> Sd(bc—ad)S/z(—j\/?+\/Fx)

Problem 754: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(c+dx2)5/2

X (a+bx2>2

dx

Optimal (type 3, 160leaves, 8 steps):

+ 2 '\/7 + 2
7d(bc—3ad) [Cidx +(bc—ad) (c+dxz>3/zc5/2Ar'cTanh[3:(gX ]Jr(bcfad)g’/2 (2bc+3ad)Ar‘cTanh[ bv%addx ]
2 ab? 2ab(a+bx2) a2 2 a2 b>/2

Result (type 3, 344 leaves):
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/ 2 2, (bc-ad)?
2Ve+dx |2d +a(a+bx2)) 4c52Log[x] 4c>?Llog[c+Vc Verdx? |
+ - +

4 b2 a2 a2

432 b5/? [Wc—iﬁdxn/bc—ad \/ c+d x? 432 b5/? (\m c+i/a dx+vVbc-ad / c+dx?
(bc-ad)52 (2bc+3ad) (J'L \/?-#\/FX) (bc-ad)52 (2bc+3ad) (—1'1 \/?H/Fx)

a2 b5/2 a2 b5/2

(bc-ad)*? (2bc+3ad) Log|- (bc-ad)*? (2bc+3ad) Log|-

Problem 756: Result unnecessarily involves imaginary or complex numbers.

dx

J(c+dx2)5/2

X3 (a+bx?) 2
Optimal (type 3, 180leaves, 8 steps):

+ 2 \/7 + 2
_(bc—ad) (2bc-ad)Vc+dx® ¢ (c+dx?)*? ¢/ (4bc-5ad) ArcTanh | c\/gx | (bc-ad)**(4bc+ad)ArcTanh| f/%addx ]

2a2b(a+bx2) _2ax2(a+bx2)Jr 2a3 ) 2 a3 p3/2

Result (type 3, 349leaves):

+2c*? (4bc-5ad) Log[x] -2c¥? (4bc-5ad) Log[c+/c \Jc+dx? | +

2 (bc-ad)?
_L 2aﬁlc+dx2 (C+<ca)

4 33 x2 b(a+bx2)

433 b3/2 [\/F c-i+va dx+vVbc-ad +/ c+dx? 4a%b3/2 (W c+i/a dx+vbc-ad +/ c+dx?
(bc-ad)5/2 (4bc+ad) (Ji \/?nmx) (bc-ad)5? (4bc+ad) (—Ji ﬁ+\mx)

p3/2 b3/2

(bc-ad)*? (a4bc+ad) Log|

| (bc-ad)??(4abc+ad) Log|

Problem 763: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

1
dx
Jx (a+bx2)2\/c+dx2
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Optimal (type 3, 130leaves, 7 steps):

A/ c+d x? B Vb [ c+dx?

b Crd _Ar‘cTanh[ o ]+\/F(2bc 3ad) ArcTanh | — ]
2a(bc-ad) (a+bx?) a2/c 2a% (bc-ad)??
Result (type 3, 360 leaves):
1
4 32

41a2 (\/chﬂix/?dmmbnn/udxz —ad+fcedx?
W(zbc73ad) Log|-

2abyc+dx? 4 Log[x] 4Log[c+\/?\/c+dx2] Vb (2bc-3ad) (Va +ivb x|

- + - + +
(-bc+ad) (a+bx?) /¢ Je (bc-ad)>?

4 a2 (—chbc—ad +iva dybc-ad x-bc~/c+dx? +ad/c+dx?
Vb (2bc-3ad) (Ji\/?H/Fx) }
(bc-ad)??

Vb (2bc-3ad) Log|

Problem 765: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

1
dx
Jx3 (a+bx2)2\/c+dx2
Optimal (type 3, 185leaves, 8 steps):

+ 2 r + 2
i b(2bc—ad)“’c+dx2 i /C+dX2 +(4bc+ad)ArcTanh{ECJ;X ]_b3/2 (4bc—5ad)Ar‘cTanh[ l\’%addx ]
2a?c (bc-ad) (a+bx?) 2acx?(a+bx?) 2a3¢3/2

2a3 (bc—ad)3/2

Result (type 3, 387 leaves):
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b2 2 (4bc+ad) Log[x]

+ —

433 c x? (—bc+ad) (a+bx?) c3/2
433 |+b cbc-ad -i+a dvVbc-ad x+bc/c+dx? —ad~/c+dx?
b*2 (4bc-5ad) Log| ]
2 (4bc+ad) Log[c+~/c Ve+dx? | b2 (abc-sad) (ivVa Vb x)
+ +
c3/2 (bc—ad)3/2

41ia3 [\/ch/bc—ad +i+/a dy/bc-ad x+bc/c+dx® -ad~/c+dx?
b2 (4bc-5ad) (ﬁﬂiﬁx)
(bc-ad)??

b*>2 (4bc-5ad) Log|

Problem 772: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

1
Jx <a+bx2)2 (c+dx2)3’/2

dx

Optimal (type 3, 170leaves, 8 steps):

+d x? Vb dx?
d(bc+2ad) . b Ar‘cTanh[l%] ) b*2 (2bc-5ad) ArcTanh]| bb:addx ]
2ac(bc7ad)2m 2a(bc-ad) (a+bx2)m a2 c3/? 2a2<bc—ad)5/2

Result (type 3, 406 leaves):



2 b2 2d?
1 |2Vec+dx (a2+abx2+c2+CdX2) +4L0g[X] _4Log[c+\/c \/C+dX2] N

4 (bc_ad)z a2 C3/2 a2 C3/2

4a2 (bc-ad) [\/chlbc—ad -i+va dv/bc-ad x+bc/c+dx® -ad~/c+dx?
b3/2 (2bc-5ad) (jﬁnmx) ]

b*2 (2bc-5ad) Log|-

a2 (bc—ad)S/2

4232 (bc-ad) [\/chlbc—ad +i+a dy/bc-ad x+bc/c+dx® -ad~/c+dx?
b¥2 (2bc-5ad) (7]‘LNE+WX)

a2 (b(:fad)'r’/2

b*2 (2bc-5ad) Log|-

]

Problem 774: Result unnecessarily involves imaginary or complex numbers.

1
sz’ (a+bx2)2 (c+dx2)3/2

dx

Optimal (type 3, 241 leaves, 9steps):
d(2b*c?-2abcd+3a%d?) b(2bc-ad)

2a2c? (bc—ad)Z\/Cerx2 2a%2c (bc-ad) (a+bx?) Vc+dx?

(4bc+3ad)Ar‘cTanh[@} b°/2 (4bc—7ad)Ar‘cTanh[ﬁ c*d"z]
Ve

1 N B \Vbc-ad

2acx? (a+bx?) Vc+dx? 2a’c®? 2a3(bc—ad)5/2

Result (type 3, 451 leaves):
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1 b3

1 d3 T 2c2x2 2 (bc-ad)? (atbx? 2(4bc+3ad) Log([x
ZlaA/c+dx?® |- N cfx (bc-ad)? (a+bx?) ~ ( > g[]+

4 c2 (bc—ad>2<c+dx2) a2 ad ¢5/2

4a% (bc-ad) (ch/bc—ad -i+va dvbc-ad x+bc/c+dx? -ad~/c+dx?
b5/2 (4bc-7ad) (iﬁnﬁx) ]

b2 (4bc-7ad) Log|

2 (4bc+3ad) Log[c+Vec Verdx? |

a3 c5/2 a3 <bC—ad)5/2

433 (bc-ad) [chbc—ad +i+/a dy/bc-ad x+bc+/c+dx? —ad/c+dx?
b>/2 (4bc-7ad) (qn/?ﬂ/Fx)

a3 (bc—ad)'r’/2

b2 (4bc-7ad) Log|

Problem 781: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

1
Jx <a+bx2)2 (c+dx2)5/2

dx

Optimal (type 3, 225leaves, 9 steps):
d (3 bc+2a d) b

+ +
6ac (bc—ad)2 <c+dx2)3/2 2a (bc—ad) (a+bx2) <c+dx2)3/2

d(b?c?-6abcd 2a2d?) Ar‘cTanh[ECJ;XZ] b°/2 (2bc—7ad)Ar‘cTanh[W\%;ddxz]

- +

2ac2(bc—ad)3\/c+dx2 a?c?/? 2 a2 (bcfad)”2

Result (type 3, 461 leaves):



b3 42 d? (3bc-ad) Log[X]
Ne+dx? |- + + + -
2a(-bc+ad)’ (a+bx?) 3c(bc-ad)?(c+dx?)®> 2 (bc-ad)® (c+dx?) a% c5/2
432 (bc-ad)? [\/chq\/?dmmbcﬂmdxz —ad+/c+d x?
Log[c+\/?\/c+dx2] b5/2 (2bc-7ad) (ﬂw?wa)
+ +

a2 ¢5/2 4 32 (bc—ad)7/2

b2 (2bc-7ad) Log|-

43% (bc-ad)? [—\/?Cx/bc—ad +i+va dvbc-ad x-bc/c+dx? +ad~/c+dx?
b5/2 (2bc-7ad) (Ji\/?ﬂ/Fx)

432 (bcfad)”2

b2 (2bc-7ad) Log|

Problem 783: Result unnecessarily involves imaginary or complex numbers.

1
Jx3 (a+bx2)2 (c+dx2)5/2

dx

Optimal (type 3, 304 leaves, 10 steps):
d(6b*c?’-6abcd+5a%d?) b(2bc-ad) 1

6 a2 c2 (bc—ad)2 <c+dx2)3/2 2a’c (bc-ad) (a+bx?) (c+dx2)3’/2 2acx? (a+bx?) (c+dx2)3/2

A/ c+d x? /b +d x?
d(2bc-ad) (b2c2 abcd+5a’d? (4bc+5ad) ArcTanh| cr‘cj | b2 (4bc-9ad) ArcTanh| i’/% ]

+ —

2a2c3(bc—ad)3\/c+dx2 2a%c’/? 2a3<bcfad)7/2

Result (type 3, 489 leaves):
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2 3 3b* 2d3 12d® (-2bc+ad)
A/ C+dx - + - +

2 (4bc+5ad) Log[x]
- +

AR
w | N

a? c3 x? az(—bc+ad)3(a+bx2) cz(bcfad)2<c+dx2)2 c3(bc—ad)3(c+dx2)

4a% (bc-ad)? [\/b cv/bc-ad -i+a di/bc-ad x+bcA/c+dx® —ad/c+dx?

b7/2 (4bc-9ad) L
2 (4bc+5ad) Log[c+vec Verdx? | (4bc-9ad) Log|

b’/2 (4bc-9ad) (J‘L \E+\/FX)

]

a3 c7/2 a3 <bc—ad)7/2
433 (bc-ad)? [\/ch/bc—ad +i+/a dy/bc-ad x+bc/c+dx® ~ad~/c+dx?
b7/2 (4bc-9ad) (—1’1\/?+\/FX) ]

a3 (bc—ad)”2

b7/2 (4bc-9ad) Log|

Problem 785: Result unnecessarily involves imaginary or complex numbers.
J(ex)3/2x/a+bx2 (A+Bx?) dx

Optimal (type 4, 212leaves, 5steps):

4a(11Ab-5aB)e+ex Va+bx? 2(11Ab-5aB) (ex)*?+a+bx?
+
231b? 77be

+

237/ (11Ab75aB> e3/2 (\E+\/Kx> % E111ptiCF[2Ar‘CTan[
2B (ex)%2 (a+bx2)?? (Vavbx)

bY/* /e x
al/4 /e

s

1

2

}

11be 231b%4+/a+bx?
Result (type 4, 159 leaves):
1 2e+ex
231b2+a+bx?

—(a+bx2) (10a2B—2ab (11A+3Bx2) -3b2x? (11A+7Bx2)) +

2ia’ (-11Ab+5aB) |1+ -2 +/x EllipticF[iArcSinh|
X

A

k‘

E

Nes b)

]

iva
Vb
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Problem 786: Result unnecessarily involves imaginary or complex numbers.
J\/ex \Ja+bx? (A+Bx*) dx

Optimal (type 4, 337 leaves, 6 steps):
2 (3Ab-aB) (ex)¥2+va+bx* 4a(3Ab-aB)+ex Va+bx? 2B (ex)3? <a+bx2)3/2
+ +

15be 15b3/2(\/?+\/Fx) 9be
4a%* (3Ab-aB) e (\/?+\/FX) mﬂliptiﬁ[“"”a”[%]: 2]
15b74Va+bx? )
2a°% (3Ab-aB) e (\/?+\/Fx) \/%EllipticF[ZArcTan[%], %]
15b74/a+bx?

Result (type 4, 234 leaves):

1 2e |bx? (a+bx2) (9Ab+2aB+5be2)- ! 6a(-3Ab+aB) ﬂ (a+bx2)—
45b%2+/ex Va+bx? ivE Vb
Vb
iva iVa
Vb

b
Va Vb [1+ 2 X312 EllipticE[i ArcSinh| |, -1]+Va Vb |1+ & o EllipticF [i ArcSinh| ], -1]
o W o0 x

Problem 787: Result unnecessarily involves imaginary or complex numbers.

J\/a+bx2 (A+BX2>
Vex

Optimal (type 4, 176 leaves, 4 steps):

dx
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224 (7Ab-aB) (\/?Jr\/Fx) —ashx EllipticF[ZAr‘cTan[i’lﬁ4 ex ], 2]
2(7Ab—aB>\/ex va+bx? ZB\/eix(aerxz)E‘/2 (Va Vb x) v/t e 2
+

+

21be 7be 21b5/4+/e Ja+bx2
Result (type 4, 132leaves):

2ia(-7Ab:aB) |1+ ﬁenipticF[jArcSinh[- ve },71}
2x (a+bx2) (7Ab+2aB+3be2)— Lo
iva
o

21b+vex Va+bx?

Problem 788: Result unnecessarily involves imaginary or complex numbers.
J\/a+bx2 (A+Bx?)

(e X) 3/2

dx

Optimal (type 4, 333 leaves, 6 steps):
2 (5Ab+aB) (ex)*?+a+bx* 4 (5Ab+aB)+ex Va+bx?
N _

sae’ 5v/b e? (Va + b x|
+b x? . . pl/4 1
1A [02bx2] 43t (sab+aB) (Va + Vb x| 7(\53+\/XFX)2 ElllptlcE[2ArcTan[—\Eal/4$ ], 2]
- +
aevex 5b3/4e3/2/31bx2
2a%/* (5Ab+aB) (Va b x| %EllipticF[ZArcTan[%], 1]

5b%/4e22\/asbx?
Result (type 4, 186 leaves):



ia 1o EllipticE{iAr‘cSinh[—\/\E ],—1}—EllipticF{J‘LAr‘cSinh[—\)E ],71}
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4 (5Ab+aB)x -(b+i)\/7+

XZ

3

)

4

1 2+vVa+bx? (—5A+Bx2)

3/2

X —

5 (ex)3/2 VX b+va+bx?

Problem 789: Result unnecessarily involves imaginary or complex numbers.
JVaerXZ (A+BX2>

<e X) 5/2

dx

Optimal (type 4, 172leaves, 4 steps):

2 (Ab+aB) (vVa +Vb x —abx___ E11ipticF[2ArcTan bt fex ) 1
2 (Ab+aB)Vex Va+bx? 2A(a+bx2)3/2 ( ) ( ) (a b x)? [ [ /s e Js 2]
- +
3ael 3ae (ex)3? 3al/4pl/4e5/2~/a 1 bx2

Result (type 4, 120leaves):

2i (Ab+aB) |12 x5/2E11ipticF{jArcSinh{— Jo },71}
2x | (a+bx?) (-A+Bx?) + x

i
Vo

3 (ex)®2+a+bx?

Problem 790: Result unnecessarily involves imaginary or complex numbers.
J\/aerXZ (A+BX2>

(e X)7/2

dx

Optimal (type 4, 338 leaves, 6 steps):
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2 (Ab+5aB) Va+bx2 4\/F(Ab+5aB)x/exx/a+bx2 2A(a+bx2)3/2

- +

5ae3+/ex 5ae4(\5+\mx) 5ae (ex)>?
b x? . . pl/4 1
404 (Ab+5aB) (ﬁ+ﬁx) /—W;MXFX)Z E111pt1cE[2Ar~cTan[—“Cal/w? I, 2]
R
5a34e’”2/a+bx?
2614 (Ab+5aB) (ﬁM/FX) li(ﬁaisz_zx)z EllipticF[ZAr‘cTan[%%], >
5a34e’”2/a+bx?

Result (type 4, 217 leaves):

x|-2+/a iva (a+bx?) (A-5Bx?) -4/b (Ab+5aB) |1+ —— x”/2EllipticE|i ArcSinh| ], -1] +
Vb bx? Vx

iva
Vb .
4+/b (Ab+5aB) [1+ az x7/2EllipticF[jAr‘cSinh[ib],—1} / 5vVa iva (ex)”2+/a+bx?
b x X Vb

Problem 791: Result unnecessarily involves imaginary or complex numbers.
j\/a+bx2 (A+BX2>

x9/2

dx

Optimal (type 4, 152 leaves, 4 steps):

264 (Ab-7aB) [va +/b x| | —=X  EllipticF|2ArcTan| 2 x
2 (Ab-7aB)Va+bx? 2A(a+bx?)*? ( >( ) (Va VB | [ [ al/a

s

1
2

]

21 ax3/? 7 ax’/? 212354 /a+bx2

Result (type 4, 139leaves):



i

\/7 4]1b(Ab+7aB)ExEllipticF[jArcsinh[ e ], -1]
a+bx? +

21a Q\/FE Va+bx?

A

4

2A 2 (2Ab+7aB)

7X7/2 21 a X3/2

Problem 792: Result unnecessarily involves imaginary or complex numbers.
J\/a+bx2 (A+BX2)

X11/2

dx

Optimal (type 4, 331 leaves, 7 steps):
2 (Ab-3aB)\a+bx? 4b(Ab-3aB)Va+bx? 4b¥2(Ab-3aB)+/x Va+bx?

15 a x5/2 15a2+/x 15a% (Va +/b x|
4b¥/ (Ab-3aB) (\E+\/FX) —ab? EllipticE[ZArcTan[M}, ]
2A (a+bx?)*? (Va Vb x) - ’
9ax°/? : 15a’/*+a+bx? _
2b54 (Ab-3a8) (\/?Jr\/Fx) /ﬁ EllipticF[ZAr‘cTan[%“@], ﬂ
15a’/4~a+bx?
Result (type 4, 237 leaves):
|2 ivh x (a+bx?) (-6Ab>x*+2abx* (A+9Bx*) +a® (5A+9BX?)) -
Va
R .
6va b*? (-Ab+3aB) x* |1+ bx EllipticE[i ArcSinh| iVb x |, -1] +
a \a

b x? i /b i /b
6Va b2 (-Ab+3aB) x° [1+ X EllipticF[i ArcSinh| | - . |, -1] / asazx®2 [ 220\ [a by
a Va \Va
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Problem 793: Result unnecessarily involves imaginary or complex numbers.
J\/a+bx2 (A+Bx?)

X13/2

dx

Optimal (type 4, 187 leaves, 5steps):
2 (5Ab-11aB)a+bx*> 4b(5Ab-11aB)/a+bx? 2A(a+bx?)??

77 a x’/? 231 a2 x3/2 11 a x11/2

2b7/4 (5Ab-11aB) (ﬁ+ﬁx) \/%EllipticF[ZAr‘cTan[%?], 7]

231a°%+a+bx?

+

Result (type 4, 163 leaves):

)

ﬁ

ia
4ib? (-5Ab+11aB) [1+ -2 xEllipticF[jArcSinh[E], -1]

[ 2A 2 (2Ab+1l1aB) 4b(—5Ab+11aB)]\/7
- - a+bx? -

11 x11/2 77 ax’/? 231 a% x3/2

VX
231 a2 IEWE va+bx?

Problem 794: Result unnecessarily involves imaginary or complex numbers.

J(ex)”2 (a+bx2)3/2 (A+Bx*) dx

Optimal (type 4, 252 leaves, 6 steps):
8a? (3Ab-aB)e+ex Va+bx* 4a(3Ab-aB) (ex)*2"/a+bx? 2 (3Ab-aB) (ex)%2 (a+bx?)>?

+ +
231 b2 77be 33be
4al'/4 (3Ab-aB) e3? b | —2X _ E)lipticF[2ArcTan|2ivex ] L
2B (ex)%? (a+bx2)*? e 28) e (\E+Wx) (va b x)’ iptick[2Arc a”[awﬁ]’z}
15be 231b%*/a+bx?

Result (type 4, 178 leaves):



1

1155 b2/ a + b x2

2evex -(a+bx2) (2ea3B-12a2b (5A+Bx2) -7b3x* (15A+118x2) —ab?x? (195A+119Bx2)) +

ivfa
20ia (-3Ab+aB) [1+ 2 \/?EllipticF[jArcSinh[@], -1]
iva
Vb

Problem 795: Result unnecessarily involves imaginary or complex numbers.

J\/K (a+bx2)3’/2 <A+Bx2) dx

Optimal (type 4, 377 leaves, 7 steps):
4a(13Ab-3aB) (ex)¥2+/a+bx? 8a?(13Ab-3aB)ex Va+bx* 2(13Ab-3aB) (ex)¥? (a+bx?)>?
+ +

+

195be 195 p3/2 (\/;+\/FX) 117be
9/4 _ a+b x? . . bY/4 \/ex 1
28 ()32 (a+ bt] 5 8a%* (13Ab-3aB) /e (\/?+\/Fx) ,—<\/?+\/FX)2 EllipticE[2ArcTan| = ]3]
- +
13be 195b74/a+bx?
+b x? . . 1/4
4a%% (13Ab-3aB) Ve (\/?+\/Fx) lm ElllpthF[ZAPCTM[Zﬁ%], ﬂ
195 b7/~ a+ b x?

Result (type 4, 214 leaves):
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1

585b2+/a+bx?

2+x Vex bﬂ(amxz) (122?B+5b2x? (13A+9Bx?) +ab (143A+75Bx?)) +

o

i

4

ia [1+-2 |EllipticE[iArcSinh| = | -1] - EllipticF[i ArcSinh]

B

Q‘

Vx

L

)

,1}

12a2 (-13Ab+3aB) 7[b+i)ﬂ+ —
)
7o

Problem 796: Result unnecessarily involves imaginary or complex numbers.

dx

(a+bx?)*? (A+Bx?)
=
Optimal (type 4, 214 leaves, 5steps):
4a(11Ab-aB)Vex Va+bx? 2(11Ab-aB) Vex (a+bx?)??

+

77be 77be
4a’* (11Ab - aB) (\/?+\/FX) —a0X__ E114pticF[2 AncTan| 2 ex
2B+Vex <a+bx2)5/2 (\/?Jr\/Fx) al/4 /e
+
llbe 77b%4Je Va+bx2

Result (type 4, 155leaves):
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1

77b+ex Va+bx?

o

Q‘

ifa
4ia’ (-11Ab+aB) [1+ 2 WEllipticF[iArcSinh[g], -1]
2x [(a+bx?) (4a®B+b*x* (11A+7Bx*) +ab (33A+13Bx?)) -

i+a
Vb

Problem 797: Result unnecessarily involves imaginary or complex numbers.

dx

J(a+bx2)3/2 (A+Bx?)

(e X>3/2

Optimal (type 4, 367 leaves, 7 steps):
4 (9Ab+aB) (ex)¥2+/a+bx? 8a(9Ab+aB)+ex Va+rbx? 2 (9Ab+aB) (ex)¥2 (a+bx?)>?

15e3 15We2(\/?+\mx) 9ael
a+b x? . . bl/4 /e 1
2a (a+bxt]2 8a>* (9Ab+aB) (ﬁmﬁx) mElllptlcE[2ArcTan[£al/4ﬁx ], 2]
- +
aerex 15 p3/4 @3/2 m
57 (oabeeo) (Vo] [ entpricr (pareran 25, 3)
15 p3/4 es/zm

Result (type 4, 206 leaves):
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1 s 2\a+bx? (—45aA+9Abx2+11an2+5be4)
X

15 (e x)3/? 3+/x

ia [1+2 |EllipticE [j ArcSinh [ A f
X

o
a

<1k
1

|, -1]-e11iptice i Arcsinn[ L], 1]

x
x

8a (9Ab+aB) x -(b+i)ﬁ+

XZ

3

]3/2

[1‘1

4

bva+bx?

Problem 798: Result unnecessarily involves imaginary or complex numbers.

dx

J(a+bx2)3/2 (A+Bx?)

(e X) 5/2

Optimal (type 4, 210leaves, 5 steps):




4 (7Ab+3aB)Vex Va+bx* 2(7Ab+3aB)+ex (a+bx?)*?
+

21 21ae’
3/4 a+b x? P bY/* /e x 1
2A (a+bx?)>? 42 (7ab+328) (Va Vb x (Vo b x)} Elliptick[2ArcTan[® 785 ], 7]
+
3ae (ex)?? 21b4e52/asbx2

Result (type 4, 140leaves):

4ia(7Abi3aB) |1+ x5 EllipticF[iAr‘cSinh{— e },71]
X
X

2 X (a+bx2) (-7aA+7Abx2+9an2+3be4) +
\/f

21 (ex)°/2+/a+bx?

Problem 799: Result unnecessarily involves imaginary or complex numbers.

dx

<a+bx2)3/2 (A+Bx?)
J (eX>7/2
Optimal (type 4, 365 leaves, 7 steps):
12b<Ab+aB) (ex)32+/a+bx? 24\/F<Ab+aB) Vvex Va+bx? 2 (Ab+aB) (a+bx2)3/2
+ _
5ae’ 5et (\/?+\/Fx) aelex

24a174p1/4 (Ab+aB b —abx®  E171ipticE[2 ArcTan [ 2 ex
2A (a+bx2)®? : (Ab+aB) (\/?H/—X)m ipticE[2Arc a”[al/‘,ﬁ}

> 2

Sae (ex)5? 5e72\/axbxt
_ abx® . b4 ex 1
12a1/4b1/4 (Ab+aB) (\/?Jr\/Fx) (J;H/XFX)Z EllipticF[2ArcTan| al/,w‘}x ]s 2]
5e”/2+/a+bx?

Result (type 4, 232leaves):
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x |2 iva (a+bx?) (-aA+5Abx*+7aBx*+bBx*) -24+/a /b (Ab+aB) [1+
Vb b x?
iva
\/7 .
24~/a \/b (Ab+aB) |1+ x7/2EllipticF[jArcSinh[;],71] /5 iva
bx? Vx Vb

Problem 800: Result unnecessarily involves imaginary or complex numbers.

dx

J(ex)-r’/2 (A+Bx?)
Vva+bx?

Optimal (type 4, 338 leaves, 6 steps):

2(9Ab-7aB)e(ex)¥?Va+bx? 2B (ex)”2\/a+bx? 2a(9Ab-7aB)e’vex Va+bx?
- +

+

45 b? 9be 15 b5/2 (\/;+\/Fx)
b x2 . . 1/4
2 a5/4 (9Ab—7aB> e5/2 (\/?_'_\/Fx) (\/;f)i\%x)z ElllpthE[ZAPCTan[:ﬁ%], i}
15b1/4\a+bx?
+b x? . . bl/4 1
a%4 (9Ab-7aB) e¥2 [Va + /b x| li(ﬁi&w ElllptlcF[ZAPcTan[Lam\g ], 2]
15b%4\/a+bx?

Result (type 4, 237 leaves):
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! 2 (ex)*? |bx* (a+bx?) (9Ab-7aB+5bBx?) + ! 3a(-9Ab+7aB) iva (a+bx?) -
45 b3 x3 v a+ b x? e Vb
Vb

iva

\/7
Va Vb |1+ - x*2EllipticE[i ArcSinh| - I, 1] +va Vb [1+—— x*2EllipticF[i ArcSinh] ], -1]
LS VX VT e VX

Problem 801: Result unnecessarily involves imaginary or complex numbers.

=

dx

J<ex)3/2 (A+Bx?)
Va+bx?

Optimal (type 4, 174 leaves, 4 steps):

a3/ (7Ab-5aB) e (\/?+Wx) —ashx EllipticF[2Ar‘cTan[4:b1f4 ex ], 2]
2 (7Ab-5aB)eex Varbx? 2B (ex)"2v/arbx2 (Va /b x| aiye = 2
N

21 b? 7be 21b%4/a+ b x2
Result (type 4, 134 leaves):

ia(-7Abs5aB) |1:2 \/?EllipticF{jAr‘cSinh{— e },71}
2e+/ex —(a+bx2> (—7Ab+5aB—3be2)+ L
iva
Jo

21b%2+a+bx?

Problem 802: Result unnecessarily involves imaginary or complex numbers.
Vex (A+Bx?)
J— dx

v a+bx?

Optimal (type 4, 299 leaves, 5 steps):
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2a4 (5Ab-3aB) e (Va +vb x| |—2 _ EllipticE[2ArcTan|0 e ] L
2B (ex)?2+a<bx?2 2(5Ab-3aB)Vex Va+bx? ( ) ( ) (v /B ) [ [amﬁ}
+ -

S5be 50>2 (va /b x| 5b7%Va+bx?
al/ (5Ab-3aB) Ve (Va +/b ] %EllipticF[ZArcTan[%], 5]
5743 b

Result (type 4, 181 leaves):

v "
[a ifa

ia [1e2 EllipticE[jAr‘cSinh{—ﬁ },-1}-EllipticF[jArcSinh[-JE },-1}

X X

[].

(5Ab-3aB) x —(b+xi)\/T+

3

]3/2

=

1
2+ex |Bx¥?+/a+bx* -

5b/x b+a+bx2

Problem 803: Result unnecessarily involves imaginary or complex numbers.
A+Bx?
J— dx
Vex vVa+bx?
Optimal (type 4, 139leaves, 3 steps):
(3Ab-2aB) (Va ++/b x| | —>*X— EllipticF[2ArcTan[ o], 1]
2B+vex Va+bx? (Va /b x| at/* /e
+
3be 3al/4b5/4 /e Va+bx?
Result (type 4, 116 leaves):
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i(-3AbsaB) |1+ WEllipticF[jAr‘cSinh[— e },71]
2x |B (a+bx2) - x
iva
Jo
3bvex Va+bx?

Problem 804: Result unnecessarily involves imaginary or complex numbers.

J A + B x? dx
(ex)32+/a+bx?
Optimal (type 4, 290 leaves, 5 steps):

2 (Ab+aB) (\E+\mx) —asbx® E111pt1cE[2Ar‘cTan[TA\@] l}
2Ava+bx® 2 (Ab+aB)+ex Va+bx? (Va /b x)° Ve
- + - +
aevex avb e? (\/?+\/Fx) a3/4p3/4e3/2/a+bx?
Ab+aB b 2 E1lipticF[2ArcTan| Pl ex ] 1
( +a ) (\/?+\/_x) e ) iptic [ rc an[ = } ]
a3/4 p3/4 @3/2 m

Result (type 4, 193 leaves):

X 2\/?(Ab+aB)x 1+bx2 ipti i i = ], -1] -
e Ve

[i ArcSinh|

2 .
2 |AVb (a+bx?) +va (Ab+aB) x 1. 2% EllipticF[i ArcSinh]| M/FX},-1] /a
a \/?

3/2

\/—

a+bx

Problem 805: Result unnecessarily involves imaginary or complex numbers.

J A+Bx? s
X
(ex)*2+a+bx?
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Optimal (type 4, 138 leaves, 3 steps):
(Ab-3aB) (\EM/Fx) szz EllipticF[2ArcTan[£"lﬁd =], ]
2AVa+bx? (V?NFX) a¥/* e
_3ae (ex)3/? : 335/4bl/4e52-/3 4+ bx2

Result (type 4, 118leaves):

-
i(-Ab+3aB) [1+ 2 x5/2 EllipticF[Ji Ar‘cSinh[f ye },-1}
Y
x

ia
Vo

3a (ex)>2+/a+bx?

2x |-A (a+bx2> "

Problem 806: Result unnecessarily involves imaginary or complex numbers.

A+Bx2
J dx
(ex)72~+/a+bx?
Optimal (type 4, 342 leaves, 6 steps):
2Aa+bx2 2 (3Ab-5aB)Va+bx? 2\/?(3Ab—5aB> Vex Va+bx?

Sae (ex)®? 5a’e3+ex 5a2e4(\/a_+\/Fx)
1/4 B a+b x? . . b4/ ex 1
2bY4 (3ab-52a8) [Va +/b x| /7(\/?+\/Fx)z E111pt1cE[ZAr‘cTan[—\Eamﬁ ], 2]
5a7/4e7/21/a+bX2 -
b4 (3Ab-5aB) (\/?Jrﬁx) /(J?aib—f?x)z EllipticF[ZArcTan[%], i]
5a’/4e’2\/a+bx?

Result (type 4, 221 leaves):
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2 .
x |2va Vb (-3Ab+5aB) x> 1. 2 EllipticE[i ArcSinh| ivh X ], -1] -
a Ja
2
2 ivh (a+bx?) (-3Abx*+a (A+5Bx?)) ++/a /b (-3Ab+5aB)x? 1. 2X EllipticF[i ArcSinh] Vb x |, -1] / 5
Va a Va

Problem 807: Result unnecessarily involves imaginary or complex numbers.

dx

J<e x)7/2 (A+Bx?)

(a+bx2>3/2

Optimal (type 4, 211 leaves, 5 steps):
(7Ab-9aB)e (ex)®? 2B (ex)¥? 5(7Ab-9aB)e*+ex Va+bx?

+ +
7b>a+bx? 7be+a+bx? 21b°
+b x2 . . b1/4 1
5a%4 (7Ab-9aB) e’/? (\/?+\/Fx) li(vaij?x)z E111pt1cF[ZAr‘cTan[#MW%X ]3]
42 b13/%+/a + b x?

Result (type 4, 168 leaves):
1

21 (12 p3arbx2

Vb
iva
- Vb

e*ex iva (-45a’B+ab (35A-18Bx?) +2b’>x? (7A+3Bx?)) -5ia (7Ab-9aB) [1+ 2 V/x EllipticF[i ArcSinh| - ], -1]
Vb b x? Vx
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Problem 808: Result unnecessarily involves imaginary or complex numbers.

dx

J<e x)®/2 (A+Bx?)

(a +b X2>3/2

Optimal (type 4, 337 leaves, 6 steps):
(5Ab-7aB)e (ex)3? 2B (ex)7/2 3(5Ab-7aB)e*ex Va+bx?

- +

+
5b2+a+bx? S5be+a+bx? 5b5/2<\/;+\mx)

1/4 _ 5/2 __asbx® s ot b4 ex ] 1

3a% (5Ab-7aB)e (\E+'\/FX) f NoNTE EllipticE[2ArcTan| = ] 2}

5 b11/4 /2 b
3al/4 (5Ab-7aB) e*2 (\/?+\/Fx) % EllipticF[ZArcTan[M], ]
(ﬁ+ﬁx) al/4 e 5
18 b4 /a1 bx?
Result (type 4, 229 leaves):
1
<e X)S/Z
5b3x3+a+bx?

Ik

bx* (-5Ab+7aB+2bBx?) + 1 3(5Ab-7aB) iva (a+bx2)—\/?\/F [1+ a2 x>/2 E1lipticE [i ArcSinh| " |, -1] +
iva Vb bx Vx
Vb

iva
\| VB
Va b 1+ az x>/2 E1lipticF i ArcSinh]| ], -1]
b x

Vx

Problem 809: Result unnecessarily involves imaginary or complex numbers.

dx

J<e x)3/2 (A+Bx?)

(a+bx2>3/2

Optimal (type 4, 174 leaves, 4 steps):
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3Ab-5aB) e¥2 (v/a +/b x| [—22X — EllipticF|2ArcTan| 2/ ex ] 1
(3Ab75aB)E\/e7X ZB(EX)5/2 ( ) ( )m [ [31/4\/:] 2}
- +

+

3b%2+/a+bx? 3be+va+bx? 6 al’4b%%+/a+bx?
Result (type 4, 143 leaves):

ia
- Vb

& eVex iva (-3Ab+5aB+2bBx?) +i (3Ab-5aB) [1+ az V/x EllipticF|i ArcSinh| \/_b ], -1]
b x X

. b
3 W‘j?@ b%+/a+ b x? Vb

Problem 810: Result unnecessarily involves imaginary or complex numbers.

dx

Jm (A+Bx2)

(a+bx2)3?

Optimal (type 4, 301 leaves, 5steps):

Ab-3aB) e (Va ++/b x % EllipticE |2 ArcTan m , L
(Ab-aB) (ex)¥> (Ab-3aB)+Vex Va+bx ( ) ( )\/ (Va Vb x| : {awﬁ] !
+

abeVva+bx? ab3/? (\/?+\/Fx) a¥4p7%\Ja+bx2
Ab-3aB b | —a0xX  E11ipticF[2ArcTan| 2l ex ] 1
( aB) Ve (\/?Jr\ﬁx) NENTNY ipticF[2ArcTan| = B 2]
2234074 Ja+bx2
Result (type 4, 216 leaves):
iva
i Vb
ie|[Va iva (-Ab+3aB+2bBx?) +/b (Ab-3aB) [1+ x*/2 E1lipticE[i ArcSinh | ], -1] -
Vb bx? Vx

. 3/2
W(Ab73aB) 1,2 X3/2EllipticF[JiAr'cSinh[ ° ],71} /[[1\/‘?) b5/2/ex ~/a+bx?

b x2 VX
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Problem 811: Result unnecessarily involves imaginary or complex numbers.

A+Bx?

Jm (a+bx2)??

dx

Optimal (type 4, 144 leaves, 3 steps):

Ab+aB) (va +b x| [ —2 — EllipticF[2ArcTan| 2/ ex ] 1
(Ab-aB) Vex | )( )m [ [alx“ﬁ} 2]
+
abeva+bx? 2a5/4b5/4/e \atbx?
Result (type 4, 133 leaves):

o

4‘

e
%F@ (Ab-aB)x+i (Ab+aB) |1+ % x*/2EllipticF[iArcsinh[1=—], 1]

a /M\/FE bvex Va+bx?

Problem 812: Result unnecessarily involves imaginary or complex numbers.

A+Bx?
J dx
(ex)32 (a+bx2)3?

Optimal (type 4, 333 leaves, 6 steps):

2A (3Ab-aB) (ex)*? (3Ab-aB)+ex Va+bx?
_ _ . _
aevex Va+bx? a2e3+a+bx? a2/b e? (\/?Jr\/Fx)

(3ab-28) (vVa Vb x| \/%Ellipticﬂzm‘ﬂan[%%}, 1]

a7/4 p3/4 @3/2 \/m
b X2 . A b1/4
(3Ab-aB) (Va +Vb x| /m E111pt1cF[2ArcTan[j%}, 7]
237/4p3/4e3/2/ 3+ b x2

Result (type 4, 202 leaves):



. 2 .
x [Vb ivh X (-2aA-3Abx*+aBx?) -Va (-3Ab+aB)x 1. 2 EllipticE[i ArcSinh| ivh X ], -1] +
Va a Va
2 . .
Va (-3Ab+aB)x 1.2 EllipticF[i ArcSinh| lwx},-l] / a’\b ivh x (ex)*?~]a+bx?
a Ja Va

Problem 813: Result unnecessarily involves imaginary or complex numbers.

A+Bx?
J dx
(ex)%2 (a+bx2)*?

Optimal (type 4, 176 leaves, 4 steps):

(5Ab—3aB) (\/;Jr\/Fx) % EllipticF[ZAr‘cTan[%@], l]
2A (5Ab-3aB) Vex (Va /b x) at/te 7 2
3ae (ex)3?2+/a+bx? 3a2e3+va+bx? 6a°/4bl/4e>24/a+bx?
Result (type 4, 146 leaves):
i+va
~ Vb
x iva (-2aA-5Abx*+3aBx?) -1 (5Ab-3aB) 1.2 x*/2 E1lipticF i ArcSinh| ], -1] /
Vb b x? Vx

Vb

[3a2 iva (ex)S/Zx/a+bx2]

Problem 814: Result unnecessarily involves imaginary or complex numbers.

A+ B x?
J dx
(ex)7/2 (a+bx2)3/2

Optimal (type 4, 379 leaves, 7 steps):
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2A 7Ab-5aB 3(7Ab-5aB) Va+bx?
- +
5ae (ex)’?+a+bx? 5a’e3+ex Va+bx? 5ale3+ex

7]
’ 2

3p/4 (7Ab-5aB) (Va +b x| | —22X  EllipticE[2 ArcTan| 2l ex
31b (7Ab-5aB) Vex Va+bx? ( [V )\/ e | R
+
5aet (\/?Jr\/FX) 5311/4 o7/2 /3 1+ b X2
+b x? . . 1/4
3b/4 (7Ab-5aB) (V?+\/Fx) lm ElllpthF[ZANTM[ﬁ}, %]
10311/4e7/24/a+bx2
Result (type 4, 233 leaves):
X i\/b x (21Ab*>x*+abx? (14A-15Bx*) -2a* (A+5BX?)) +
Va
2 .
3vV/a Vb (-7Ab+5aB) X3 1. 2 EllipticE[i ArcSinh| ivh X |, -1] -
a Ja

b x2 1Vb i+vVb
3\/?\/?(—7Ab+5a8) K14 2% EllipticF i ArcSinh| = X ], -1] / 5a3 ivb x (ex)7/2+/a+bx?
N Va Va

a

Problem 815: Result unnecessarily involves imaginary or complex numbers.

dx

J<e x)7/2 (A+Bx?)

(a+bx2>5/2

Optimal (type 4, 208 leaves, 5steps):

(Ab—?;aB)e(ex)S/2 2B (ex)%2 5(Ab—3aB) e3+/ex
- + - +
3 b2 (a+bx2)3/2 3be<a+bx2)3/2 6b3a+bx?
5 (Ab-3aB) e’ (va + b x| /ﬁ EllipticF[ZAr‘cTan[%%], L
12 a1/4 b13/44/a+bX2

Result (type 4, 163 leaves):



R

5i (Ab-3aB) |1+ xEllipticF[jArcSinh[
772 | Vx (15a%B+b*x? (-7A+4Bx?)+a (-5Ab+21bBx?)) . bx x

b? (a+b x?
( ) Ji\/? b3

o

(ex)

6x’/2/a+bx?

Problem 816: Result unnecessarily involves imaginary or complex numbers.

dx

J<e x)*/2 (A+Bx?)

(a+bx2>5/2

Optimal (type 4, 349leaves, 6 steps):
(Ab-aB) (ex)”/2 (Ab-7aB)e (ex)¥2 (Ab-7aB)e?ex Va+bx?
+ - +

3abe(a+bx2)3/2 6ab2+/a+bx? 2ab>/? (\/?+WX)
(Ab-7aB) e (\/?+\/Fx) \/%EllipticE[2ArcTan[£iﬁ4g ], 2]
2a3/4b11/44/a+bX2 B
(Ab-7aB)es? (\/?Jr\/FX) lﬁ ElliptiCF[ZAI"CTan[Lb;:A\/? ] ﬂ
4a3/4b11/44/a+bX2

Result (type 4, 249 leaves):
1

6ab3x3 (a+bx2)3/2
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(e x)>? |bx? (—7aZB+3Ab2x2+ab(A—QBXZ))—;3 (Ab-7aB) (a+bx?) ﬂ (a+bx2)—\/?\/F [1+ az x3/2
b x

i+a \/F
Vb

iva ivJa
\ Vb a \ Ve
EllipticE[iArcSinh[———], -1 ++a Vb [1+ —— x*?EllipticF[i ArcSinh|
b x

Vx



312 | 1.1.2 Quadratic.nb

Problem 817: Result unnecessarily involves imaginary or complex numbers.

J<e x)3/2 (A+Bx?)

(a +b X2> >/2

dx

Optimal (type 4, 185Ileaves, 4 steps):

(Ab+5aB) e (Va +\/b x| | —2**— EllipticF[2ArcTan[ e ], 1]
(Ab-aB) (ex)*’2 (Ab+5aB)e+/ex (Va /b x| at/te 17 2
- +

3abe (a+bx?)’? 6ab2+/a+bx2 123540942+ bx2
Result (type 4, 163 leaves):

1
6a | 1La p2 (a+bx?)*?

Vb
i+va

i [ Vb
eex iva (-5a’B+Ab>x*-ab (A+7Bx?)) +1i (Ab+5aB) [1+ 2 V/x (a+bx?) EllipticF[i ArcSinh| ], -1]

Vb b x2 VX

Problem 818: Result unnecessarily involves imaginary or complex numbers.

Vex (A+Bx2)
——dx
J (a+bx2)5/2

Optimal (type 4, 344 leaves, 6 steps):
(Ab-aB) (ex)*? (Ab+aB) (ex)?? (Ab+aB)+ex Va+bx?
+ +

3abe (a+bx?)’? 2a2be+a+bx? 2a2b32 (\EJer)

(Ab+aB) Ve (\/;Jr\/Fx) /#fbjx)z EllipticE[ZAr‘cTan[%], i]
N

(Ab+aB) e (\/?+\/Fx) /ﬁv’;x)z EllipticF[ZAr‘cTan[%], i]
4a7%p’*Ja+bx?
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Result (type 4, 247 leaves):

1 1 iva

e |bx? (aZB+3Ab2x2+ab(5A+3Bx2))— 3<Ab+aB) (a+bx2) (a+bx2)—
6a2b2+ex (a+bx2)3/2 VT Vb
Vb
iva iva
Vb

Vb
Va Vb |1+ 2= x®2EllipticE[i ArcSinh| |, -1] +va Vb [1+—— x*/2EllipticF[i ArcSinh| |, -1]
b2 NFY b x2 N

Problem 819: Result unnecessarily involves imaginary or complex numbers.

A+Bx2

J\/eix <a+bx2)5/2

dx

Optimal (type 4, 187 leaves, 4 steps):

(SAb+aB) (vVa +/b x| | —=EX— EllipticF[2ArcTan[ 7 ex], 1
(Ab-aB) vex (5Ab+aB) Vex (Va Vb x| at/ie 172
+

+

3abe (a+bx?)’? 6albe-/a+bx? 12294 b54 /e Vaibx®
Result (type 4, 164 leaves):
iva
. 3 Vb
iVa x (-a®B+5Ab?x*+ab (7A+Bx?)) +1i (5Ab+aB) [1+ x*2 (a+bx?) EllipticF|i ArcSinh| ], -1] /
Vb b x2 VX
6 a’ iVa b+vex (a+bx2>3/2
Vb

Problem 820: Result unnecessarily involves imaginary or complex numbers.

A+ B x?
J dx
(ex)32 (a+bx2)*?

Optimal (type 4, 377 leaves, 7 steps):
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2A (7Ab-aB) (ex)*? (7Ab-aB) (ex)3"?

- - - +

aevex (a+bx2)3/2 3a2e3 (a+bx?)*? 233e3v/a+bx2

| b x2 s s bY/4 1
(7Ab_aB) o (7Ab—aB) (\/?Jrﬁx) (J;+&X)2 E111pt1cE[2Ar‘cTan[ awjg ], 2]
2a3+/b e? (\/?+Wx) 2alt/4p3%e32Jarbx?

+b x2 . . b1/'4 1
(7 Ab-a B) (\/? +Vb x) f 7(64’% X)Z EllipticF [2 ArcTan [ Lal/“je_x } 55 ]
4 all/4 p3/4 g3/2 m
Result (type 4, 182leaves):

1 —21ADb2x*+a? (—12A+SBXZ)+a(—35Abx2+3be4) 1
X + =

6a (ex)32+a+bx? a+bx?

(o

. 2 .
3ia(-7Ab+aB) \/ lﬁx \/1+ bx EllipticE[i ArcSinh| lﬁx |, -1] - EllipticF [i ArcSinh|
a a a

Problem 821: Result unnecessarily involves imaginary or complex numbers.

A+Bx?
j dx
(ex)%2 (a+bx2)®?

Optimal (type 4, 213 leaves, 5steps):
2A (3Ab-aB)vVex 5(3Ab-aB)+ex

3ae (ex)3? <a+bx2)3/2 3a2el (a+bx2)3/2 6ale3va+bx?

a+b x? . . bY/*\/ex 1
5(3ab-aB) (Va +V/b x| /7(\E+ﬁx)z ElllptlcF[2Ar~cTan[—*Cal/4ﬁ ], 2]
12 a13/4 b1/4 e5/2 1/a +b X2
Result (type 4, 166 leaves):
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L

X

5i (-3AbsaB) |1+ xEllipticF[i Ar‘cSinh[
5,2 | ~15Ab*x*+a% (-4A+7Bx?)+a (-21Abx*+5bB x*) bx
X 3 3/2 2 +
a’ x a+b x
(2+b?) y (e
b

a

6 (ex)>2+a+bx?

Problem 822: Result unnecessarily involves imaginary or complex numbers.
j(ex)”2 (a+bx2)2«/c+dx2 dx

Optimal (type 4, 288 leaves, 6 steps):

4c(11a’d’+bc (3bc-10ad)) eex Vc+dx? 2 (11a’d’+bc (3bc-10ad)) (ex)>2vc+dx* 2b(3bc-10ad) (ex)s/z(c+dx2)3/2
+ _

N
231d3 77 d?e 55d%e
2c¢7/4 (11a2d?+bc (3bc-10ad)) e¥2 [\/c +/d x —edxX  E11ipticF[2 ArcTan| €l ex ] 1
2b% (ex)%2 (c+dx?)*? ( | )) ( ) (Ve d x)? P [ [ e s 2]
15de’ 231d%3/4+/c+dx?
Result (type 4, 225 leaves):
1

231x32+/c+dx?

(e x)3/? L2\/;(c+dx2) (55a%d® (2c+3dx?) +18abd (-10c®+6cdx*+21d*x*) +b* (30> -18c?dx* +14cd*x* + 77 d*>x°) ) -

5d?

=

i

4ic*(3b’c?-10abcd+11a’d?) |1+ - xEllipticF[iArcSinh| ~ ], -1]

i+vc d3
\d

4
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Problem 823: Result unnecessarily involves imaginary or complex numbers.
J\/ex (a+bx2)2x/c+dx2 dx

Optimal (type 4, 425leaves, 7 steps):
2 (39a?d?+bc (7bc-26ad)) (ex)¥?+c+dx* 4c(39a’d’+bc (7bc-26ad))Vex Vc+dx* 2b(7bc-26ad) (ex)3/2(c+dx2)3/2
N _

+

195d% e 195 d5/2 (\/?H/?X) 117d%e
4c>/* (39a2d*+bc (7bc-26ad)) Ve (\/?+\/?x) —cedx? E111pt1cE[2Ar‘cTan[%@] ]
2 b? (EX>7/2 <C+dX2>3/2 (F+ﬁ) Ny 2
- +
13de3 195 d14/c+dx2
2c¢%* (39a2d2+bc (7bc-26ad)) e (\/?+\/?x) Xt E111pt1cF{2Ar‘cTan{%@] l]
(Ve wd ) /e
195 d11/4~/c + d x?
Result (type 4, 282 leaves):
1
2e
585d3>vVex Vc+dx?
dx* (c+dx?) (117a*d*+26abd (2c+5dx*) +b* (-14c*+18cdx® +45d* x*) ) + (7b*>c®*-26abcd+39a*d?) : (c+dx?) -
ive Vd
NEY

/ ive ive
\/7
] +Vc v/d x*/2 E1lipticF [i ArcSinh| ‘ ]s -

r VX

VeV

x*/2 E1lipticE [i ArcSinh|

Problem 824: Result unnecessarily involves imaginary or complex numbers.

(a+bx?)2/crdx®
=

Optimal (type 4, 244 leaves, 5 steps):

dx
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2 (5b2c?-22abcd+77a%d?) Vex Vc+dx2  2b(5bc-22ad)ex (c+dx?)¥? 2b% (ex)*? (c+dx?)*?

+ +
231d%e 77 d% e 11de3
234 (5b2c2-22abcd+77 a2 d? d x| | —<9 — EllipticF[2ArcTan[ @ Y ex ) 1
C ( C abcd+77a ) (\E+\ﬁx) (WNTX)Z iptic [ rc an[ = }, 2]
231d%4/e c+dx?
Result (type 4, 189leaves):
1 X 2+/x (c+dx?) (77a2d?+22abd (2c+3dx?) +b? (-10c?+6cdx?+21d2x*))
X +
231+vVex Vc+dx? d?
ie

5

4ic(5b2c2-22abcd+77a%d?) |1+ < xEllipticF|iArcSinh| ], -1]
dx Vx

i+c¢ dz
Nd

Problem 825: Result unnecessarily involves imaginary or complex numbers.
J(a+bx2)2\/c+dx2

(e X) 3/2

dx

Optimal (type 4, 421 leaves, 7 steps):
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2 (b?c?-3ad (2bc+5ad)) (ex)*2+c+dx? 4 (b2c?-3ad(2bc+5ad))Vex Vc+dx* 2a’ (c+dx2)3/2

- - +

15cde’ 15 d3/2 2 (\/?Jr\/?x) ceex
1/4 2 ~2 _ c+d x? . . di/4 e x 1
262 (2132 (e s drt) 4cl/4 (b2c2-3ad (2bc+5ad)) (\E+ﬁx) /7(W+Wx)z E111pt1cE[2Ar‘cTan[Lcmﬁ ], 1]
9de3 : 15d7/4 e3/2/c s d x2
2¢/4 (b?c?-3ad (2bc+5ad)) (Ve +V/d x| /ﬁ EllipticF[ZArcTan[Ld:l;g ], 2]
15d7/4e3/2+/c+dx2

Result (type 4, 260 leaves):
1

45d? (ex)32+c+dx?

2x d(c+dx2> (—45a2d+18abdx2+b2x2(2c+5dx2>)— ! 6(b2c2—6abcd715a2d2> ive (c+dx2)—\E\H
ivc \/?
NE)
ive ive
Ne V@
14— x32E1lipticE[i ArcSinh| - I, -1] +v/c Vd |1+ x®2EllipticF[i ArcSinh| - ], -1]
dx? Vx dx? Vx

Problem 826: Result unnecessarily involves imaginary or complex numbers.
J<a+bxz)2\/c+dx2

(e X) 5/2

dx

Optimal (type 4, 234 leaves, 5steps):
2 (b2c?-7ad (2bc+ad)) Vex Vc+dx? 2a (c+dx?)¥? 2b2+/ex (c+dx?)*?

_ + _
21cde? 3ce (ex)3/? 7de3

2 (b2c?-7ad (2bc+ad)) (\/c_+\/Fx) /ﬁ EllipticF[ZAr‘cTan[%}, o
21c1/4d5/4e5/24/C+dX2
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Result (type 4, 171 leaves):

e
41 (-b2c2r14abcdi7al d?) 14— xEllipticF[jArcSinh[- ik ],-1}
%5/2 2 (c+dx?) (-7a%2d+1l4abdx?+b?x? (2c+3dx?)) N ax Jx
dX3/2
o,
Ja

21 (ex)®/?2+/c+dx?

Problem 827: Result unnecessarily involves imaginary or complex numbers.
J*(aerXZ)ZX/C+dX2

(e X) 7/2

dx

Optimal (type 4, 421 leaves, 7 steps):
2 (b2c?+ad (1@bc+ad)) (ex)*2vc+dx? 4 (b’c*+ad(l1ebc+ad))Vex Vc+dx? 2a? (c+dx2)3/2

5c?e® 5C\/?e4(\/?+ﬁx) Sce (ex)52
4 (b2c?+ad (10bc+ad Ve +4/d x —cdx® ~ EllipticE|2ArcTan Ldl/‘: ex 1L
2a (10bc+ad) (c+dx?)*? | ( )>( )wl(v?w?x) [ [cl/“\/?] .
- +
5c2e3+/ex 5c3/4d3/4e7/2~/crdx?
2 (b?c?2+ad (1@bc+ad)) (\/?'F'\/FX) ,(Fcidiv);:x)z EllipticF[ZAr‘cTan[d:;—/::%], ﬂ
5 c3/4 §3/4 o7/2 m

Result (type 4, 226 leaves):
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1 2+ c+dx? (—10abcx2+b2cx4—a2(c+2dx2)) 1

X
5 (eX>7/2 CXS/Z cd /C+dX2

ive

x

ic [1+-S |EllipticE|iArcSinh| ﬁ |, -1] - EllipticF[i ArcSinh|

4

i

4

Vx

], -1]

4(b2c2+10abcd+a2d2)x —(d+i VX o+
x2 (L\@)B/z
d

Problem 828: Result unnecessarily involves imaginary or complex numbers.
J<a+bxz)2\/c+dxz

x9/2

dx

Optimal (type 4, 213 leaves, 5steps):
2 (7b%c?+ad (14bc-ad)) Vx Verdx?  2a? (c+dx2)3/2 2a(14bc-ad) (c+dx2)3/2

+

21 c? 7 c x7/? 21 c? x3/2
2 (7b*c?+ad (14bc-ad)) (\/?+\/?x) —cddx? EllipticF[ZArcTan[M], ]
(\/?M/dix)z ct/4 2
21 c/4dV4+/c +d X2

Result (type 4, 160 leaves):




1

21 cx’/?2+/c+dx?

3

ﬁ

2i (7b2c2+14abcd-a2d?) [1+-5 x9/2EllipticF[iAr‘cSinh[£
dx N
2 |(c+dx?) (-14abcx?*+7b%cx*-a* (3c+2dx?)) +
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J» -1]

ivc
Vd

Problem 829: Result unnecessarily involves imaginary or complex numbers.
J(a+bx2)2\/c+dx2

X11/2

dx

Optimal (type 4, 386 leaves, 7 steps):
2(15b2c2+ad(6bc—ad))\/c+dx2 4\/?(15b2c2+ad(6bc—ad))\/?\/c+dx2 2a2(c+dx2)3/2

+

15 c2/x 15¢2 (Ve ++/d x| 9cx2
4dv4 (1502 c2+ad (6bc-ad)) (Ve +vd x| [ et EllipticE |2 ArcTan| 200 ] ) 1]
2a(6bc-ad) (c+dx?)>? (V& d x| = 2
- +
15 ¢2 x5/2 15 c7/4/c+dx?
2dY4 (15b2c?+ad (6bc-ad)) (\/?+\Hx) '7(\Ec:$§x)z EllipticF[2Ar‘cTan[id1/:1/4x B i]
15 c’/4/c +d x?

Result (type 4, 283 leaves):
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1
45 c2 x%/2/c +dx?
1
2 (—c—dxz) (5a2c2+2ac(9bc+ad)x2+3(15b2c2+12abcd—2a2d2)x“)+76(15b2c2+6abcd—a2d2)x4 (c+dx?) -
i+c
\d
' i+c
\/?
Ve Ad 3/2E111p't1cE[11Ar‘c51nh[ ] ++c \d 3/2E111p‘c1cF ]lAf‘CSlnh
Vx Vx

Problem 830: Result unnecessarily involves imaginary or complex numbers.
J(a+bx2)2\/c+dx2

X13/2

dx

Optimal (type 4, 217 leaves, 5steps):

2 (77b*c2-22abcd+5a2d?) Vc+dx?  2a? (c+dx2)3/2 2a (22bc-5ad) (c+dx2)3/2

+

231 ¢ x3/2 11 ¢ x11/2 77 c2 x7/?
2d¥* (7702 c2-22abcd+5a7d?) (Ve +d x| | —= EllipticF[2 ArcTan[ €00, 1]
(VT /@ ) an 122
231 c¢%4+/c+dx?

Result (type 4, 187 leaves):
2Vc+dx? (77b2c?x*+22abcx? (3c+2dx?) +a? (21c2+6cdx?-10d? x*))

- +
231 CZ X11/2

e
4id(77b>c2-22abcd+5a2d?) |1+ - xELlipticF|[iArcSinh| i ], -1]
dx VX

231 2 /Mﬁ@ Ve+dx2



Problem 831: Result unnecessarily involves imaginary or complex numbers.

J(a+bx2)2m

X15/2

dx

Optimal (type 4, 441 leaves, 8steps):
2 (39b*c?-26abcd+7a%d?*) Vc+dx? 4d(39b2c?-26abcd+7a%d?) Vc+dx?

195 c2 x>/2 195 ¢3 +/x

+

4d*2 (39b2c?-26abcd+7a?d?) Vx Verdx2  2a? <c+dx2)3/2 2a(26bc-7ad) (c+dx2)3/2

195 ¢3 (%+Wx) 13 ¢ x13/2 117 c2 x9/2
4d°/% (39b>c?-26abcd+7a’d?) (\/?+\/?x) —cedx? EllipticE[ZAr‘cTan[—\Edl’M/" 1 %]
Vewia )" arn 172
.
195 ¢4~/ c +d x?
2d%% (39b2c2-26abcd+7a?d?) (Ve +d x| | —= EllipticF[2 ArcTan[ #00], 1]
(Ve /x|’ i 172
195 ¢4~/ ¢ + d x?
Result (type 4, 241 leaves):
1
585 c3 x13/2+/c+dx?

2 (—c—dxz) (117b2c2x4 (c+2dx2) +26abcx? (5c2+2cdx2-6d2x4) +a? (45c3+10c2dx2—14cd2x4+42d3x5)) +

d x? id x

EllipticE[i ArcSinh|

‘ s

6id* (39b°c®*-26abcd+7a’d?) x® [1+

Problem 832: Result unnecessarily involves imaginary or complex numbers.

J(ex)S/2 (a+bx2)2 (c+dx2)3/2d1x

Optimal (type 4, 530 leaves, 9 steps):

|, -1] - EllipticF[i ArcSinh|
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8c? (51a’d?+bc (11bc-42ad)) e (ex)¥2c+dx?

4c(51a’d?+bc (11bc-42ad)) (ex)”/2Vc+dx?

9945 d3

+ —

1989 d2e

8c®(51a*d*+bc (11bc-42ad))e’ex Vc+dx? 2 (51a?d*+bc (1lbc-42ad)) (ex)”/? (c+dx2)3/2
+

3315072 (Ve ++/d x| 663 d% e

2b (11bc-42ad) (ex)”/? (c+dx2)5/2 2b2 (ex)l/2 (c+dx2)5/2 1
+ +
357d2e 21de3 3315 d15/4m
2 1/4 ./
8c'* (51a’d’+bc (11bc-42ad)) e¥? (\/?Jr\/?x) crdx EllipticE[ZAr‘cTan[—d ex 1, l}_
(\/?+\/?x)2 cl/4Je 2
2 1/4
! 4ct¥4 (5s1a2d*+bc (11bc-42ad)) e*'? (\/?Jr\/?x) crdx EllipticF[ZAr‘cTan[di Vex}, 1]

3315d™/4c+dx? (\/C—H/FX)Z cl4e 2

Result (type 4, 304 leaves):

1

69615 d* x3/2 \/c + d x?

2 (e X)S/Z

d/x (c+dx2) (357a2d2 (4c2+25cdx2+15d2x4) +42abd (—28c3+20c2dx2+285cd2x4+195d3x5) +

b® (308 c*-220.c>d x* + 180 c> d® x* + 4485 c d®> x® + 3315d* x®) ) + 84 c* (11b*c®-42abcd+ 51 a*d?)

e ife
ic [1+-5 |EllipticE[i ArcSinh| g |, -1] - EllipticF[i ArcSinh] J; ], -1]

Lo )\32
[5)
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Problem 833: Result unnecessarily involves imaginary or complex numbers.

J(ex)E’/2 (a+bx2)2 (c+dx2)3/2dlx

Optimal (type 4, 340 leaves, 7 steps):
8c? (57a*d?+bc (9bc-38ad))evex Vc+dx? 4c(57ad’+bc (9bc-38ad)) (ex)*2Vc+dx?

4389 d3 1463 d2 e
2 (57a?d?+bc (9bc-38ad)) (ex)>? (c+dx2)3/2 2b (9bc-38ad) (ex)®? (c+dx2>5/2 2b2 (ex)9/2 (c+dx2)5/2

— + —

+

627 d% e 285d%e 19d e3
1 d 2 d1/44/ 1
4 /4 (57 a2d?+bc (gbc,3gad)> e3/2 (\E+\HX) o crax EllipticF[ZAr‘cTan[iﬂ], *}
4389d13/4\/c+dx? (\E”/FX)Z e

Result (type 4, 259 leaves):

! (e x)3/? L2\/7(c+dx2) (285a%d* (4c?+13cdx*+7d*x*) +

4389 x3/2 /¢ + d x? 5d°

38abd (-20c®+12c2dx*+119cd®x* + 77 d>x®) +3b? (60 c* - 36> dx* + 28 c*d* x* + 539 c d® x® + 385 d* x®) ) -

Vx

ie
8ic®(9b2c?-38abcd+57a%d?) [1+ s xEllipticF[jArcSinh[E], -1]

i+c¢ d3
Nd

Problem 834: Result unnecessarily involves imaginary or complex numbers.

J\/ex (a+bx2)2 <c+dx2)3/2d1x

Optimal (type 4, 482 leaves, 8 steps):
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4c(221a?2d*+3bc (7bc-34ad)) (ex)¥?c+dx? 8c?(221a2d*+3bc (7bc-34ad))Vex Vc+dx?
N

+

3315d% e 3315 d5/2 (W d x)

2 (221a*d*+3bc (7bc-34ad)) (ex)?? (c+dx2)3/2 2b (7bc-34ad) (ex)?? (c+dx2)5/2 2b2 (ex)7/2 <c+dx2)5/2

+ —

1989 d? e 221d%e 17de3
1 c+dx? d¥4 /e x 1
8c”* (221a%d?+3bc (7bc-34ad)) Ve (\E+ﬁx) —— % EllipticE[2ArcTan[ ], =]+
3315 d*/4 /¢ + d x? (\/?H/?X)z 4 Je 2
1 d x2 di/4 4/ 1
4c% (221a2d’+3bc (7bc-34ad)) Ve (\/?+ﬁx) e EllipticF[ZArcTan[—ex , =]
3315 d1/4+/c + d x? (\/?Jrﬁx)z ctafe 2
Result (type 4, 316 leaves):
1
9945d3vex Vc+dx?

2e |dx? (c+dx2) (221a2d2 (11c+5dx2) +102abd (4c2+25cdx2+15d2x4) + b? (—84c3+60c2dx2+855cd2x4+585d3x6)) +

ive

1

————12c* (21b>c*-182abcd+221a%d?)
ive
Va

(c+dx?) -

1

ive
\/7

Ve d |1+~ x*2EllipticE[i Arcsinh[ ], 1] +c /d |1+ — x3/2EllipticF[jAr‘cSinh[id],—1}
dx? d x2 VX

Vx

)@

Problem 835: Result unnecessarily involves imaginary or complex numbers.

dx

J(a+bx2)2 (c+dx2)3/2
Vex

Optimal (type 4, 286 leaves, 6 steps):
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4c(33a2d?’+bc (bc-6ad))Vex Vc+rdx? 2 (33a2d’+bc(bc-6ad))ex (c+dx2>3’/2 2b(bc-6ad)\ex (c+dx2)5/2
+

- +

231d%e 231d%e 33d2e
4.c7/4 (33 a2d?+bc (bc—6ad)) (\/?Jr\/?x) % EllipticF[ZAr‘cTan[M}, l]
2b% (ex)®/? (c+dx2)5/2 (Ve +Vd x| efe 2
+
15de’ 231d%4+/e c+dx?
Result (type 4, 223 leaves):
1
231+vVex Vc+dx?

VX %zﬁ(udxz) (165a%d? (3c+dx?) +30abd (4c?+13cdx?+7d*x*) +b? (-20c3+12c?dx? + 119 cd*x* + 77 d> x8) ) +
5d

4

i

8ic? (b’c®-6abcd+33a2d’) |1+ - xEllipticF[iArcSinh| s ], -1]

i+c¢ d2
\d

4

Problem 836: Result unnecessarily involves imaginary or complex numbers.

dx

J(a+bx2)2 (c+dx2)3/2
(

e X) 3/2

Optimal (type 4, 476 leaves, 8 steps):
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4 (3b?c?-13ad (2bc+9ad)) (ex)*2+c+dx* 8c (3b2c?-13ad (2bc+9ad)) Vex Vc+dx?

195d e3 195 d3/2 @2 (x/?+ﬁx)
2 (3b2c?-13ad (2bc+9ad)) (ex)¥2 (c+dx?)*? 2a? (c+dx?)*? 2b% (ex)>? (c+dx?)*?
- + +
117cde3 cevex 13de3
8c¥4 (3b2c2-13ad (2bc+9ad)) (\/?+\/?x) ,(Fcidiv);:x)z EllipticE[ZAr‘cTan[%%], ﬂ
195d7/4 e3/2~/c +d x?
+d x? . . 1/4
4¢5*4 (3b2c?-13ad (2bc+9ad)) (\/?Jr\/?x) m ElllpthF[ZAPChh[iﬁ%], i}
195d7/4 e3/2+/c + d x?
Result (type 4, 261 leaves):
1 X3/2
195 (e x)3/2
2vc+dx? (117a*d (-5c+dx?) +26abdx? (11c+5dx?) +3b?x? (4c?+25cdx?+15d? x*)) 1
- 8c (-3b®c?*+26abcd+117a%d?)
3d/x d>Vec+dx?
ive e
ic [1+-% |EllipticE[iArcSinh| s |» -1] - EllipticF[i ArcSinh| T |, -1]
x 7[d+i e
X2 (]1 a )3/2
\d




Problem 837: Result unnecessarily involves imaginary or complex numbers.

dx

J(a+bx2)2 (c+dx?)®?

(e x) 5/2

Optimal (type 4, 288 leaves, 6 steps):
4 (3b*c?-11ad (6bc+7ad))Vex Vc+dx? 2 (3b2c?-11ad (6bc+7ad))/ex (c+dx2)3/2 2a2 (c+dx2)5/2

+

231de? 231cdeé? 3ce (ex)3/?
4c3/4 (3b2c2-11ad (6bc+7ad Ve ++/d x __cd¥®  EilipticF|2 ArcTan|9fex ] 1
2b2Vex (c+dx?)*? ( ( /) ( ) (Ve +/d x)* P [ [ e [ 3]
11de? 231d54e52/crdx2

Result (type 4, 202 leaves):

1 o | 2 (c+dx?) (77a%d (-c+dx?) +66abdx? (3c+dx?) +3b2x? (4c?+13cdx?+7d*x*)) .

231 (ex)>2+c+dx? dx3/2

3

i

8ic(-3b?c2+66abcd+77a*d?) [1+ -5 xEllipticF[iArcSinh| ], -1]
dx? Vx
1vC
Nd

4

d

Problem 838: Result unnecessarily involves imaginary or complex numbers.

dx

J(a+bx2)2 (c+dx?)®?

(e X)7/2

Optimal (type 4, 468 leaves, 8 steps):
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4 (b>c?+9ad (2bc+ad)) (ex)*2c+dx?

8 (b2c?+9ad (2bc+ad)) Vex Vcrdx? 2 (b2c?+9ad (2bc+ad)) (ex)*? (c+dx?)*?
+

+

15 ce®

15+/d e? (\/?+ﬁx)

8cl/4 (b2c2+9ad (2bc+ad)) (\/?+\HX) —<dX — E]lipticE[2ArcTan|
2a% (c+dx?)*? 2a(2bc+ad) (c+dx?)®? (V& /d x)

9c2e’

,

d¥4\ex
/.

ct/4 e

]

15d3/4e7/2~/c+dx?

5ce (ex)>/? c2e3/ex
4cv4 (b2 9ad (2bc+ad)) (ﬁ+ﬁx) /ﬁ EllipticF[ZArcTan[%}Q], 7]
C + X ¢ e

15d3/4e7/2+/c+dx?

Result (type 4, 240 leaves):

1 ) 2+ c+dx? (18abx2(—5c+dx2)+b2x4(11c+5dx2>—9a2(c+7dx2)) 1
15 (e x)7/2 3 x°/2 dvc+dx?

3

e
Vx

ic [1+-5 |EllipticE[i ArcSinh|
dx

s

-1] - EllipticF[i ArcSinh|

E

4

4,

Vx

1, -1

]

8 (b2c2+18abcd+9a2d2) X

Problem 839: Result unnecessarily involves imaginary or complex numbers.
(ex)*2 (a+bx2)?

J T
Optimal (type 4, 430 leaves, 7 steps):

dx
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2 (117a2d?>+7bc (11bc-26ad)) e (ex)¥?Vc+dx? 2b (llbc-26ad) (ex)”/2vc+dx?

- +

585 d3 117d%e
2b2 (ex)1/2+/c+dx2  2c (117a*d*+7bc (11bc-26ad))e?"/ex Vc+dx? 1
- +
13de3 195d7/2 (Ve +d x| 195d'5/4~/c + d X2
d 2 d1/4A/ 1
2¢¥%(117a*d*+7bc (11bc-26ad)) e*/? (\/?+\HX) “—Xz E11ipticE[2 ArcTan| —— ], =] -
(Ve +Vd x| e 2
1 d 2 d1/4ﬂ/ 1
¢/ (117a%d*+7bc (11bc-26ad)) e*'? (W+ﬁx) e EllipticF[2ArcTan[ ], T
195 d¥™/4+/c +d x? (\E+\HX)2 cl/4+/e 2
Result (type 4, 237 leaves):
1
585 d* x3/2 /¢ + d x?

2 (ex)¥? |d/x (c+dx?) (117a*d?+26abd (-7c+5dx?) +b? (77c?-55cdx?+45d2x*)) +3 ¢ (77b*c? -182abcd+ 117 a> d?)

e e
/ s
ic [1+-% |EllipticE[i ArcSinh| v‘; |, -1] - EllipticF[i ArcSinh| g ], -1]
- (d + i) x o+
x2

RVEREL:
5]
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Problem 840: Result unnecessarily involves imaginary or complex numbers.

dx

J(ex)”2 (a+bx2)2
Ve +dx?

Optimal (type 4, 240 leaves, 5steps):
2 (77a%d?+5bc (9bc-22ad))evex Vc+dx? 2b(9bc-22ad) (ex)*2Vc+dx? 2b% (ex)¥2/c+dx?
- +

231d3 77 d?e 11de3 )
3/4 2 42 _ 3/2 c+dx? s oys d¥/4 e x 1
¢4 (77a2d*+5bc (9bc-22ad)) e (\EJr\Hx) l e EllipticF[2ArcTan| - I 3]
231d13/4+/c+dx?
Result (type 4, 190 leaves):
1 22 2/x (c+dx?) (77a2d?+22abd (-5c+3dx?) +3b? (15c2-9cdx?+7d2x*))
(ex) -
231 x3/2+/c+dx? d?
ive
2ic(45b2c?-116abcd+77a*d?) |1+ -5 xEllipticF[iArcSinh| i ], -1]
d x NS
i+c d3
Vd

Problem 841: Result unnecessarily involves imaginary or complex numbers.

Vex (a+bx?)?
e

Optimal (type 4, 375leaves, 6 steps):

dx
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2b<7bc—18ad) (ex)32+c+dx®>  2b2 (ex)72/c+dx? 2(15a2d2+bc(7bc—18ad)>x/ex Ve+dx?
+ + -

45d% e 9de? 15 d5/2 (\/?+ﬁx)
2¢V/4 (15a2d?+bc (7bc-18ad)) Ve (Ve +/d x| /WC‘*—J%X)Z EllipticE[ZArcTan[%%], L
.
15 d1/4/c+d x?
ct/4 (15a2d2+bc (7bc-18ad)) e (\/?+'\/FX) ,ﬁ?cjix)z EllipticF[ZAPcTan[Ld:ijdg ] ﬂ
15d%/4/c+dx?
Result (type 4, 249 leaves):
1
45d3ex Vc+dx?

2e |bdx? (c+dx2) (—7bc+18ad+5bdx2) +#3 (7b2c2—18abcd+15a2d2)

ivc
Nd

ive iV
\ e . \ v
x*/2 EllipticE[i Ar‘cSinh[—d], ~1] ++/c Vd |1+ CZ x*/2 EllipticF i Ar‘cSinh[—d], -1]
d x

Vx Vx

Problem 842: Result unnecessarily involves imaginary or complex numbers.

(a+bx2>2
j—dlx
Vvex Vec+dx?

Optimal (type 4, 193 leaves, 4 steps):
2b (5bc-14ad) Vex Vc+dx?  2b2 (ex)52+/c+dx2
- +

+

21d%e 7de?
(5b?c2-14abcd+21a2d?) (Ve +Vd x| ﬁ EllipticF[zArcTan[%], L]

21 ct4d%4 /e Vc+dx?
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Result (type 4, 148 leaves):

i(5b?c?-14abcds21a? d?) /1+# WEllipticF[iArcSinh[f e ],-1}
«

2x |-b (c+dx2> (5bc—14ad—3bdx2) +
i
Ja

21d2+/ex Vc+dx?

Problem 843: Result unnecessarily involves imaginary or complex numbers.

<a+bx2)2
J dx
(ex)3/2~/c+dx?
Optimal (type 4, 372leaves, 6 steps):
2a2vc+dx?  2b% (ex)3?2+/c+dx? 2(3b2c2—5ad<2bc+ad))\/ex Ve +dx?
+ +

ceex 5de’ 5cd3/2 e2 (\/?+\/Fx)
2(3b2c?-5ad (2bc+ad)) (Ve +V/d x| lﬁéx)z EllipticE[zArcTan[%}, >]
5c3/4d7/4e3/2/c ydx2 .
(3b2c2-5ad (2bc+ad)) (Wm/?x) %EllipticF[ZArcTan[%}, f]
5 c3/4 47/4 @3/2 m

Result (type 4, 200 leaves):



1

5cd? (ex)3/2+/c+dx?

2x |d (-5a2d+b2cx?) (c+dx) +

3

&‘

Vx

ic [1+-% |EllipticE[i ArcSinh[E} , -1] - EllipticF[i ArcSinh|
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5

i

4

L,

(3b>c*-16abcd-5a*d?*) x*'? 7[d+—

Ly |32
5]

Problem 844: Result unnecessarily involves imaginary or complex numbers.

(a +b Xz) 2
J dx
(ex)>2+c+dx?
Optimal (type 4, 184 leaves, 4 steps):

(b>c2-6abcd+a?d?) (\/?+\/?x) % EllipticF[2ArcTan|
2a2+\/c+dx? 2b2iex Vc+dx? (W*V‘TX)

+
3ce (ex)3? 3del 35/4d5/4 e5/2 /¢ 1 dx2

Result (type 4, 165leaves):

ive (—a2d+b2cx2) (c+dx2)—21'1(b2c2—6abcd+a2d2) 1+
Jd d x2

X |2

1 C
3c lrd(ex>5/2w/c+dx2

Vd

x>/2 E1lipticF [i ArcSinh]|
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Problem 845: Result unnecessarily involves imaginary or complex numbers.

<a+bx2)2
J dx
(ex)72\/c+dx?
Optimal (type 4, 387 leaves, 6 steps):
2a2v/c+dx? 2a(lebc-3ad)Vc+dx? 2(5b°c?+1@abcd-3a*d*) Vex Vc+dx?

- +

S5ce (ex)>? 5c2e3+ex 5c2\/?e4(\/?+\/?x)
2 (5b*c*+10abcd-3a?d?) (\/c_+\/7x) % EllipticE{ZAr‘cTan[M}, 2]
(\EM/FX) /4o 2
.
5c7/4d3/4e7/24lc+dx2
(5b2c?+10abcd-3a%d?) (\/?+\/Fx) —cdx? EllipticF{ZAr‘cTan[m}, 2]
(Ve wd x)* e 172
5c7/4d3/4e7/2 1/c+dX2
Result (type 4, 217 leaves):
1 . 2avc+dx? (1@bcx*+a (c-3dx?)) 1
5 (ex)7/2 c? x>/2 c2d/c+dx2
ive
Ja

C
2(5b2c2+1eabcd-3a2d2)x —(d+—

ic

1+ -5 |EllipticE[i ArcSinh|
dx?

\/7

x

|, -1] - EllipticF[i ArcSinh|

i

3

4

Vx

J, -1
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Problem 846: Result unnecessarily involves imaginary or complex numbers.

(a+bx?) 2
J dx
(ex)®2+/c+dx?
Optimal (type 4, 193 leaves, 4 steps):

21b2c?-14abcd+5a2d? d —<dxX E1lipticF[2ArcTan| i ex ] 1
2a2crdx?  2a(labc-5ad) Ve+dx? | ‘ abedrsatd) (Ve vd x) (Ve d x)? ipticF[2ArcTan [ 7225 ], 2]

- +

7ce (eX)7/2 21 c2 e3 (eX>3/2 21 C9/4 d1/4 e9/2 “/C+dX2

Result (type 4, 159 leaves):

e
2i (2102 c2-14abcd5a2d?) |1+ xEllipticF[jAr‘cSinh[— A },-1}
%972 2a (c+dx?) (-3ac-14bcx*+5adx?) . dx Jx
c2 x7/2
o o
Ja

21 (ex)%/2/c+dx?

Problem 847: Result unnecessarily involves imaginary or complex numbers.

(a+bx2)2
J dx
(ex)/2~/c+dx?
Optimal (type 4, 438 leaves, 7 steps):
2a2v/c+dx? 2a(18bc-7ad)Vc+dx* 2(15b%c?-18abcd+7a%d?) Vc+dx? 2\/?(15b2c2—18abcd+7a2d2)\/ex Ve +dx?

- - - +

9ce (ex)?? 45 c? e (ex)>/? 15 3 5 Ve x 15 3 eb (\/?Jr\/?x)
2d*4 (15b2c2-18abcd+7 a2 d?) (\/?Jr\/?x) —cxdx EllipticE[ZAr‘cTan[M}, 2]
(\Eﬂgx)z c/4e 2
N
15 c11/4e11/21/c+dX2
+d x? . . dv/* 1
d*/4 (15b2 c2-18abcd+7 a2 d?) (\/?-%—\/FX) ,7(ﬁc+vx?x)z E111pt1cF[2Ar‘cTan[—\Ecl/4g B 2]
15 c11/4 e11/21/C+dX2

Result (type 4, 288 leaves):
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2

dx
1+
C

6~ c Vd (15b°c*-18abcd+7a’d?) x° EllipticE i ArcSinh|

d x2
1+
C

6vc Vd (15b*c2-18abcd+7a2d?) x°

EllipticF [i ArcSinh|

Problem 848: Result unnecessarily involves imaginary or complex numbers.

(a+bx2>2
J dx
(ex)13/2/c+dx?
Optimal (type 4, 242 leaves, 5steps):
2a2+/c+dx? 2a(22bc—9ad)\/c+dx2 2(77b2c2—5ad(22bc—9ad>)\/c+dx2

llce (ex)11/? 77 c2e3 (ex)7/? 231 c3e® (ex)3/?
d*4 (77b2c?-5ad (22bc-9ad d x| | —<9¢ — EllipticF[2ArcTan| @/ Y ex ] 1
( c ad | c-9ad)) (\/?+\/_x) e i) ipticF[2ArcTan| = | 2]
231 c13/4 e13/2 «/chdXZ
Result (type 4, 196 leaves):
1 13 2(c+dx2) (77b2c2x4+22abcx2<3c—5dx2)+3a2(7c2—9cdx2+15d2x4)>
X - —
231 (ex)13/2+/c +dx? c? xt1/2
i

4

2id(77b2c?-110abcd+45a2d?) |1+ -5 xEllipticF[i ArcSinh| ], -1]
dx VX
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Problem 849: Result unnecessarily involves imaginary or complex numbers.

dx

J(ex)”2 (a+bx2)2

(c+dx2)3/2

Optimal (type 4, 296 leaves, 6 steps):
(bc—ad)2 (ex)?2 5(117b?c?-198abcd+77a*d?) e*Jex Vc+dx?
. _

cd?e/c+dx? 2314d*
(117b?c?-198abcd+77a%d?*) e (ex)*?Vc+dx* 202 (ex)¥2+/c+dx2 1
. _
77 ¢ d? 11d%e 462 dY7/*~/c +d x?
c+dx? d/4 /e x 1
5¢** (117b>c®-198abcd+77a* d*) e’/? (\/?+\/d_x) +—2 EllipticF[2ArcTan| ———|, —|
(%+ﬁx) c/4Je 2
Result (type 4, 226 leaves):
1
231 [ 2e ga/cidx2
NE
1+ C
e’ Vex ive <77a2d2 (5c+2dx2)+66abd(—15c2—6cdx2+2d2x4)+3b2 (195c3+78c2dx2—26cd2x4+14d3x6))-
\d

ivc
Nd

5ic (117b>c?-198abcd+77ad?) |1+ —— +/x EllipticF[i ArcSinh| |, -1]
dx? Vx

Problem 850: Result unnecessarily involves imaginary or complex numbers.

dx

J(ex)s/2 (a+bx2)2

(C +dX2)3/2

Optimal (type 4, 436 leaves, 7 steps):
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(bc-ad)? (ex)”2  (77b*c2-126abcd+45a%d?) e (ex)>2~/c+dx?

+

cd?er/c+dx>? 45 c d?
202 (ex)”2/c+dx2  (77b*c?-126abcd+45a2d?) e?"Jex Vc+dx?
N _
9d’e 15472 (Ve +d x|
¢4 (77b2c?-126abcd+45a2d?) €2 (Ve +/d x| [ =9 EllipticE[2ArcTan[ <7 ex ], 1]
(\/?+\/? ) c/4[e
.
15d15/4 \/c + d X2
cl/4 (77 b2c2-126abcd +45a? dz) e5/2 (\/?Jr\/?x) —cxdx® E111pt1cF[2Ar‘cTan[—“E] l]
(\/?+\/? ) /e fe
30d¥%/4+/c+dx?
Result (type 4, 276 leaves):
1
45d* x3 v c+dx?
1
(ex)®? |dx* (-45a*d*+18abd (7c+2dx*) +b* (-77c*-22cdx*+10d*x*)) + ————3 (77b*c® - 126 abcd + 45 a* d?)
i+ c
Nd
' i+c
\/?
Ve vJd x3/2 ElllpthE[n Ar‘cSmh[ ] ++c Vd x3/2 E111pt1cF ]lAI"CSlnh
Vx Vx

Problem 851: Result unnecessarily involves imaginary or complex numbers.

dx

J(ex)”2 (a+bx2)2

(c+dx2)3’/2

Optimal (type 4, 245leaves, 5 steps):
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(bc-ad)? (ex)¥2 (45b*c2-70abcd+21a’d?) eex Ve+dx? 2b% (ex)%2/c+dx?
+

- +

cd?e~/c+dx? 21cd3 7d%e
(45 b2c2-70abcd+ 21 a2 dz) e3/2 (\EJr\/?x) —cxdx® EllipticF[ZAr‘cTan[m], l}
(Ve @ x|? oy 12
42 cV/4 d13/4 /¢ + d x?

Result (type 4, 191 leaves):

1

evex

(—21a2d2+14abd (5c+2dx2) -3b? (15c2+6cdx2—2d2x4)) +

21 Mvd_g d®+/c+dx?

ive
C \d
i(45b>c*-760abcd+21a’d?) [1+ V/x EllipticF|iArcSinh|——], -1]
2
d x A/ x

Problem 852: Result unnecessarily involves imaginary or complex numbers.

Jm <a+bx2)2

(c +d XZ) 3/2

dx

Optimal (type 4, 384 leaves, 6 steps):
(bc-ad)? (ex)¥2 2b2 (ex)¥2+/c+dx? (21b2c?-30abcd+5a%d?) Vex Vec+dx?

cd?ec+dx? 5d%e 5 ¢ d5/2 (Wm/Fx)
2.2 2 42 c+d x? s g dV/4\/ex 1
(21b2c2-30abcd+5a2d?) \/e (\/?Jr\/?x) ﬁmElllptlcE[ZAr‘cTan[ = 15 7]
5c3/4dit/ANc i dx2 B
(21b2c?-30abcd+5a2d?) Ve (Ve +V/d x| /ﬁ EllipticF[2Ar~cTan[£":j4g Js 2]
10 c3/4dil/4 /e dx?

Result (type 4, 244 leaves):
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e ie d x? (5 (bc—ad)2+2b2c(c+dx2))—(21b2c2—30abcd+5a2d2) ive (c+dx2>+\/?\/? 1+ S 2
Jd Vd Voode

ivc ivc
va va

~EllipticE[i ArcSinh] |, -1] + EllipticF[i ArcSinh] ], -1] / 5c¢ ive d*Vex \fc+dx?
VX Vx Vd

Problem 853: Result unnecessarily involves imaginary or complex numbers.

J <a+bx2)2 :
X
“ex <c+dx2)3/2

Optimal (type 4, 193 leaves, 4 steps):

(5b2c?-6abcd-3a’d?) (\/?+Vd_x) —cedx EllipticF[ZAr‘cTan[—\E"lﬁ4 ex ], 1]
(bc-ad)?Vex 2b2+/ex Vc+dx? (Ve /d x| anye 172
N _
cd?eVc+dx? 3d’e 654494 e Jerdx
Result (type 4, 174 leaves):

i+/c
. / \/7
LVe x (-6abcd+3a’d*+b’c (5c+2dx*)) +i (-5b*c*+6abcd+3a*d®) [1+ < x>/ E1lipticF [i ArcSinh]| ’ ], -1] /
\d d x? A/ X

[3C iVe d2/ex Jc+dx?
\/ \d

Problem 854: Result unnecessarily involves imaginary or complex numbers.
J (a+bx2)2 dx
(ex)3¥2 (c+dx2)??

Optimal (type 4, 393 leaves, 6 steps):
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2 a2 (b2c?-2abcd+3a’d?) (ex)*? (3b*c?-2abcd+3a’d?)Vex Vc+dx?
_ _ N _
cevex Vecrdx? c2de3+c+dx? c2d3/2e2(ﬁ+ﬁx)
3b2c2-2abcd+3a2d> d x| [—<9¢ — EllipticE[2ArcTan[<iex] 2
( c abcd+3a?d?) (\E+\/7X) W ipticE[2 ArcTan| = ] 2}
+
c7/4 d7/4 @3/2 m
(3b2 c272abcd+3a2d2) (\E+ﬁx) % EllipticF[ZAr‘cTan[M], l}
(\/C_+\/TX) ct/4\[e 2
2 c7/4 (d7/4 @3/2 m
Result (type 4, 250 leaves):
ivVd x
x |-~/d L (b2c2x2—2abcdx2+a2d(2c+3dx2))+
N
d x2 1+d
Ve (3b2c2-2abcd+3a?d?) x |1+ —— EllipticE[i ArcSinh| Jl\/_X},-l]-
C \/?

dx? i \/d i \/d
Ve (3b2c2-2abcd+3atd?) x |1+ —— EllipticF[iArcSinh| | ], _1] / o e S P ETER P
¢ Ve

Problem 855: Result unnecessarily involves imaginary or complex numbers.

(a+bx2)2
J dx
(ex)3/2 (c+dx2)3/2

Optimal (type 4, 207 leaves, 4 steps):

232 (3b2c2—6abcd+5a2d2) e x
B - +
3ce (ex)¥2/c+dx? 3c2dedc+dx?
3b2c?+ad (6bc-5ad d | —<dX _ EllipticF[2ArcTan|di/ex ) 1
(3b2c?+ad (6bc-5ad)) (\/c_+\/_x) Vet ipticF[2ArcTan| = B 2]
6c9/4d5/4e5/2/c+dx2

Result (type 4, 181 leaves):
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ivc
: Ja
X |- ﬂ (3p>c*x*-6abcdx*+a’d (2c+5dx?)) -i (-3b’c*>-6abcd+5a*d®) [1+ ¢ x*/2 E1lipticF [i ArcSinh|[—], -1] /
Vd dx? Vx
3¢? ive d (ex)??+/c+dx?
Vd
Problem 856: Result unnecessarily involves imaginary or complex numbers.
(a+bx2>2
J dx
(ex)7/2 (c+dx?)??
Optimal (type 4, 434 leaves, 7 steps):
2 a2 2a(1ebc-7ad) (5b?c?-3ad (1ebc-7ad)) (ex)??
_ - . _
5ce (ex)?>?2+c+dx? 5c?elex Vc+dx? 5c3e’>+/c+dx?
5b2c2-3ad (18bc-7ad Ve +4/d x %EllipticE 2 ArcTan| &f/ex ] 1
(5b2c2-3ad (10bc-7ad)) Vex Vc+dx?> < | )| )\/ (Ve /d x) | anve 2]
+
5c3/d e* (\E+\/?x) 5cl/Ad34e’/2crdx?

(5b2c2-3ad (16bc-7ad)) (\/?+\/?x) /ﬁ EllipticF[ZAr‘cTan[%%], %]
19 c11/4 d3/4 e7/2 ,\/C +dX2

Result (type 4, 277 leaves):

1+ d
i|vd = X (5b>c*x*-10abcx® (2c+3dx?) +a® (-2c*+14cdx®+21d*x*)) -
Ve
d x2 1 d
V© (5b?c?-30abcd+21a?d?) X’ |1+ —— EllipticE[iArcSinh| | "], -1] +
c Ve
d x? ivd X Vd x 32
Ve (5b°c*-30abcd+21a’d?) x* [1+ EllipticF i ArcSinh| = ], -1] /[5c7/2e2 (ex)32+/c+dx?
c Ve Ve
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Problem 857: Result unnecessarily involves imaginary or complex numbers.

dx

J(ex)”2 (a+bx2)2

(c+dx2)5/2

Optimal (type 4, 302 leaves, 6 steps):

(bc—ad)z(ex)g/2 (39b2c2-42abcd+7a%d?) e (ex)>? 2b2 (ex)9?2 5(39b2c?-42abcd+7a*d?) e*ex Vc+dx?
+

+ - +
3cd?e (c+dx?)?? 14cd®/c+dx? 7d2e/c+dx? 42cd*
5(39b2c?-42abcd+7a?d?) e’? (\/?Jr\/?x) Xt EllipticF[ZAr‘cTan[M}, 2]
(\EJr\HX)Z ct/4[e 2
84 cV/4dl7/4~/c +dx?

Result (type 4, 222 leaves):

1 1
(ex)7? | ——————/x (-7a%d? (5c+7dx?) +14abd (15c?+21cdx? +4d?>x*) -b? (195> + 273 2 dx? + 52 cd? x* - 12> x®) ) +

42x72/crdxZ d* (c+dx?)

e
5i (39b%c?-42abcd+7a%d?) [1+ < xEllipticF[jArcSinh[E}, -1]
d x? X
iv/c d4
Va

Problem 858: Result unnecessarily involves imaginary or complex numbers.

dx

J(ex)S/2 (a+bx2)2

(c+dx2)5/2

Optimal (type 4, 442 leaves, 7 steps):
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(bc—ad)z(ex>7/2 (77b*c?-70abcd+5a*d?) e (ex)?? 2b2 (ex)7/2 (77b*c?-70abcd+5a*d?) e?vex Vc+dx?

+ + - +
3cd2e<c+dx2)3/2 30cd3Vc+dx? 5d2e/c+dx? 10cd7/2(\5+ﬁx)
_cedx® dv/tJex ] 1
(77b2c?-70abcd+5a2d?) €2 (Ve +Vd x| (\Ec\/X? 7 ELLiptice [2ArcTan| £7ex], 2]
10 C3/4 d15/4“/C+dX2
(77b2c?-70abcd+5a%d?) e*/? (\/?+\Hx) —cd EllipticF[ZAr‘cTan[m}, 2]
(\/C_+\/?X)2 cl/4 /e 2
20 c3/4 d15/4ﬂlc+dxz
Result (type 4, 298 leaves):
1
(eX)S/Z
30 c d* X3 <c+dx2)3/2
1
-dx* (-5a%d* (c+3dx*) +1@abcd (7c+9dx*) -b?c (77c®+99cdx?+12d*x*)) - ————3 (77b*c®*-70abcd+5a*d®) (c+dx?)
ive
Vd
' 1vVcC
\ \/?
<c+dx ~Jc \Jd x3/2 ElllpthE[n Ar‘cSmh[ ] ++ec Vd x3/2 E111pt1cF 1Ar‘c$1nh
Vx Vx

Problem 859: Result unnecessarily involves imaginary or complex numbers.

J(ex)”2 (a+bx2)2

(C+dx2)5/2

Optimal (type 4, 248 leaves, 5 steps):
(bc-ad)? (ex)¥2 (15b2c?-10abcd-a2d?) eex 2b2 (ex)5/2
+

+ —

3cd2e(c+dX2)3/2 6cd?/c+dx? 3d2e/c+dx?
15b2c2-18abcd- a2 d?) e3/2 d X E1lipticF[2ArcTan| $4Yex ] 1
( C abcd-a?d?) e (\/?+\/_x) W= ipticF[2ArcTan| 1’4W} ]

12 c>/4d¥3/4/c + d x?
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Result (type 4, 204 leaves):

N (azd2 (—c+dx2) -2abcd (5c+7dx2) +b2%c (15c2+21cdx2+4d2x4))

+

1
(ex)

6x3/2/C+dx2 cd® (c+dx?)

e
i(-15b2c*+10abcd+a’d?) |1+ < xEllipticF|i ArcSinh| Lo ], -1]
dx VX
c | g3
Vd

Problem 860: Result unnecessarily involves imaginary or complex numbers.

Jm <a+bx2)2

(c+dx2)5/2

dx

Optimal (type 4, 403 leaves, 6 steps):
(bc—ad)z(ex)3/2 (bc-ad) (3bc+ad) (ex)¥2 (7b?c?-2abcd-a’d?) Vex Vc+dx?

+

3cd2e(c+dx2)3/2 2c2d?ecrdx® 2c2d5/2(\/?+\/?x)
(7 b2c2_-2abcd- a2 dZ) \/? (\/?+\/?x) %EllipticE[ZAr‘cTan[%}, %]
27 g )
(7b2c?-2abcd-a%d?) Ve (Vc_+\/?x) %EllipticF[ZArcTan[—\Ed:;/;\; B %]
4c7/4d11/4m

Result (type 4, 281 leaves):
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1

6c2d3ex (c+dx2)3/2

@]

e |dx? (Zc (bcfad)273 (3b2c*-2abcd-a?d?) (c+dx2)) +

3(7b°c?-2abcd-a*d®) (c+dx?) (c+dx?) -
ive \/d_
va
ive ive
\ Ve va
Vo d 1+ -5 x®2EllipticE[i ArcSinh| - [, -1] +v/c Vd |1+ x*/2EllipticF[i ArcSinh| - ], -1]
dx? Vx Ve VX

Problem 861: Result unnecessarily involves imaginary or complex numbers.

(a+bx2)2
| ax
Vex (c+dx2)®?

Optimal (type 4, 213 leaves, 4 steps):

(5b?c?+2abcd+5a%d?) (\/c +\Hx) —cadx? EllipticF[ZAr‘cTan[—\:dl’m/ ex 1, 1]
(bc—ad)zvex (bc-ad) (7bc+5ad) Vex (Ve sd x| /e 2
- +
3cd2e(c+dx2)3/2 6c2d?e~/c+dx? 12 ¢4 d%4 /e /c +d x?

Result (type 4, 169 leaves):

i(5b2c2abcds5atd?) [ 1+-S /X EllipticF[iArcsinh[ -], 1]
X |-7b*c2+2abcd+5a?d? 2elbead’ = L
" * c+d x? "
ive
Vo

6c2d?vVex Vc+dx?

Problem 862: Result unnecessarily involves imaginary or complex numbers.
J (a+bx2)2 ax
(ex)¥2 (c+dx2)®?

Optimal (type 4, 442 leaves, 7 steps):
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2 a2 (b2c2-2abcd+7a2d?) (ex)?? (b?c?+ad (2bc-7ad)) (ex)>?
_ _ N _
ceVvex (c+dx?)? 3c2de’ (c+dx?)?? 2c3de*/c+dx?
b2c>+ad (2bc-7ad e +4/d x —<dX___ E11ipticE[2 ArcTan #lJex 1 1
(b2c?+ad (2bc-7ad)) Vex Vc+dx? ( ( >>( )\l (Ve vd x)° [ [Cl’”’ﬁ]’z}
N _
2c3d¥2e? (\/?+\/?x) 214 d74e32/crdx?
(b2c?+ad (2bc-7ad)) (\/?Jr\/?x) ﬁ EllipticF[ZArcTan[%}, i]
4 cl1/4 47/4 @3/2 m
Result (type 4, 222 leaves):
1 b2c?x? (c+3dx?) +2abcdx? (5¢c+3dx?) -a?d (12c?+35cdx?+21d*x?) 1
X _
6c3d (ex)32+/c+dx? c+dx? (@)3/2
C
2 . .
3i (b2 2abcd 7220 % |1+ 2 |Elliptice[i Arcsinh]| i X 1) enapick [ aresinn| | 29X 1
c Ve Ve

Problem 863: Result unnecessarily involves imaginary or complex numbers.

(a+bx2)2 5
X
J(ex)S/2 (c+dx2)5/2

Optimal (type 4, 258 leaves, 5 steps):

2 a2 (b2c2—2abcd+3a2d2)\/ex (b2c2+5ad(2bc—3ad)>\/ex
- - + +
3ce (ex)3? <c+dx2)3/2 3c2del (c+dx2)3/2 6c3de3\c+dx?
(b2c?+5ad (2bc-3ad)) (%+\/?x) #ﬁ;x)z EllipticF[ZAr‘cTan[%%}, %]

12 C13/4 d5/4 e5/2 “/C +d XZ
Result (type 4, 211 leaves):
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1 b2 c2 x2 (—c+dx2> +2abcdx? (7c+5dx2> - a%d (4c2+21cdx2+15d2x4)

6(ex)5/2“/c+dx2 c3dx3/2 <c+dx2)

+

ive

i(b?c+10abcd-15a2d?) [1+-S xEllipticF[iArcSinh| Wd ], -1]

Problem 864: Result unnecessarily involves imaginary or complex numbers.
2
J (a+bx?) ax
(ex)7/? (c+dx2)5/2

Optimal (type 4, 489 leaves, 8steps):

2 a2 2a(1ebc-1lad) (5b>c?-70abcd+77a%d?) (ex)¥? (5b2c?2-70abcd+77a%d?) (ex)3?
_ _ + + _
5ce (ex)”? (c+dx?)¥? s5c2e3qfex (c+dx2)3/2 15c3e® (c+dx2)?? 10 c* e’ c+dx?
5b2c2-70abcd+77a%2d?) (Ve ++d x —cdx? EllipticE |2 ArcTan m i
(5b2c2-70abcd+77a*d?) Vex Vc+dx? | >( )\/ (Ve +vd x)° [ [c“ﬁ]’z}
+

10c*/d e (V?Jr\/?x) 10 /4 d34e7/2/c + dx?

(5b2c?-70abcd+77a2d?) (\EJrﬁx) (V?Cidiv:_zx)z EllipticF[ZAr‘cTan[%%], ﬂ

20 c15/4 d3/4 e7/2 ~/ c+d XZ
Result (type 4, 246 leaves):
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1

30c* (ex)”/2+c+dx?

1
X 2(5b2c2x4 (5c+3dx2) -10abcx? (12c2+35cdx2+21d2x4) +a? (—12c3+132c2dx2+385cd2x4+231d3x6>) + =
c+dx
i+d x d x2
3ic(5b*c®-70abcd+77a>d*) X2 1+ EllipticE[i ArcSinh|
r\/c C

Problem 865: Result unnecessarily involves higher level functions.

(ex)7/2~/c-dx?
j dx

a-bx?

Optimal (type 4, 372leaves, 11 steps):

2ct/4 (2b%2c?2+14abcd-21a%2d?) e”/2 [1- EllipticF[Arcsin| ¢V ex , -1
2(2bc—7ad)e3\/exm 2e (ex)%2+/c-dx? ( * ) P [ [cl/“ﬁ] ]
21b2d 7b

21b3d>*+/c-dx?
act* (bc-ad)e’/? [1- 9% Ellipticpi[- 2Ye, Arcsin[“7NeC], 1]
C [a 1/4 ./

b3 d1/4 c-d X2

act/4(bc-ad)e”? [1- ElllpthPl[Dl Ar‘cSm[ﬂ] -1]
Vo e
b3 d'/4 \/c - d x
Result (type 6, 382 leaves):
1 1 1 5 dx?2 bx?
2 (ex)7/2[ (c-dx?) (2bc-7ad-3bdx?) + [25a2c2 (-2bc+7ad) AppellF1[~, =, 1, =, —, —| /[(a—bxz)
105 b2d x3+c-dx? 4 2 4’ ¢ a
11 5 dx?* bx? 5 5 1 9 dx? bx? 5 9 dx? bx?
S5acAppellFl[~, =, 1, =, —, —— ] +2x* [2bcAppellF1|~, =, 2, =, —, — | +adAppellF1|~, =, 1, =, —, —| -
4 2 4 C a 4 2 4 C a 4 4 C a
5 1 9 dx? bx?
(Qac (-2b*c®-14abcd+21a*d?) x 2AppellFl[ =, =, 1, =, —, —| /((abxz)
4 2 4 C a
5 1 9 dx? bx? 5 9 1 13 dx?> bx? 9 3 13 dx* bx?
9acAppellFl|~, =, 1, =, —, —] +2x* |2bcAppellF1|~, =, 2, —, —, — | +adAppellF1|~, =, 1, —, —, —|
4 2 4 C a 4 2 4 C a 4 2 4 C a
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Problem 866: Result unnecessarily involves higher level functions.

(ex)32+/c-dx?
J dx

a-bx?

Optimal (type 4, 414 leaves, 15 steps):

2e (ex)3/?2 d x2 2c¥% <2bc53d>es/z\/liElllptlcE[Ar‘cSm[ﬁg] 1}
e (ex c-dx

5b 5b2d3/4+/c-dx?

2 c3/4 (2bc—5ad) e5/2\/17E111pt1cF[Arc51n[ﬁerQ}, —1]
c/ e

5b2d3/4+c-dx?

\Va cl/4 (bc-ad)e¥? [1- E111pt1cP1[ Vb Ve Ar‘cSm[—*E} -1]
Jaa’ e
.
b5/2 d1/4 c-d X2
Va ¢4 (bc-ad)e”? [1- Elllptlcpl[& Ar‘cSm[ﬂ] -1]
VAT e
b5/2 d1/4“/C—dX2
Result (type 6, 418 leaves):
1 3 1 7 dx?* bx?
2e (ex)3/? [ [[49 a?c?AppellfFi[~, =, 1, —, —, —| /
35b (-a+bx?) d x2 4 2 4 ¢ a
3 1 7 dx?* bx? 5 7 1 11 dx*> bx? 7 3
7acAppellF1|=, =, 1, —, —, —| +2x* [2bcAppellF1[~, =, 2, =, ——, ——] +adAppellF1[—, =
4 2 4 C a 4 2 4 C a 4 2
, , 4 7 1 11 dx®> bx?
1lac (7ac-9bcx*-2adx*+7bdx?*) AppellF1|[~, —, 1, —, —, — | +
4 2 4 C a
5 5 5 11 1 15 dx®> bx? 11 3 15 dx®> bx?
14x* (a-bx?) (c-dx?) |2bcAppellF1|—, —, 2, —, ——, — | +adAppellF1[—, =, 1, —, —, —]
4 2 4 C a 4 C a
7 1 11 dx? bx? X 11 1 _ 15 dx®2 bx? 11
11acAppellfFl[~, =, 1, —, —, —] +2x* |2bcAppellF1|—, =, 2, —, —, —| +adAppellF1[ —,
4 2 4 C a 4 2 4 C a 4
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Problem 867: Result unnecessarily involves higher level functions.

(ex)3/2+/c-dx?
J dx
a-bx?

Optimal (type 4, 315leaves, 10 steps):

2cl/4 (2bc—3ad> e3? [1- ElllptlcF[Ar‘CSln[LeX ] 1]
— 2 14
evex Vc-dx B Ve .

3b 3b2dt4+/c-dx?

c1/4(bc—ad)e”z\/l—TEllipticPl[ Vb Ve Ar‘cSm[—\@} -1]
c Vaa i Ve

b2 dl/4/c - d x?

ct/* (bc-ad)e¥? F EllipticPi| %\/% Ar‘cSln[ﬁ\eﬁQ] -1]
a

b2 d1/4+/c - d x?

Result (type 6, 418 leaves):

1 1 1 5 dx* bx?
2e+ex ( 25a% c? AppellFl[~, =, 1, —, —, —}J/
15b (-a+bx?) Vc-dx? 4 2 4 c a
1 1 5 dx? bx? ; 5 1 9 x> bx? 5 3 9 dx* bx?
5acAppellFl[~, =, 1, =, —, —— ] +2x? [2bcAppellF1|~, =, 2, =, —, — | +adAppellF1|~, =, 1, =, —, —| +
4 2 4 C a 4 2 4 C a 4 2 4 C a
5 5 5 1 dx?> bx?
9ac (5ac-7bcx*-2adx?+5bdx*) AppellF1[~, —, 1, =, —, — ] +
4 2 4 C a
5 5 5 9 1 13 dx®> bx? 9 3 13 dx? bx?
10x* (a-bx?) (c-dx?) [2bcAppellF1[~, =, 2, —, —, — | +adAppellF1[~, =, 1, —, —, —— /
4 4 ¢ a 4 2 4 ¢ a
5 1 9 dx? bx? 5 9 1 13 dx?> bx? 9 3 13 dx? bx?
9acAppellF1|[~, =, 1, =, —, — | +2x* |2bcAppellF1[~, =, 2, —, ——, —] +adAppellF1[~, =, 1, —, —, ——
4 2 4 C a 4 2 4 C a 4 2 4 C a

Problem 868: Result unnecessarily involves higher level functions.

j\/e—xm

a-bx?

dx

Optimal (type 4, 365 leaves, 13 steps):
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203444 +e |1 E111pt1cE Arc51n [ TA\%} —1] 203/4dl4+e |1 E111pt1cF Arc51n [ _\E}
c/

-1]
1/4r

Ve-dx2 bVe-dxt

cl/4 ( \/7\/7 E111pt1cP1 LL Ar‘cSln[%] ’1}
n

Va b2/ m

c1/4( c-ad \/—\/7E111pt1cP1 QL ArcSln[ﬁ%} ‘1]
c/
“a b¥2dl4+/c—dx2

dx? bx?

Result (type 6, 164 leaves):
7
4 2 3

([14acxx/ X A/ c-dx? AppellFl 71 }/[3 (a-bx?)
2 C a

11 dx* bx

4

1
2
7 1 11 dx? bx?
, ,7]+adAppe11F1[* =1, — — -
4

3

-7 acAppellFi[ =, -
4

2 x?

7 1
-2bc AppellFl[f, -—, 2,
4

2 C a

Problem 869: Result unnecessarily involves higher level functions.
J Ve -dx?
Vex (a-bx?)

dx

Optimal (type 4, 283 leaves, 9steps):

2c14 ¢34 [1- ElllptlcF[Arcsln[ﬁg} -1]

be Vc-dx?
¢4 (bc-ad) E111pt1cP1[ Vb Ve , ArcSin|[ ¢ d/t Jex |, -1] *(bc-ad) [1- dxt EllipticPi[M, Ar‘cSin{m
y Vo va’ EUNG VT NENE
+
abdV4+/e Vc-dx?

abd¥4+/e \/c-dx?
Result (type 6, 162 leaves):

1 1 5 dx* bx?
([macxﬂcdx2 AppellFl[ =, - =, 1, =, —, }J/ Vex (a-bx?)
4 2 C a
1 1 5 dx? bx? 5 5 1 9 dx? bx? 5 1 9
-5acAppellfFl[~, - =, 1, =, —, — | +2x* |-2bcAppellF1][ =, - =, 2, =, —, — | +adAppellF1[~, =, 1, =, —, —]
4 2 4 C a 4 2 4 C a 4 2 4
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Problem 870: Result unnecessarily involves higher level functions.
Ve-dx?
J(ex

)3/2 (a—bxz)

dx

Optimal (type 4, 392 leaves, 15 steps):

3/4 41/4 _dx? A sordY 4t ex 1 3/4 41/4 _dx? s s d4ex 1
N s 2c3/4d [1- % E111pt1cE[Ar‘c51n[cmﬁ}, 1] 2c¢¥4d [1- 2 EllipticF [ArcSin| ], -1]

Cl/4ﬁ
- N -
aeex ae¥2+/c-dx? ae¥2+/c-dx?
¢4 (bc-ad) [1- 9% EllipticPi[- Y2lC ) Arcsin[€9Vex ], _1] 14 (bc-ad) [1- 9 Ellipticpi| LS, Arcsin[@XVex | q]
c Va @ e c Va @ e
+

a3/2 /b d1/4 e3/2

Result (type 6, 337 leaves):

c_dx? a3/2/p di%e3/2+/c - d x2

1 21 (c—dxz) 5 3 1 7 x2 bx2 5
2x |- +149c (bc-2ad) x> AppellF1[~, =, 1, —, —, —| / (a-bx?)
21 (ex)3/2+/c-dx? a 4 2 4 ¢ a
3 1 7 dx?* bx? 5 7 1 11 dx? bx? 7 3 11 dx? bx?
7acAppellFl[=, —, 1, —, —, ——] +2x* |2bcAppellF1][—, =, 2, —, , — | +adAppellF1|[—, =, 1, —, —, —| -
4" 2 4" ¢ a 4" 2 4 ¢ a 4" 2 4" ¢ a
. 7 1 11 dx? bx? 5 7 1 11 dx? bx?
33bcdx*AppellFi[—, =, 1, —, —, —| / (-a+bx?) [11acAppellFl[~, =, 1, —, ——, — | +
4 2 4 C a 4 2 4 c a
5 1 1 15 dx? bx? 1 3 15 dx? bx?
2x* |2bcAppellFl|—, =, 2, —, —, — | +adAppellF1[—, =, 1, —, —, —|
4 2 4 C a 4 2 4 C a

Problem 871: Result unnecessarily involves higher level functions.
Ve-dx?
J(ex

)5/2 (a—bxz)

dx

Optimal (type 4, 308 leaves, 10 steps):
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s 2cl/4g34 [1- E111pt1cF[Ar‘c51n[—\@] -1]
c-dx \

l4r
- + +
3ae (ex)3? 32652/ c_dx2
¥4 (bc-ad) [1- dx? EllipticPi[—M, Ar‘cSin[M], -1] V4 (bc-ad) E111p‘c1cP1[LC Ar‘csln[—\E} -1]
[« Va d cV/4e Va Vd . Nry
+
a2 dl/4 e5/2 /¢ — d x2

a2di4e52+/c_dx2

Result (type 6, 338 leaves):

1 5 (c-dx?) 1 5 dx? bx
2x |- +|25c (3bc-2ad) x*AppellF1|—, =, 1, =, —, —| / (a-bx?)
15 (e x)>/2+/c-d x? a 4 2 4 ¢ a
1 1 5 dx? bx? 5 5 1 9 dx* bx? 5 3 9 x2 bx?
5acAppellFl[~, —, 1, =, —, ——] +2x? |[2bcAppellF1|[~, =, 2, =, —, —| +adAppellF1|[ =, ~, 1, =, s ] +
4 2 4 C a 4 2 4 C a 4 2 4 C a
5 1 9 dx? bx? 5 5 1 9 dx? bx?
9bcdx*AppellFl[~, =, 1, =, —, —| / (-a+bx?) |9acAppellF1[~, =, 1, =, —, — ]+
4 2 4 C a 4 2 4 C a
9 1 13 dx?* bx? 9 3 13 dx? bx?
2 |2bcAppellFi[~, =, 2, —, —, —] +adAppellF1[~, =, 1, —, s
4 2 4 C a 4 2 4 C a

Problem 872: Result unnecessarily involves higher level functions.
J Ve-dx?

(ex)7/2 (a-bx?)

dx
Optimal (type 4, 457 leaves, 16 steps):

2/c-dx? 2(5bc-2ad)Vc-dx? 2d4% (sbc-2ad)  j1- Elllptlcﬂ’*“-“l"[—\zlﬂﬁ} -1]

.
5/2
5ae (ex) 5a2ce3+ex 5a2cl/4e?/2+/c-dx?

2d¥* (5bc-2ad) [1 ElllpthF[Ar‘cSm[l—:g] -1] b ¥4 (bc-ad) ll—dciz EllipticPi[- %\l Ar‘cSm[—“@] -1]

\d V4o
- +
5a2cl/4e?7/2+/c_dx?

25/2 d1/4 @7/2 \/ ¢ _ d x2
\/Fcl/4<bc_ad)FElllptlcPl[%\% ArcSln[ﬁ}Q} -1]

aS/Z d1/4 e7/2 C*dXz

Result (type 6, 381 leaves):
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1
105 a2 (ex)’/2+/c -d x?

21 (c-dx?) (5bcx?+a (c-2dx? 3 1 7 x> bx?
2x |- ( ) ( )) 49a (5b>c*-10abcd+2a*d’) x* AppellFl[ =, —, 1, —, —, —| /((a—bx)
C 4 2 4 C a
3 1 7 dx* bx? 5 7 1 11 dx?> bx? 7 3 11 dx? bx?
7acAppellFl| =, =, 1, —, —, —] +2x* |2bcAppellF1[~, =, 2, —, —, — | +adAppellFl|—, =, 1, —, —, ——
4 2 4 C a 4 2 4 C a 4 2 4 C a
7 1 11 dx®> bx? 5 7 1 11 x? bx?
33abd (5bc-2ad) x®AppellF1[~, =, 1, —, —, —]/ (a-bx?) [11acAppellFl[—, —, 1, —, ——, — | +
4 2 4 C a 4 2 4 C a
5 1 1 15 dx* bx? 1 3 15 dx? bx2
2x? |2bcAppellFl|—, =, 2, —, —, —] +adAppellFl[—, =, 1, —, —,
4 2 4 C a 4 2 4 C

Problem 873: Result unnecessarily involves higher level functions.

dx

J(ex)s/2 (c—dx2)3/2

a-bx?
Optimal (type 4, 485leaves, 16 steps):
2 (11bc-9ad)e (ex)¥?Vc-dx* 2d(ex)”2V/c-dx?

— + —

45 b? 9be

2¢¥4 (4b2c*-21abcd+15a2d?) /2 [1- ElllpthE[Ar‘cSm[ﬁg} -1]

15 b3 d3/4+/c - d x?

2¢¥4 (4b2c*-21abcd+15a2d?) /2 [1- ElllpthF[AMSlh[—F? |, -1]

15b3 d3/4+/c - d x?

\a c4 (bc— 2eg52 1 E111pt1cP1 M, /-\f‘CSin['dl/Ar = }) ‘1}
\/a—ﬁ Cl//“\g

b7/2 d1/4 c-d X2

“a cl/4 (bc— 2 g5/2 E111pt1cP1 LQ Ar‘cSm[—“E] 1]
Vo Ja’ e

b7/2 d1/4 C—dXZ

Result (type 6, 378 leaves):

| 357
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1 3/2 2 2 2 2 31 7 x* bx? 2
2e (ex)*?|-7 (c-dx*) (11bc-9ad-5bdx?*) + |[49a°c (—11bc+9ad)Appe11F1[f 1,y ] / (-a+bx?)
315b%2+/c - d x? 4 2 4 c a
3 1 7 dx* bx? 5 7 1 11 dx?> bx? 7 3 11 dx?> bx?
7acAppellFl|=, =, 1, —, —, — | +2x* [2bcAppellF1[~, =, 2, —, ——, —] +adAppellFl[—, =, 1, —, —, — +
4 2 4 C a 4 2 4 C a 4 2 4 C a
) 2 ) 2\ 2 7 1 11 dx* bx? 5 7 1 11 dx®> bx?
33ac (4b*c®-21abcd+15a*d®) x> AppellFl[—, —, 1, —, —, —] / (a-bx?) |[11acAppellFl[—, —, 1, —, ——, — | +
4 2 4 C a 4 2 4 C a
, 1 1 15 dx?> bx? 1 3 15 dx> bx?
2 X 2bcAppe11F1[f, — 2, —, —, 7] +adAppe11F1[f, -1, — —, —
4 2 4 C a 4 2 4 C a

Problem 874: Result unnecessarily involves higher level functions.

dx

J(ex)”2 (c—dx2)3/2

a-bx?

Optimal (type 4, 372leaves, 11 steps):

2cl/4 (12b%2c?2-35abcd+21a%2d?) e3/2 [1- EllipticF [ArcSin| ¢/ Yex ) 4
2(9bc-7ad)eex Vc-dx* 2d(ex)%2/c-dx2 < i ) A/ P [ [ Ry h] ]
+

21 b? 7be 21b3d4 /¢ —dx2

c1/4(bcad)2e3/2WEllipticPi[ % Arcsln[;g}" 71}
e

b3 dl/4 /e - d X2

¥4 (bc-ad)?e¥? [1- 9 Ellipticpi[ Y2 S Arcsin[€iex ] q]
¢ Va /d c/4e

b3 dl/4+/c-dx?

Result (type 6, 378 leaves):

1 5 5 - 11 5 dx? bx? 5
2e+ex |-5(c-dx?) (9bc-7ad-3bdx?) +|25a°c* (-9bc+7ad) AppellF1|—, =, 1, =, —, —]/ (-a+bx?)
105b2“/C—dX2 4 2 4 C a
1 1 5 dx? bx? 5 5 1 9 dx?® bx? 5 9 dx?® bx?
S5acAppellFl[~, =, 1, =, —, —— ] +2x? [2bcAppellF1|~, =, 2, =, —, — | +adAppellF1|~, =, 1, =, —, —| +
4 2 4 C a 4 2 4 C a 4 2 4 C a
5 1 9 dx? bx?
(9ac(12b2c235abcd+21a2d2)x AppellFl[ =, =, 1, =, —, —— )/((abxz)
4 2 4 C a
5 1 9 dx?* bx? ; 9 1 13 dx?* bx? 9 3 13 dx? bx?
9acAppellFl|=~, =, 1, =, —, — | +2x* |2bcAppellF1[~, =, 2, —, —, — | +adAppellF1|~, =, 1, —, , —
) 4’ ¢ a 4’ 2 4’ ¢ a 4’ 2 4’ ¢ a
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Problem 875: Result unnecessarily involves higher level functions.
Jm (c-dx2)??

a-bx?

dx

Optimal (type 4, 421 leaves, 15 steps):

3/4 41/4 a4 fex
2d (ex) 2 e dx? 2¢¥4dY4 (7bc-5ad) \/— [1- 9 EllipticE[ArcSin| = ], -1]
N

5be b2/ c-dx®
2¢4dV* (7bc-5ad) Ve [1-% EllipticF Ar‘cSm[T‘l\%} -1]
Ve-dx? i
cl/4 ( \/7 [1 E111pt1cP1 % Ar‘cSm[ﬁ}E] 1]
b5/2 d1/4 c-d XZ !
c¥/4 (bc \/_ [1- 9% EllipticPi| L ArcSin| 1—;%} -1]

\/? b5/2 d1/4/c - d x?

Result (type 6, 427 leaves):

3 1 7 dx? bx?
2x+ex 49ac2(—5bc+3ad)AppellF1[—,—,1,—,—,—}/
4" 2 4" ¢ a
3 1 7 dx? bx? 5 7 1 11 dx? bx? 7 3 11 dx? bx?
7acAppellFl| =, =, 1, —, —, — | +2x? |2bcAppellF1[~, =, 2, —, —, —] +adAppellF1|—, =, 1, —, —, — ||| +
4 2 4 C a 4 2 4 C a 4 2 4 C a
7 1 11 dx? bx?
(—33acd (7ac-14bcx?*-2adx*+7bdx*) AppellF1[—, ~, 1, —, ——, — | -42dx* (a-bx?) (c-dx?)
4" 2 4 c a
11 1 15 dx? bx? 11 3 15 dx? bx? 7 1 11 dx? bx?
2bcAppellFl|—, =, 2, —, —, — ] +adAppellF1[—, =, 1, —, —, —| / 1lacAppellfFl[~, =, 1, —, —, — | +
4 2 4 C a 4 2 4 C a 4 2 4 C a
11 1 15 dx? bx? 11 3 15 dx? bx?
z(zbcAppellFl[—, =, 2, —, —, — ] +adAppellF1[—, =, 1, —, —, —| ])]/[1@5b(—a+bx2)1/c—dxz)
2 4 c a 4 2 4 c a
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Problem 876: Result unnecessarily involves higher level functions.

(c-dx2)?? )
Jm (a-bx?) .

Optimal (type 4, 328 leaves, 10 steps):

1/4 43/4 _ l1 Vex 1
rdex e dxd 2c4d¥4 (5bc-3ad) E111pt1cF[Ar'c51n[ cl/“r} 1]
.

N
3be 3b2+/e Vc-dx?
ct/* (bc-ad)? 1- 9% EllipticPi|- Vo e Ar‘csln[ﬂ] -1] V4 (bc-ad)? [1- E111pt1cP1[3DC Ar‘csln[ﬂ] -1]
‘ Ve’ EUNG Vo e
N
ab2d4+e Vc-dx2 ab2d4+e Vc-dx2
Result (type 6, 425 leaves):
5 11 5 dx* bx?
2x ||25ac® (-3bc+ad) AppellF1[~, —, 1, ~, B ] /
4 2 4 C a
1 1 5 x2 bx? 5 5 1 9 dx* bx? 5 3 9 x? bx?
5acAppellFl[~, =, 1, =, —, ——] +2x? |2bcAppellF1|~, =, 2, =, —, — | +adAppellF1| =, =, 1, =, —, — ||| +
4 2 4 C a 4 2 4 C a 4 2 4 C a
5 9 dx? bx?
(d [Qac (5ac-10bcx?-2adx*+5bdx*) AppellF1[~, —, 1, =, —, —] -10x* (a-bx?) (c-dx?)
4 2 4 C a
9 1 13 dx? bx? 9 3 13 dx? bx 5 1 9 x2 bx?
2bcAppellFl| =, —, 2, —, —, — | +adAppellF1[~, =, 1, —, —, —| / 9acAppellFl| =, =, 1, =, —, — | +
4 2 C a 4 2 4 C a 4 2 4 C a
9 1 13 dx* bx? 9 3 13 dx*> bx?
2x (ZbcAppellFl[ =,2, —, —, — | +adAppellF1[~, =, 1, —, —, —| )]]/[Bb\/ (-a+bx?) \Jc-dx?
4’ 2 4 e a 4 2 4 @ a

Problem 877: Result unnecessarily involves higher level functions.

_dx? 3/2
J (c X ) ix
(e

x)3/2 (a—bxz)

Optimal (type 4, 417 leaves, 15 steps):



1.1.2 Quadratic.nb | 361

3/4 41/4 _dx? P s dY/4ex B
N 2c¥4dV4 (bcrad) [1-9 EllipticE [ArcSin| e ], -1]
N

aevex abe¥?2+/c-dx?
2¢34dV4 (bc+ad) [1- axt EllipticF[Ar‘cSin[idl/A ], -1] % (bc-ad)® [1- dxt EllipticPi[—M <, Ar‘cSin[—\Cdl’/‘t 1, -1]
c /4 e c Va +Jd Ny
- +
abe32+/c-dx? a3/2p3/2 d1l/4 @3/2 1/ ¢ — d x?

¢4 (bc-ad)? [1- 9 Ellipticpi[YEVS Arcsin[Liex] g
‘ Va Va e

a3/2 b3/2 d1/4 e3/2 c-d XZ

Result (type 6, 436 leaves):

5 3 1 7 dx? bx?
2cx||49c (bc-3ad)x AppellFl[=, =, 1, —, —, 7]/
4 2 4 C a
3 1 7 x2 b x? B 7 1 11 dx? bx? 7 3 11 dx? bx?
7acAppellFl[=, —, 1, —, —, —] +2x* |2bcAppellF1|[~, =, 2, —, —, —| +adAppellF1[—, =, 1, —, —, — ||| +
4" 2 4" ¢ a 4" 2 4 c a 4" 2 4 c a
7 1 11 dx? bx?
(33a(bcx2 (7c—6dx2)+a(—7c2+7cdx2+d2x4))AppellFl[—, =1, =, —, —1|-
4" 2 4 c a
5 5 5 11 1 15 dx? bx? 3 15 dx? bx?
42x* (a-bx*) (c-dx*) [2bcAppellFl[~—, =, 2, —, ——, — | +adAppellFl|—, =, 1, —, ——, —— /
4" 2 4 c a 4 2 4 c a
7 1 11 dx? bx? 5 11 1 15 dx? bx?
a|llacAppellFi[—, =, 1, —, —, — | +2x* [2bcAppellF1[—, =, 2, —, —, — | +
4 2 4 C a 4 2 4 d a
11 15 dx? bx?
adAppellFl[—, -1, — —, — )]]J/(zl (e x)3/2 (a—bx2)1/c—dx2
4 2 4 c a

Problem 878: Result unnecessarily involves higher level functions.

_d 2\3/2
J (C X > dx
(e

X)5/2 (afbxz)

Optimal (type 4, 330leaves, 10 steps):
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2 dx® 2 cl/4 g3/4 (bc—3ad)FEIIlpthF[APCSln[ﬁ\FQ] _1}
- +

3ae (ex)3? 3abe’2+/c_dx2
¥4 (bc-ad)? [1- dx? EllipticPi[—M, Ar‘cSin[M], -1] V% (bc-ad)? [1- ax® EllipticPi[M, Ar‘cSin[m], -1]
: NS VNG c Va T VNG
+
a2bdl/4e5/2/c_dx2 a2bdl/4e5/2/c _dx2

Result (type 6, 438 leaves):

1 1 5 dx? bx?
2cx | [25¢ (3bc-5ad) x? AppellF1[~, —, 1, =, —, —] /
4 2 4 C a
1 1 5 x2  bx? 5 1 9 x> bx? 5 9 x> bx?
5acAppellFl[~, =, 1, =, —, —— ] +2x? [2bcAppellF1|~, =, 2, =, —, — | +adAppellF1|[~, =, 1, =, —, — ||| +
4 2 4 C a 4 2 4 C a 4 2 4 C a
5 1 9 x2 bx?
(9a<bcx2 (5c—6dx2>+a(—5c2+5cdx2+3d2x4))AppellFl[f =1, =, ,7}—10x2 (a—bx2> (c—dxz)
4 2 4 C a
9 1 13 dx? bx? 9 3 13 dx? bx? 5 9 x2 bx?
2bcAppellFl|~, =, 2, —, —, — | +adAppellF1|~, =, 1, —, —, —| / a|9achAppellFl[~, =, 1, =, —, — | +
4 2 4 C a 4 2 4 C a 4 2 4 C a
9 1 13 dx? bx? 9 3 13 dx?* bx?
2x (ZbcAppellFl[ =,2, —, —, — | +adAppellF1[~, =, 1, —, —, —| )]})/ (15( )52 (a-bx?) vJc-dx?
4 2 4 C a 4 2 4 C a

Problem 879: Result unnecessarily involves higher level functions.
_ 2\3/2
J (c-dx?) ix
(ex)”2 (a-bx?)
Optimal (type 4, 459 leaves, 16 steps):

2cc dx 2(sbc-7ad) T 2c3/4dV* (5bc-7ad) |1 E111pt1cE[Ar‘cSm[—\:&mv‘%X ], —1}

5/2
5ae (ex)> 5aZe3/ex 5a2e’/2+/c-dx?

2C3/4d1/4<5bc—7ad)\/7E111pt1cF[Ar'c51n[T4\g} -1]
cl/

5a2e’/2+/c-dx?

ct/* (bc-ad)? ll—dci2 EllipticPi[- % Arcsln[f}z] -1] V4 (bc-ad)? [1- ElllpthPl[i/;\/% Ar‘cSm[ﬁ}z] -1]
a a

+

35/2“/b d1/4e7/2 C—dX2 35/2“/b d1/4e7/2 C—dX2
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Result (type 6, 380 leaves):
1

105a2 (ex)7/2~+c-dx?

3 1 7 x2 bx?
2 X (21 (c-dx?) (5bcx?+a(c-7dx?)) +|49ac (5b*c®-15abcd+12a?d?) x* AppellF1[~, =, 1, —, —, —] / [(abxz)
4" 2 4" ¢ a
3 1 7 dx?* bx? ; 7 1 11 dx*> bx? 7 3 11 dx®> bx?
7acAppellF1|=, =, 1, -, —, — | +2x? [2bcAppellFl[~, =, 2, —, —, — ] +adAppellF1|—, =, 1, —, —, —| +
4" 2 4" ¢ a 4" 2 4" ¢ a 4" 2 4 ¢ a
7 1 11 dx? bx? 5 7 1 11 x2 bx?
33abcd (5bc-7ad) x®AppellF1[—, =, 1, —, —, —| / (a-bx?) |11acAppellFl[~, —, 1, —, ——, — | +
4 2 4 C a 4 2 4 C a
5 1 1 15 dx? bx? 1 3 15 dx? bx?
2bcAppellFl|[~—, =, 2, —, —, — | +adAppellF1[—, =, 1, —, —, ——
4 2 4 C a 4 2 4 C
Problem 880: Result unnecessarily involves higher level functions.
7/2
J (e x) dx
(a—bxz) c-dx?
Optimal (type 4, 305leaves, 10 steps):
2c¢4 (bc+3ad)e”? |1- 92 EllipticF|ArcSin|dfYex | g
e3vex Vc-dx? ( ) c P [ [51/4\5] }
- +
3bd 3b2d5/4+/c-dx?
act4e’2 |19 Ellipticpi[- Loofe, Arcsin[€EVEX ] 1] act4e’? 198 Elliptichi[YELE, Ancsin[ LU EX ], q]
c JaNd’ /e Jad e
.
bZ d1/4 c-d XZ b2 d1/4 c-d XZ

Result (type 6, 423 leaves):
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/2 1 5 dx?> bx?
2 (ex) 25a% c? AppellFl]~, =, 1, =, —, —]/
4 2 4 C a
11 5 dx* bx? 5 5 1 9 dx* bx? 5 3 9 dx* bx?
5acAppellFl|~, =, 1, =, —, —] +2x* [2bcAppellF1[~, =, 2, =, —, — | +adAppellF1[~, =, 1, =, —, — ||| +
4 2 4 C a 4 2 4 C a 4 2 4 C a
5 1 9 dx?* bx?
[9ac (5ac-4bcx’-2adx?+5bdx*) AppellF1[~, =, 1, =, —, — | -18x*> (a-bx?) (c-dx?)
4 2 4 C a
9 1 13 dx?> bx? 9 3 13 dx* bx? 5 9 dx*> bx?
2bcAppellFl|~, =, 2, —, —, — | +adAppellF1|~, =, 1, —, —, —| / 9acAppellFl| =, =, 1, —, —, —] +
4 2 4 C a 4 2 4 C a 4 2 4 C a
9 1 13 dx®> bx? 9 3 13 dx®> bx?
2x (ZbcAppellFl[— =,2, —, —, — | +adAppellF1[~, =, 1, —, —, —| )]]/[15bdx3 (7a+bx2)«/cfdxz
4 2 4 C a 4 2 4 C a

Problem 881: Result unnecessarily involves higher level functions.

J <eX)5/2 dx
(a-bx?) Vc-dx?

Optimal (type 4, 349leaves, 13 steps):

2c3/4e%2 [1- ElllpthE[APCSln[ﬁ}E] 1} 2c3/4e¥2 [1- ElllptlcF[APCSln[ﬁ}E] 1]
C /

— + —

bd4~/c—dx? bd4+/c—dx?
Ja cl/4es2 1. deZ EllipticPi[- %%, Ar‘cSin[%j‘?@] ,-1]  a ctr4es2 [1- dciz EllipticPi[%%, Ar‘cSin[%j‘?@] , -1]
+
b3/2 d1/4 c-d X2 b3/2 d1/4 c-d X2

Result (type 6, 165leaves):

7 1 11 dx?* bx?
([ZZacx (ex)>2AppellFl|—, =, 1, —, —, —| /[7 (-a+bx?)\/c-dx?
4 2 4 C a
7 1 11 x? bx? ) 11 15 dx? bx? 11 3 15 dx? bx?
11acAppellFl|[—, =, 1, —, —, —| +2x? |2bcAppellF1|—, =, 2, —, ——, — ] +adAppellFl[—, =, 1, —, —, ——
4 2 4 C a 2 4 C a 4 2 4 C a

Problem 882: Result unnecessarily involves higher level functions.

J <ex)3/2 dx
(a-bx?) Vc-dx?

Optimal (type 4, 261 leaves, 9 steps):
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2 cl/4 e3/2 < EllipticF| Ar‘cSm[i] -1]
/4 Je

bdl4/c-dx?
ct/4e¥2 [1- 9 EllipticPi- —\DC Ar‘csln[—*z} -1 ct4ed? [1- E111pt1cP1[LC Ar‘csln[—,\E} -1]
RNy Ja d RN
+

b d/4+/c-dx? bdl4/c-dx?

Result (type 6, 165 leaves):

5 1 9 dx? bx?
([18acx(ex)3/2AppellF1[ =1, =, —] /[5 (-a+bx?) \Jc-dx?
4 2 4 C a
5 1 9 dx* bx? 5 9 1 13 dx? bx? 9 3 13 dx? bx?
9acAppellFl|~, =, 1, =, —, — | +2x* |2bcAppellF1[~, =, 2, —, ——, — ] +adAppellF1[~, =, 1, —, —, ——
4 2 4 ¢ a 4 2 4 ¢ a 4 2 4 C a

Problem 883: Result unnecessarily involves higher level functions.

dx

Vex
J

a—bxz) c-dx2?

Optimal (type 4, 203 leaves, 6 steps):

ct/4Je [1- 9% EllipticPi[- QZ Ar‘cSm[ﬁ%} -1 M*We [1- 9 EllipticPi] LQ Ar‘csln[i] -1]
c/

c1/4,\/?
\f\fdwm \Eﬁdl/“m
Result (type 6, 165leaves):

3 1 7 x2 bx?
([14acxx/ex AppellFl[=~, =, 1, —, —, —| /(3 (-a+bx?) \Jc-dx?
4" 2 4 ¢ a
3 1 7 dx?* bx? 5 7 1 11 dx? bx? 7 3 11 dx? bx?
7acAppellFl[ =, =, 1, —, , — | +2x*|2bcAppellF1[~, =, 2, —, —, — | +adAppellF1|—, =, 1, —, —, —
4 2 4 C a 4 2 4 C a 4 2 4 C a

Problem 884: Result unnecessarily involves higher level functions.
1

Jm (a—bxz)m

dx

Optimal (type 4, 188 leaves, 6 steps):
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/4 92 EllipticPi{—M, Ar‘cSin[M], -1 V4 1 dx? EllipticPi[@, Ar‘cSin[M], -1]
c Va vd NS c Ja vd /e e

+

adl4+/e VJc-dx2 ad4+/e Vc-dx?

Result (type 6, 163 leaves):

1 1 5 dx?> bx?
([wachppellFl[, =1, =, ] / Vex (-a+bx*)Jc-dx?
4 2 4 C a
11 5 dx? bx? 5 5 1 9 dx* bx? 5 3 9 dx?
5acAppellFl[~, =, 1, =, —, — ] +2x? [2bcAppellF1[~, =, 2, =, —, — | +adAppellF1[~, =, 1, =, —,
4 2 4 C a 4 2 4 C a 4 2 4 C
Problem 885: Result unnecessarily involves higher level functions.
1
J dx
(ex)?2 (a-bx?) Vc-dx?
Optimal (type 4, 379leaves, 15 steps):
dx? . . . dv/4 / dx? . . . dv/4
Ny 2dv* 19 EllipticE[ArcSin| cl/a\/‘%" ], -1] 2dv4 [1- X EllipticF[ArcSin| c1/4j;X ], -1]
_ _ N _
acevex act/4e3?2+/c-dx? aclt4e32+/c-dx?
Vb V4 [1- 9 Ellipticpi[- Y2 S arcsin[ 90V ] 1] b 14 [1- 9 Ellipticpi| YRS ancsin[ dUVEX ] q]
VT e JavE N VT e Va d e
+
a3/2 d1/4e3/24/c_dX2 a3/2 d1/4e3/24lc_dx2
Result (type 6, 338 leaves):
1 21(c—dx2) , 3 1 7 dx* bx? )
2x |- +149 (bc-ad) x* AppellF1[ =, —, 1, —, —, —| / (a-bx?)
21 (ex)3/2+/c-dx? ac 4 2 4 ¢ a
3 1 7 dx? bx? 5 7 1 11 dx? bx? 7 3 11 dx?
7acAppellFl|=, =, 1, —, —, — | +2x* [2bcAppellF1[~, =, 2, —, ——, —] +adAppellFl[—, =, 1, —, ——
4 2 4 C a 4 2 4 C a 4 2 4
A 7 1 11 dx?> bx? 5 7 1 11 dx*> bx?
33bdx*AppellFi[—, =, 1, —, —, —] / (-a+bx?) |11acAppellFl[—, =, 1, —, —, — | +
4 2 4 C a 4 2 4 C a

5 1 1 15 dx* bx? 1 3 15 dx* bx?
2x* |2bcAppellFl[—, =, 2, —, —, — | +adAppellF1| —, =, 1, —, —, —]
4 2 4 c a 4 2 4 c a

I
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Problem 886: Result unnecessarily involves higher level functions.

1
J dx
(ex)*2 (a-bx?) Vc-dx?

Optimal (type 4, 297 leaves, 10 steps):

3/4 a4 Jex
N s 2d%4 [1- 9 EllipticF [ArcSin| = ], -1]

3ace (ex)3? 3ac3/4e52/c_dx2
b4 [1- 9% Ellipticpi[- YeLe, Arcsin[€EVEX ], ] b4 19 Ellipticpi[ VS Arcsin[ CUVEX ) g
c JVaa’ e Vo e
+
a2 dl/4 e5/2 /¢ — d x2 a2 d1/4 5/2 /¢ — d x2

Result (type 6, 338 leaves):

1 5 (c-dx?)

1 1 5 dx? bx
2x |- +]25 (3bc+ad) x*AppellFi[~, —, 1, =, —, ] / (a-bx?)
15 (e x)>/2+/c-d x? ac 4 2 4 ¢ a
1 1 5 dx? bx? 5 5 1 9 x? bx? 5 9 x2 bx?
5acAppellFl[~, =, 1, =, —, — ] +2x? [2bcAppellF1|~, =, 2, =, —, — | +adAppellF1| =, =, 1, =, —, —| +
4 2 4 C a 4 2 4 C a 4 4 C a
5 1 9 dx? bx? 5 5 1 9 dx? bx?
9bdx*AppellFl[~, =, 1, =, —, —] / (-a+bx?) 9acAppellFl| =, =, 1, =, —, — | +
4 2 4 C a 4 2 4 C a
9 1 13 dx* bx? 9 3 13 dx? bx?
2 2bcAppellFi[~, =, 2, —, —, —] +adAppellF1[~, =, 1, —, s ]
4 2 4 C a 4 2 4 C a

Problem 887: Result unnecessarily involves higher level functions.

1
J dx
(ex)72 (a-bx?) Vc-dx?

Optimal (type 4, 444 leaves, 16 steps):
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1/4 ex
e A 2 (5bc+3ad) v 2d¥4 (5bc+3ad) [1 E111pt1cE[Ar‘c51n[—\C“r} -1]

- - - +
5/2
5ace (ex) 5a2c2e3ex 5a2c5/4e7/2+/c - dx?

2d% (sbc+3ad) [1- 2 EllipticF[ArcSin[€oyex ], _q]
c /e

5a2 C5/4 e7/2 C—dX2

p3/2 /4 [1_dX EllipticPi|- Yb e | Apcsin [ —“E} -1]  b¥2cV4 [1- 9 EllipticPi] Vb Ve apcsin [ —\E} -1]
C ~Ja +/d 141/ [a /d 1/a [
+
25/2 41/4 o7/2+/c — d x2 a5/2 414 a7/2 /¢ — d x2

Result (type 6, 383 leaves):

2 2
-21 (c-dx?) (5bcx*+a (c+3dx®)) + [493c (5b*c*-5abcd-3a*d*) x“AppellFl[i, 1, 1, Z, d—x, b—x]
4 2 4 C a

2 X

/((a—bx2>

1 1 7 dx? bxz] 532 11 dx? bx? 7 3 11 dx? bx?
- - —, — | +2x
2) )4) C J

[7acAppe11F1[ 2b cAppellFl| -,

7
a’

1| /[ te-0)

; 11 1 15 dx? bx? 11 3 15 dx? bx2
2x* |2bcAppellFl|—, =, 2, —, ——, — | +adAppellF1[~—, =, 1, —, —, ——
4 2 4 c a 4 2 4 c

3
4 4 C a 4 2 4 C a

7 1 11 dx? bx?
- 1, —, —, 7} +
4 2 4 C a

])]) 1@5a2 2 (ex)7?2+/c-dx?

JlJ ) )

a
1 11 dx? bx?
2 4 c a

11 a c AppellF1 [

(33abcd (5bc+3ad)x AppellFl[Z
4

Problem 888: Result unnecessarily involves higher level functions.

J\ (ex>9/2 dx
(a—bxz) (c—dxz)g/2

Optimal (type 4, 444 leaves, 15steps):

1
=,2, —, —, —] +adAppellF1[—, =, 1, =, —, —|
2
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¥4 (3bc-2ad)e*? [1- ax EllipticE[Ar‘cSin[M], -1]
ce3 <e X)3/2 c VNS

- +

d(bc-ad)Vc-dx? bd”“(bc—ad)\/c—dx2

¢4 (3bc-2ad)e¥? |1- 9% EllipticF|Arcsin| @ Vex ], ]
c /4 e
b d7/4 (bc—ad) ve-dx?

a¥/2cl/aey2 |1 94X EllipticPi[— M, ArcSin[M] , —1} a¥/2cl/aey2 |1 4¥ EllipticPi[M, Ar‘cSin[m} , —1}
c Ja d Ve e c Va Vd Veye

+

b3/2 g1/4 (bc—ad) Ve -dx? b3/2 g1/4 (bc—ad) Ve -dx?

Result (type 6, 424 leaves):

| 369

3 1 7 dx? bx?
c (ex)?? [(49a2cAppe11F1[—, =1, -, —, —}J/ [(a+bx2)
4 2 4 C a
3 1 7 dx* bx? 5 7 1 11 dx®> bx? 7 3 11 dx? bx?
7acAppellFl|~, =, 1, —, —, —| +2x* [2bcAppellF1[~, =, 2, —, —, —] +adAppellFl[—, =, 1, —, —, —— +
4 2 4 C a 4 2 4 C a 4 2 4 C a
5 5 7 1 11 dx?> bx? ; 5 11 1 15 x> bx?
11a (7ac-4bcx*-2adx?) AppellF1[—, =, 1, —, —, — | -14x? (-a+bx?) [2bcAppellF1[—, =, 2, —, —, — | +
4 2 4 C a 4 2 4 C a
11 3 15 dx?> bx? 5 7 1 11 dx?> bx?
adAppellF1[~—, =, 1, —, —, — / (a-bx?) [11acAppellFi[~, —, 1, —, ——, — | +
4 2 4 c a 4 2 4 C a
1 1 15 dx? bx? 1 3 15 dx? bx?
2 x2 (ZbcAppellFl[—, =, 2, —, —, — ] +adAppellF1[—, =, 1, —, —, —| ]J]J/ (7d (-bc+ad) x®y/c-dx?
4 2 4 C a 4 2 4 c a

Problem 889: Result unnecessarily involves higher level functions.

(ex)7/2 dx
J(abxz) (c-dx?)*?

Optimal (type 4, 338 leaves, 10 steps):
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¢4 (bc-2ad)e”/?2 [1- EllipticF [ArcSin| @iex ] = 4
cedJex ( ) N P [ [ “W} ]
- + +
d(bc-ad)Vc-dx? bd>* (bc-ad) Vc-dx?
acl/te72 [1_4X EllipticPi- Vb e Ar‘csln[—\E}, -1]  act4e”? [1- E111p‘c1cP1[LC AI"CSln[—\E} -1]
c Vo va’ Vife VA Va e
.
bd* (bc-ad) Vc-dx? bd¥* (bc-ad) Vc-dx?
Result (type 6, 424 leaves):
1 1 5 dx* bx?
c (ex)’/? [(ZSa cAppellFl|~, —, 1, =, —, —}J/ [(—a+bx2)
4 2 4 C a
1 1 5 dx? bx? 5 5 1 9 x? 2 5 9 x> bx?
5acAppellFl[~, —, 1, =, —, ——] +2x* |2bcAppellF1][~, =, 2, =, —, — | +adAppellF1|[~, =, 1, =, , —
4 2 4 C a 4 2 4 C a 4 4 C a
5 5 5 1 9 dx? bx? 5 5 9 1 13 dx? bx?
9a(5ac-4bcx*-2adx?) AppellF1[~, =, 1, =, —, — | -10x* (-a+bx?) |2bcAppellF1[~, =, 2, —, —, — | +
4 2 4 C a 4 2 4 @ a
9 13 dx? bx? ) 5 1 9 dx?* bx?
adAppellF1[=, =, 1, —, —, / (a-bx?) |9acAppellF1|~, =, 1, —, —, |+
4 2 4 C a 4 2 4 a
9 1 13 dx? bx? 9 3 13 dx? bx?
2 (2bcAppe11F1[—, =,2, —, —, — | +adAppellFi[~, =, 1, —, —, —] )]])/( d(-bc+ad) x*y/c-dx?
4 2 4 C a 4 2 4 C a

Problem 890: Result unnecessarily involves higher level functions.

J (eX>5/2 dx
(a-bx?) (c-dx2)??

Optimal (type 4, 414 leaves, 15 steps):

e (ex) 3/2
- +

C3/85/2 |1 _ ElllptuE[ArcSm[ﬁ\eﬁQ] ~1]  c¥es? 1- E111pt1cF[Arc51n[ﬁ\eﬁQ] 1]
cl/

(bc—ad)\/c—dx2 d3/4(bc—ad)\/c—dx2

Ja cl/4es2 1o ElllpthPl[ Vb Ve Ar‘cSm[ﬂ] -1] a cl/4es2 1= E111p‘c1cP1[lDC Ar‘cSm[ﬂ]
\ e NG y Ve /d NG

d3/4 (bc—ad) Ve-dx?

-1]

+

b di/4 (bc-ad) Vc-dx?

Result (type 6, 327 leaves):

Vb d¥* (bc

ad) Vc-dx?
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1 3/ 3 1 7 x? bx?
e (ex)?? |7+ [49a%cAppellFl[~, =, 1, -, —, —| / (-a+bx?)
7 (-bc+ad) Vc-dx? 4 2 4 c a
3 1 7 dx?* bx? 5 7 1 11 dx*> bx? 7 3 11 dx®> bx?
7acAppellF1|=, =, 1, —, —, —| +2x* [2bcAppellF1[~, =, 2, —, ——, ——] +adAppellFl[—, =, 1, —, —, —— +
4 2 4 C a 4 2 4 C a 4 2 4 C a
7 1 11 dx?> bx? ) 7 1 11 dx? bx?
11abcx?AppellFl|—, =, 1, —, —, ] / (a-bx?) |11acAppellF1|—, —, 1, —, s +
4 2 4 C a 4 2 4 C a
5 11 1 15 dx®> bx? 11 3 15 dx®> bx?
2x ZbCAppellFl[_) =2, —, —/, —] +adAppellF1[_, -1, — — —
4 2 4 C a 4 2 4 C a
Problem 891: Result unnecessarily involves higher level functions.
e x)3/2
J (e Xx) dx
(a-bx?) (c—dx2)3/2
Optimal (type 4, 314 leaves, 10 steps):
cl/4e3/2 [1- EllipticF [ArcSin[ £X/ex , -1
eex \/ P [ [ e ] ]
- - +
(bc-ad) Vc-dx? d”4 (bc-ad) Vc-dx?
ct4ey2 [1- 9% Ellipticpi[- LV apcsin[€UVex ] q]  1aedz (19 E1lipticpi [ YEVS | arcsin[ Ve ] q]
VA Jad e VT e Jad e
+
d”4 (bc-ad) Vc-dx? d”4 (bc-ad) Vc-dx?
Result (type 6, 328 leaves):
1 1 1 5 dx?> bx?
eex (25a cAppellFl|~, =, 1, =, —, —| /((—a+bx2)
5(-bc+ad) Vc-dx? 4 2 4 a
11 5 dx?* bx? 5 5 1 9 x2 bx? 5 3 9 X2 bx?
5acAppellFl[~, =, 1, =, —, — ] +2x* [2bcAppellF1[~, =, 2, =, —, — | +adAppellF1][~, =, 1, =, —, —] +
4 2 4 C a 4 2 4 C a 4 2 4 C a
5 1 9 dx?* bx? 5 5 1 9 x2 bx?
9abcx*AppellFi[=, =, 1, =, —, —| / (-a+bx?) |9acAppellF1[~, =, 1, =, —, — ] +
4 2 4 C a 4 2 4 C a
9 1 13 dx? bx? 9 3 13 dx? bx?
2 12bcAppellFl[~, =, 2, —, —, —] +adAppellF1|~, =, 1, —, —, ——
4 2 4 C a 4 2 4 C a
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Problem 892: Result unnecessarily involves higher level functions.

Vex
J(abx2

) e-an)

Optimal (type 4, 420 leaves, 15 steps):

d1/4\ﬁ [1- 9% EllipticE Ar‘cSm[ﬁ%] ~1]  dvéq/e [1- 9% EllipticF ArcSln[cl—M“%] -1]

d (e X)3/2
c(bc-ad)evc-dx? cl/4 -ad) Vc-dx? /4 —ad)\/c—dx
b cv4ie 1 E111pt1cP1 L*l Ar‘cSm[—\%} —1} Vb ct4+e |1 E111pt1cP1 QQ Ar‘cSm[—“%] 1}
cl/4 cl/4

\/?dl/“(bcfad)\/cfdxz \/—dl/“( ~ad) Vc-dx?

Result (type 6, 356 leaves):

1 21d 3 1 7 x2 bx?
—xVex |[-— - [49a (2bc+ad)Appe11F1[— -1, -, —, —] /((bc+ad) (afbxz)
21/c_dx? bc2-acd 4 2 4 ¢ a
3 1 7 dx?* bx? B 7 1 11 dx® bx? 7 3 11 dx?* bx?
7acAppellF1|=, =, 1, —, —, — | +2x* [2bcAppellF1[~, =, 2, —, ——, —] +adAppellFl[—, =, 1, —, —, —— +
4 2 4 C a 4 2 4 C a 4 2 4 C a
7 1 11 dx? bx? 5 7 1 11 dx? bx?
33abdx?AppellFl|—, =, 1, —, —, —| / (-bc+ad) (a-bx?) |[11acAppellFl|—, =, 1, —, —, — | +
4 2 4 c a 4 2 4 d a
5 11 1 15 dx* bx? 11 3 15 dx®> bx?
2x? |2bcAppellFl|[—, =, 2, —, —, — ] +adAppellF1[~—, =, 1, —, —, ——
4 2 4 C a 4 2 4 C a

Problem 893: Result unnecessarily involves higher level functions.

1

Jm (a-bx?) (c—dx2)3/2

dx

Optimal (type 4, 328 leaves, 10 steps):
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fex dB/AF E111pt1cF[Arc51n[ﬁ\eﬁQ] -1]
.

c(bc-ad)evc-dx? c3/4 (bc—ad)\/?\/c—dx2
b4 [1- 9% Ellipticpi[- L e, Arcsin[€ENEX ], ] b4 [1- 9% Ellipticpi [ S, Arcsin[ £0VEC ) g
< vz’ e \ Ve T Ve
N
adl/“(bc—ad)\/?\/c—dx2 ad”“(bc—ad)d?\/c—dx2

Result (type 6, 357 leaves):

1 5d 11 5 dx? bx 5
X |- +|25a (-2bc+ad) AppellF1[~, —, 1, =, —, —]/ (-bc+ad) (a-bx?)
5vex vVc-dx? bc?-acd 4 2 4 a
1 1 5 dx? bx? ) 5 1 9 dx?* bx? 5 9 x> bx?
5acAppellFl[~, =, 1, =, —, ——] +2x? [2bcAppellF1|~, =, 2, =, —, — | +adAppellF1|~, =, 1, =, —, —| +
4 2 4 C a 4 2 4 C a 4 2 4 C a
5 1 9 dx* bx? 5
9abdx?AppellFi[~, =, 1, =, —, —| / (-bc+ad) (-a+bx?)
4 2 4 C a
5 1 9 dx?* bx? 5 9 1 13 dx? bx? 9 3 13 dx®* bx?
9acAppellFl|[~, =, 1, =, —, — | +2x* |2bcAppellF1[~, =, 2, —, ——, ——] +adAppellF1[~, =, 1, —, —, ——
4 2 4 C a 4 2 4 C a 4 2 4 C a

Problem 894: Result unnecessarily involves higher level functions.

J ! dx
(ex)32 (a-bx?) (c-dx?)*?

Optimal (type 4, 493 leaves, 16 steps):
d (2bc—3ad)x/c—dx2

c(bc—ad)e\/ex Ve-dx? ac? (bc—ad)e\/ex

d/* (2bc-3ad) |1 ElllptlcE[Ar‘CSln[ﬁ}E} -1 d¥4(2bc-3ad) |1 ElllpthF[APCSln[TQ}E} -1]

.
ac5/“(bc—ad>e5‘/2 c-dx? acs/“(bc—ad)eE‘/2 c-dx?

b3/2cl/4 [1_ 94X EllipticPl[ Vb e Ar‘cSm[ﬂ} —1] b3/2cl/4 J1- E111pt1cP1[DE ArcSm[ﬂ} —1]
c Va va '’ /e Va \d /e

+
a3/2d1/4 (bciad> e3/2 C*dXZ

a3/2 di/4 <bc—ad) e3/2 c - dx?

Result (type 6, 401 leaves):
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1
21c? (ex)32+/c-dx?
3 1 7 2 bx? 3 1 7 2 bx?
49c (2b>c*-2abcd+3a’d?) x> AppellFl[—, —, 1, —, —X, —X} /[(bc—ad) (a-bx?) |7acAppellF1|~, =, 1, —, —X, —X]+
4 2 4 C a 4 2 4 C a
7 1 11 dx?> bx? 7 3 11 dx? bx? 1
2x? |2bcAppellFl|—, =, 2, —, —, — | +adAppellF1][—, =, 1, —, —, —| —
4 2 4 C a 4 2 4 d a -bc+ad
l4bc (c-dx?) 7 1 11 dx* bx?
+7d(2c+3dx2>+(11bcd(2bc+3ad) x* AppellFl[—, =, 1, —, —, })/((abxz) 11 a c AppellF1]
a 4 2 4 C a
7 1 11 dx®* bx? 5 11 1 15 dx? bx? 11 3 15 dx? bx?
~, =1, —, —, =] +2x* |2bcAppellF1[—, =, 2, =, —, — | +adAppellF1[—, =, 1, —, —, ——
4 2 4 C a 4 2 4 C a 4 2 4 c a
Problem 895: Result unnecessarily involves higher level functions.
1
J dx
(ex)%2 (a-bx?) (c-dx2)*?
Optimal (type 4, 397 leaves, 11 steps):
d¥% (2bc-5ad) [1- 9% EllipticF[ArcSin|@fyex ] g
d (2bc-5ad) Vc-dx? (2bc-5ad) J1- %5 Elliptick[arcsin[ 705, -1]
- - + +
c(bc-ad)e(ex)?2vc-dx? 3ac? (bc-ad)e (ex)?? 3ac’/* (bc-ad)e’?vc-dx?
b2cl/4 [1- ElllptlcPl[ vb Ve Ar‘cSm[ﬂ] -1] b2t 1~ E111pt1cP1[3DC Ar‘cSm[ﬂ] -1]
Vaa el Vad e
+
a?2d¥* (bc-ad) e*?+/c-dx? a2d¥* (bc-ad) e®?+c-dx?
Result (type 6, 413 leaves):
1
15¢c? (ex)*/2+/c-dx?
10bc (c-dx?) +5ad (-2c+5dx? 1 1 5 dx? bx?
X < L+ ( ) [25c(6b2c2+23bcd5a2d2)x AppellFl[~, =, 1, =, 7)(, 7)(] /[(bcad) (-a+bx?)
a(-bc+ad) 4" 2 4 c a
1 1 5 dx? bx? ; 5 1 9 dx* bx? 5 3 9 x? bx?
5acAppellFl[~, =, 1, =, —, — | +2x? [2bcAppellF1|~, =, 2, =, —, — | +adAppellF1|~, =, 1, =, —, —| +
4 2 4 C a 4 2 4 C a 4 2 4 C a
5 1 9 dx*> bx?
(9bcd(2bc—5ad) x* AppellF1[ =, =, 1, —, 7)(, 7)(] /[(bc—ad) (-a+bx?)
4 2 4 C a
5 1 9 dx* bx? 5 9 1 13 dx? bx? 9 3 13 dx? bx?
9acAppellFl|~, =, 1, =, —, —] +2x* |2bcAppellF1|~, =, 2, —, —, — | +adAppellF1|~, =, 1, —, —, —|
4 2 4 C a 4 2 4 C a 4 2 4 C a
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Problem 896: Result unnecessarily involves higher level functions.

J(ex)wzm
(a—bxz)2

dx

Optimal (type 4, 362leaves, 11 steps):

1/4 7/2 dx? P s [ Y4 ex
1 Vex VETOE e (ex) 2T I ct/4(8bc-21ad)e [1-9 EllipticF [ArcSin| = ], -1]
+ +

6 b2 Zb(a—bxz) 6b3d4~/c _dxZ
cl/4 (5bc—7ad> e7/2 [q_ 94X EllipticPi[—L“Eb — Ar‘cSin[—*:dl/a ex ], —1}
C \/?\/d_ C1/4\/?
4b3di4c-dx
ct/4(5bc-7ad)e”? |1- dx EllipticPi[M, ArcSin[M}, 1]
¢ Va +d c/4e
4b3dt/4+/c-dx?

Result (type 6, 426 leaves):

11 5 dx* bx?
(ex)7/? ([175 a?c?AppellFi[~, =, 1, =, —, —| /
4 2 4 C a
1 1 5 dx? bx? ) 5 1 9 dx?* bx? 5 9 x? bx?
5acAppellFl[~, =, 1, =, —, ——] +2x? |2bcAppellF1][~, =, 2, =, —, — | +adAppellF1|[~, =, 1, =, —, — ||| +
4 2 4 C a 4 2 4 C a 4 2 4 C a
5 1 9 dx? bx?
(—Qac (7a(5c-2dx*) +4bx? (-7c+5dx?)) AppellF1[ =, =, 1, =, —, — | -10x* (7a-4bx?) (c-dx?)
4 2 4 C a
9 1 13 dx? bx? 9 3 13 dx?* bx? 5 1 9 dx?* bx?
2bcAppellFl|~, =, 2, =, —, — | +adAppellF1][~, =, 1, —, —, —| / 9acAppellFl| =, =, 1, =, —, — | +
4 2 4 C a 4 2 4 C a 4 2 4 C a
9 1 13 dx? bx? 9 3 13 dx? bx?
2 X2 (2bcAppe11F1[—, =, 2, —, —, — ] +adAppellFi[~, =, 1, —, —, —] )]]/(39[32)(3 (_a+bx2)1/c—dx2)
4 2 4 C a 4 2 4 C a

Problem 897: Result unnecessarily involves higher level functions.

J(ex)S/zm
(a—bxz)2

dx

Optimal (type 4, 413 leaves, 15steps):
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53/4dl/ae52 |1 92 E11ipticE[ArcSin| €iVex ] _q
e (ex)??Vc-dx? c P { [cl/“ﬁ}) ]

- +
2b (a-bx?) 2b%2+/c-dx?
5c¥4diaes2 [1- 9 EllipticF[Arcsin|[€9VeX ] 1] 4 (3bc-5ad)e? [1- 9 Ellipticpi[- Y2 S, Ancsin|€ie ] q]
‘ Ve c Va vd ci/s e
N _
2b%2+c-dx? 43 b52dV4c - d x2
¥4 (3bc-5ad) e5? [1- 9 Ellipticpi[ Y2V Apcsin[9Xex ] _q]
¢ Va Vd /4Je
4\/?b5/2d1/4ﬁ/cfdxz
Result (type 6, 318leaves):
1 3 1 7 dx* bx?
e (ex)3? [—7c+7dx2+ 49ac?AppellFl[~, =, 1, —, —, —| /
14b (-a+bx?) Vec-dx? 4 4 ¢ a2
3 1 7 x> bx? ; 7 1 11 dx®> bx? 7 3 11 dx* bx?
7acAppellF1|[=, —, 1, —, —, —] +2x* |2bcAppellF1[~, =, 2, —, —, —| +adAppellF1[—, =, 1, —, s -
4’ 2 4" a ) 4 ¢ a ) 4’ ¢ a
5 7 1 11 dx* bx?
55acdx?AppellFi[~, =, 1, —, —, ] /
4 2 4 C a
7 1 11 dx? bx? 5 1 1 15 dx* bx? 1 3 15 dx* bx?
1lacAppellFl[~, =, 1, —, —, — | +2x* |2bcAppellF1[~—, =, 2, =, ——, — | +adAppellF1[—, =, 1, —, —, —|
4 2 4 c a 4 2 4 c a 4 2 4 C a

Problem 898: Result unnecessarily involves higher level functions.

J(ex)”zm
(a—bxz)2

dx

Optimal (type 4, 328 leaves, 10 steps):
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3cl/4d3/4e3/2 [1_ 92 E11ipticF[ArcSin m , -1
evex Vec-dx? c P [ [cl/“ﬁ} }
2b (a-bx?) 2b2+/c-dx?
c¥/4 (bc-3ad)e¥? [1- dx* EllipticPi[—M, Ar‘cSin[m}, -1]
c Va vd Ny
4ab?d¥4/c-dx?
¢4 (bc-3ad)e¥? |1- 9 Ellipticpi[ LS arcsin[¢XYex ] q]
c Va Vd ct/4 e
4ab%d¥4/c-dx?
Result (type 6, 318 leaves):

1
eex
10b (-a+bx?) Vc-dx?

1
[5 a c AppellF1[~
4

1
-5c+5dx?+ [25ac?AppellFl][~, =, 1, =, —, —|
2

9 x> bx?
- 7] +adAppe11F1[

5 dx? bx? 5 9
4 C a 4 2 4 C a

-
=
-
\
-
-

)

I
0N

9 dx? bx?

> = 1, > J—]

—]+2x? (2 b c AppellF1|
4" c a
d

a
x2 bx?

—, ] +2x? [ZbcAppellFl[
c a

(27 acdx?AppellF1|

13 dx?> bx?
» 2, —, > ] +adAppe11F1[

4 C a

-
=
-

) E

3
» 1: T T
2

N R
PNV

> O

5 9
[9a cAppellFl[* )

4 4
Problem 899: Result unnecessarily involves higher level functions.

j\/e—xmd

(afbx2>2

X

Optimal (type 4, 417 leaves, 15 steps):
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c34diAqfe 1 EllipticE Ar‘c51n dftex | q
( > 3/2 1/ -d XZ P [ 1/4r } ]
- +

2ae(a—bx2 2ab+/c-dx?
c3/4di/4[e [1- 9 EllipticF APCSln[i—;%] -1] 4 (bc+ad) \/— [1- 9 EllipticPil- LL Ar‘cSm[l—;%] -1]
- +
2abvc-dx? 4 a3/2p3/2dl/4 /¢ - d x?

cl/a (bc+ad \/7 [1 E111pt1cP1 LC AI"Csln[ 14W} 1]

423/2p3/2d1/4+/c - dx2

Result (type 6, 317 leaves):

1 21 (c-dx? 3 1 7 dx? bx?
x /e x —Q (49c AppellFl[ =, =, 1, —, —X, —X} /
42 (-a+bx?) Vc-dx? a 4 2 4 c a
3 1 7 dx?* bx? 5 7 1 11 dx? bx? 7 3 11 dx?* bx?
7acAppellF1|~, =, 1, —, —, —| +2x* [2bcAppellF1[~, =, 2, —, ——, —] +adAppellFl[—, =, 1, —, —, —— -
4 2 4 C a 4 2 4 C a 4 2 4 C a
5 7 1 11 dx? bx?
33cdx?AppellFl|—, =, 1, —, —, —— /
4 2 4 C a
7 1 11 dx? bx? 5 11 1 15 dx? bx? 11 3 15 dx? bx?
11acAppellfFl[~, =, 1, —, —, ——] +2x* |2bcAppellF1|—, =, 2, —, —, — | +adAppellF1|—, =, 1, —, —, —]
4 2 4 C a 4 2 4 C a 4 2 4 C a
Problem 900: Result unnecessarily involves higher level functions.
J Ve-dx? B
X
Vex (a-bx?)?
Optimal (type 4, 335leaves, 10 steps):
cl/ag3/4 [1- EllipticF [ArcSin[@fvex ]~ 4
Vex V< dx? \ prick| Ceme 1o -1l
+ +
2ae (a-bx?) 2aby/e Ve-dx?
¢4 (3bc-ad) E111pt1cP1{ Vb Ve Ar‘cSm[ﬂ], -1] M4 (3bc-ad) [1- ax EllipticPi[M, Ar‘cSin[dl’/“,i X1, -1
Vi Ja v’ e Y Ja d Ve
N
4a2bd4+/e c-dx? 4a2bd4/e c-dx?

Result (type 6, 317 leaves):
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5 (c-dx?)
— [75c AppellF1| ~,
a

X — 1,

1 5
4 2 4 C a

1 1 5 x2 bx? 5 5 1 9 dx? bx? 5 9 x2 bx?
5acAppellFl|~, =, 1, =, —, —] +2x* [2bcAppellF1[~, =, 2, =, —, — | +adAppellF1[~, =, 1, =, —, — ||| +
4 2 4 C a 4 2 4 C a 4 2 4 C a
5 1 9 dx? bx? 5 1 9 dx? bx?
9cdx?AppellFl[ =, =, 1, =, —, —] / 9acAppellFl| =, =, 1, =, —, — ] +
4 2 4 C a 4 2 4 C a
9 1 13 dx?> bx? 9 3 13 dx? bx?
2 X (2bcAppellF1[ =,2, —, —, — | +adAppellF1[~, =, 1, —, —, —| ]]]/(10\/ ( a+bx2>«/cfdx
4’ 2 4 e a 4 2 4 C a

Problem 901: Result unnecessarily involves higher level functions.

J Ve-dx?
(e x)3/2 (a—bxz)2

dx

Optimal (type 4, 444 leaves, 16 steps):

5c3/4dt4 [1- E1lipticE[Arcsin[ @vex ] g
sVcodx e \/ price[arcsin| ‘200 -1
- +

- +

2a’e"Jex 2aevex (a-bx? 2a2e¥2+/c-dx?
5c34dt4 |1 2% Elliptick [Arcsin[ Ve ] ] 14 (sbc-3ad) [1- % Ellipticpi[- LS Arcsin|4UeX ] ]
/e c Va va ' RN
B +
2a2e¥2+/c-dx? 4252+/b di/4e3/2/c _dx2

c1/4<5bc_3ad)JiElllptlcPl[% Ar‘cSm[—\:MF} —1}
a

4a5/2ﬂ/b d1/4e3/2 C*dXz

Result (type 6, 340leaves):

2 2
21 (4a-5bx%) (-c+dx?) + (49ac (5bc-8ad) x AppellFl[i l, 1, Z, &, b—X}J/
4" 2 4

3 1 7 dx? bx? 5 7 1 7 3 11 dx? bx?
7acAppellFl|~, =, 1, —, —, — | +2x* [2bcAppellF1[~, =, 2, —, ——, —] +adAppellFl[—, =, 1, —, —, —— +
4 2 4 C a 4 2 4 C a 4 2 4 C a
7 1 11 dx? bx? 7 1 11 dx? bx?
165abcdx*AppellFl[~, =, 1, —, —, —] / 1lacAppellFl|[—, =, 1, —, —, — | +
4" 2 4 c a 4" 2 4 C a
11 1 15 dx? bx? 11 3 15 dx? bx?
2 x (ZbcAppellFl[ =, 2, —, —, — ] +adAppellF1[~—, =, 1, —, —, —| ]J]/[Ma (ex)¥? (a-bx?) [c _dx2
4 2 4 C a 4 2 4 C a

| 379
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Problem 902: Result unnecessarily involves higher level functions.

J Ve -dx?
(ex

)5/2 (a—bxz)z

dx

Optimal (type 4, 355leaves, 11 steps):

7cl/4d3/4 1- EllipticF [ArcSin| €/ Yex ] 4
7Vc-dx? Ve -dx? \/ P [ [ /4o [ -1]
- + + +
6ate (ex)32 2ae (ex)3? (afbxz) 6a2e52/c_dx2

cl/a (7bcsad>JlTEllipticP1[ Vb e Ar‘cSm[ﬂ] 71]
¢ \/_\/_ Y Nre

4a3 d1/4e5/2 C—dX2

c1/4 (7bc75ad> [1 ElllpthPl[% Ar‘cSm[—“:mﬁ] —1}
a

433 d1/4 e5/2 C*dXZ

Result (type 6, 361 leaves):

1 5(4a-7bx?) (-c+dx?) 1 1 5 dx? bx?
X +[25ac(21bc8ad)xAppe11F1[ =1, =, ] /[(abxz)
30a2 (ex)52/c-dx2 a-bx? 4’ 2 4 a
1 1 5 dx?> bx? B 5 1 9 dx? bx? 5 9 x> bx?
5acAppellFl[~, =, 1, =, —, ——] +2x? [2bcAppellF1|~, =, 2, =, —, — | +adAppellF1|~, =, 1, =, —, —| .
4 2 4 C a 4 2 4 C a 4 2 4 C a
5 1 9 dx? bx? 5
63abcdx®AppellFi[~, =, 1, =, —, —| / (-a+bx?)
4 4 C a
5 1 9 dx?* bx? 5 9 1 13 dx*> bx? 9 3 13 dx®> bx?
9acAppellFl|~, =, 1, =, —, — | +2x* |2bcAppellF1[~, =, 2, =, ——, ——] +adAppellF1[~, =, 1, —, —, ——
4 2 C a 4 2 4 C a 4 2 4 C a

Problem 903: Result unnecessarily involves higher level functions.

dx

J(ex)”2 (c—dx2)3/2

(a-bx2)?

Optimal (type 4, 429 leaves, 12 steps):
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(57bc-77ad) evVex Vc-dx* 1lde (ex)2+/c-dx2 e (ex)*? (c—dx2)3/2

+ +
42 b3 14 b? 2b (a-bx?)
cl/4 (48b% > -259abcd+231a2d?) &7 [1- % EllipticF[ArcSin[“7 ], 1]
14\/7

42 b*d¥4+/c-dx?

¥4 (sbc-11ad) (bc-ad)e”/? [1- % Ellipticpi[- Y2/ Arcsin[@7ex ], q]
T Java’

1/4\/7

4b*dV4/c-dx2

¢4 (5bc-11ad) (bc-ad)e”? [1- ElllpthPl[Ll Ar‘cSm[—“@] -1]

JaVd NG
4b*dl/4/c-dx?
Result (type 6, 392 leaves):
7/2 2 2 2,2 2 1 1 > dXZ bXZ
(e x) 5(c-dx?) (77a*d-12b>x* (-3c+dx*) -ab (57c+44dx?)) - [25a*c® (-57bc+77ad) AppellF1[~, —, 1, =, —, ] /
4 2 4 C a
1 1 5 dx? bx? 5 5 1 9 dx?* bx? 5 3 9 dx?* bx?
5acAppellFl[~, =, 1, =, —, ——] +2x* [2bcAppellF1|[~, =, 2, =, —, — | +adAppellF1[~, =, 1, =, —, I
4 2 4 C a 4 2 4 C a 4 2 4 C a
) 2 - 5 1 9 dx2 bx2 5 1 9 dx?* bx?
9ac (48b>c*-259abcd+231a>d’) x> AppellFl[ =, —, 1, — / 9acAppellFl|[ =, =, 1, =, —, —] +
4 2 4 C 4 2 4 C a
9 1 13 dx?> bx? 9 3 13 dx> bx?
2x (ZbcAppellFl[— =,2, —, —, — | +adAppellF1[~, =, 1, —, —, —| )}]/(210b3x3(a+bx2>1/cdxz
4 2 4 C a 4 2 4 C a

Problem 904: Result unnecessarily involves higher level functions.

J(ex)S/2 (c—dxz)?’/2

(a—bxz)2

dx

Optimal (type 4, 485 leaves, 16 steps):
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3¢3/4d1/4 (11bc-15ad) 2 [1- 9 EllipticE|ArcSin[ & vex
9de (ex)32+/c-dx* e (ex)3? (c—dxz)i‘/2 ) \/7c P [ [
- +

/4 fe ]" _1]
10 b? 2b (a-bx?) 103 Ve _dxZ
3¢¥4d14 (11bc-15ad) e¥/2 [1- 9 EllipticF[Arcsin[@XYex ] _q]
C Cl/“‘\/?
N
10b%\c-dx?

3c'/% (b?2c?-4abcd+3a*d?)e’? [1- dxt EllipticPi[—M, ArcSin[m], -1]
VU Vo a

C:L/A\/?
4\/?b7/2 d1/4‘/c _dx?

3ct4 (b2c?-4abcd+3a2d?) e [1- dx? EllipticPi[M, Ar‘cSin[m}, -1]
A Ja

cl/4 \E

4\/?[)7/2 d1/44/c _dx?
Result (type 6, 353 leaves):

3 1 7 x2 bx?
(e x)5/2 (7(cdx2) (5bc9ad+4bdx2)[49ac2 (-5bc+9ad) AppellF1[=~, —, 1, —, —, —| /
4 C a
3 1 7 dx* bx? 5 7 1 11 dx?> bx? 7 3 11 dx? bx?
7acAppellFl| =, =, 1, —, —, —] +2x* |2bcAppellF1[~, =, 2, —, —, — ] +adAppellF1|—, =, 1, —, —, —|
4 2 4 C a 4 2 4 C a 4 2 4 C a
5 7 1 11 dx? bx? 7 1 11 dx? bx?
33acd (-11bc+15ad) x* AppellFl|—, =, 1, —, —, —| / 1lacAppellfFl|[—~, =, 1, —, —, — | +
4 2 4 C a 4 2 4 C a
11 1 15 dx? bx? 11 15 dx?> bx?
2 x2 (ZbcAppellFl[, =,2, —, —, — | +adAppellF1| —, =, 1, —, —, —] ])]/[meJC_dXZ (_ax+bx3))
4 2 4 C a 4 2 4 C a

Problem 905: Result unnecessarily involves higher level functions.

J(ex)”2 (c—dx2)3/2

(a-bx2)?

dx

Optimal (type 4, 381 leaves, 11 steps):




1.1.2 Quadratic.nb | 383

sdevex Ve—dxE  eex (cfdxz)”z ct/4d¥4 (17bc-21ad) e¥? [1- ElllpthF[Ar‘cSln[Lij] -1]
i 6 b2 ' 2b (a-bx?) . 6b3vVe_dx2

¢4 (bc-7ad) (bc-ad)e¥? [1-4¢ EllipticPi|- Vb e /_\pcsln[_\@] =1
C \/37\/7 14r

4ab3dl/4+c-dx?

cl/a (bc77ad> (bC*Bd) e3/2 1- ElllpthPl[LC AI"CSln[—\E} 1]
\ Jad e
4ab3d1/4“/c—dx2

Result (type 6, 353 leaves):

3/2 2 2 2 1 1 5 Xz bXZ
(e x) -5 (c-dx?) (3bc-7ad+4bdx?) - |25ac? (-3bc+7ad) AppellF1[~, —, 1, =, —, —]/
4 2 4 C a
1 1 5 dx? bx? ; 5 1 9 dx® bx? 9 x2 bx?
S5acAppellFl[~, =, 1, =, —, ——] +2x? [2bcAppellF1|~, =, 2, =, —, — | +adAppellF1|[~, =, 1, =, —, — ||| +
4 2 4 C a 4 2 4 C a 2 4 C a
5 1 9 dx2 bx2 5 1 9 x2 bx?
9acd (-17bc+21ad) x> AppellF1[~, —, 1, -, / 9acAppellFl|[ =, =, 1, =, —, —] +
4 2 4 4 2 4 C a
9 1 13 dx? bx? 9 3 13 dx? bx?
(ZbcAppellFl[— =,2, —, —, — | +adAppellF1[~, =, 1, —, —, —| )]]/(B@bz«/c—dxz (~ax+bx?)
4 2 4 C a 4 2 4 C a

Problem 906: Result unnecessarily involves higher level functions.

Vex [(c-dx?)??
J (a—b;)2

dx

Optimal (type 4, 474 leaves, 15steps):



384 | 1.1.2 Quadratic.nb

3/4 41/4
(bc-ad) (ex)¥?c dx c*/4d¥4 (bc-5ad) Ve [1- 9 EllipticE Ar‘cSm[LMW] -1]

- +

2abe(a—bx2) 2ab2\/c-dx*

¢*4dV% (bc-5ad) Ve [1-9¢ EllipticF Arcsln[ﬁ%] -1]

2ab?/c-dx®

c/% (b2c?+4abcd-5a?d?) Ve [1- 9% EllipticPi[- LC Ar‘csln[imr] -1]

4a3/2 b5/2 d1/4 C—dX2

/% (b?c2+dabcd-5a2d?) \/e [1- % EllipticPi] L“E A'“Csm[imv—} -1]

4a3/2 b5/2 d1/4 C—dX2

Result (type 6, 428 leaves):

1 3 1 7 x2  bx?
x /e x —[{498 (bc+3ad) AppellF1[=, =, 1, —, —, —] /
42b(—a+bx2)\/c—dx2 4 2 4 c a
3 1 7 dx? bx? , 7 1 11 dx? bx? 7 3 11 dx? bx?
7acAppellFl|~, =, 1, —, —, — ] +2x* |2bcAppellF1[~, =, 2, —, —, — ]| +adAppellF1|—, =, 1, —, —, —| +
4 2 4 C a 4 2 4 C a 4 2 4 C a
5 5 7 1 11 dx? bx?
33ac (ad (7c-2dx?) +bc (-7c+6dx?)) AppellFl|—, =, 1, —, —, — | +
4 2 4 C a
5 ) 1 1 5 dx? bx? 15 dx* bx?
2 (bc-ad) x* (-c+dx?) 2bcAppellFl|—, =, 2, —, —, ——] +adAppellFi]| -1, =, —, — / 1lac
2 4 C a 2 4 C a
7 1 11 dx?* bx? 5 11 1 15 dx* bx? 11 3 15 dx? bx?
AppellFl[—, —=, 1, —, ——, —| +2x? |[2bcAppellF1|—, =, 2, —, ——, —— | +adAppellF1|~—, =, 1, —, —, —|
4 2 4 C a 4 2 4 C a 4 2 4 C a

Problem 907: Result unnecessarily involves higher level functions.

J (C—dx2)3/2 dx
JVex (a 7bx2)2

Optimal (type 4, 366 leaves, 10 steps):
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(bc-ad) Vex Ve dx ct/4d¥* (bc+3ad) |1 ElllpthF[Ar‘cSln[f}Q] -1]
2abe (a-bxt) 2ab2 e Vo dx® ’
3c% (bc-ad) (bc+ad) 19X EllipticPi|- Vb e Ar‘cSm[ﬂ] -1]
@ \/?\/_ c/4[e
N
4a2b2dV* /e /c-dx?
3ct4 (bc-ad) (bc+ad) ElllpthPl[Qﬁ Ar‘cSm[—*@} -1]
Jaa e
42a2b>d¥*+Je Vc-dx?

Result (type 6, 428 leaves):

5 1 1 5 dx? bx?
X |-||25c* (3bc+ad) AppellFl[~, =, 1, =, —, —| /
4 2 4 C a
1 1 5 dx? bx? 5 5 1 9 dx? bx? 5 9 x2 bx?
5acAppellFl[~, =, 1, =, —, —] +2x* [2bcAppellF1[~, =, 2, =, —, — | +adAppellF1][~, =, 1, =, —, —] +
4 2 4 C a 4 2 4 C a 4 2 4 C a
5 1 9 x2 bx?
[9ac(ad(5c2dx2)+bc(5c+6dx2))Appe11F1[— =1, =, —, —|+18 (bc-ad) x* (-c+dx?)
4 2 4 C
9 1 13 dx?> bx? 9 3 13 dx? bx? 5 1 9 x> bx?
2bcAppellFl|~, =, 2, —, —, — | +adAppellF1|~, =, 1, —, —, —| / a|9achppellFl[~, =, 1, =, —, — | +
4 2 4 C a 4 2 4 C a 4 2 4 C a
9 1 13 dx? bx? 9 3 13 dx? bx?
2 x2 (ZbcAppellFl[—, =,2, —, —, — | +adAppellF1[~, =, 1, —, —, —| )]}J/(leb\/ex (7a+bx2)1/cfdxz
4 2 4 C a 4 2 4 C a

Problem 908: Result unnecessarily involves higher level functions.

_d 2\3/2
J (C X ) dx
(

ex)3/2 (a—bxz)2

Optimal (type 4, 519 leaves, 16 steps):
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c3/4d¥4 (sbc-ad EllipticE[Arcsin|@iyex ] @ q
(5bc—ad) Ve-dx? (bc—ad) Ve -dx? ( )\l P [ [ “W] ]
- + - +
2a’lbe+ex 2abeex (a-bx?) 2a2bed2+/c-dx?
c¥4dV* (5bc-ad) |1 ElllpthF[Ar‘cSm{ﬂ] -1]
14,\/7
2a’be3’2+/c-dx?
c'/4 (5b*c?-4abcd-a*d?) ElllpthPl[ Vb e Ar‘cSm[ﬂ], -1]
Ve e’ N
.
435/2b3/2d1/4e3/2 CdeZ
c'/4 (5b*c?2-4abcd-a*d?) ElllpthPl[Lﬁ Arc51n[ﬂ] -1]
G e
4a5/2b3/2d1/4e3/2 c_dXZ
Result (type 6, 454 leaves):
5 3 1 7 x2 bx?
49ac® (5bc-9ad)x 2AppellFl[ =, =, 1, -, —, —| /
4 2 4 C a
3 1 7 dx? bx? 7 1 11 dx*> bx? 7 3 11 dx?> bx?
7acAppellFl| =, =, 1, —, —, —] +2x* |2bcAppellF1[~, =, 2, —, —, — | +adAppellFl|—, =, 1, —, —, —— +
4 2 4 C a 4 2 4 C a 4 2 4 C a
7 1 11 dx?> bx?
(33ac (5bcx® (-7c+6dx*) +a (28c*-21cdx*-6d*x*)) AppellFl|—, =, 1, —, ——, —| +42x? (c-dx*) (5bcx*-a (4c+dx?))
4 2 4 C a
11 1 15 dx?> bx? 11 3 15 dx?> bx? 7 1 11 dx®> bx?
2bcAppellFl|—, =, 2, —, —, — | +adAppellF1[—, =, 1, —, —, —| / 1lacAppellFl[~, =, 1, —, —, —] +
4 2 4 C a 4 2 4 C a 4 2 4 C a
11 1 15 dx*> bx? 11 3 15 dx®> bx?
2 x2 [zbcAppellFl[—, ~,2, —, —, — ] +adAppellF1[~—, =, 1, —, —, —| ]J]/ [4232 (ex)>2 (a-bx?) v c—-dx?
4 2 4 C a 4 2 4 C a

Problem 909: Result unnecessarily involves higher level functions.

_d 2\ 3/2
J (C X> dx

(e x)5/2 (afbxz)2

Optimal (type 4, 412leaves, 11 steps):



1.1.2 Quadratic.nb | 387

cl/4d3/4 (7bc-3ad) |1 EllipticF[Arcsin|€iyex ] = q
(7bc—3ad)\/c—dx2 (bc—ad)\/c—dx2 ( ) P [ * [ 1"‘W] ]
- + + +
6albe (ex)3/? 2abe (ex)¥? (a-bx?) 6a2be’2\/c_dxZ
¢4 (bc-ad) (7bc-ad) 19 EllipticPi|- Vb e Ar‘csln[j] -1]
C \E\/* 14\/7
.
4a3bd1/4e5/2 c_dxz
¥4 (bc-ad) (7bc-ad) [1- 2 Ellipticpi[2S arcsin[@Xex ], _q]
c Va vd c/ae
4a3bd1/4e5/2 c_dXZ
Result (type 6, 453 leaves):
) 11 5 dx* bx?
25ac (21bc—17ad)xAppellF1[f =,1, =, —, 7}/
4 2 4 C a
1 1 5 dx? bx? ; 5 1 9 x? x2 5 3 9 dx* bx?
S5acAppellFl[~, =, 1, =, —, ——] +2x? [2bcAppellF1|~, =, 2, =, —, — | +adAppellF1|[~, =, 1, =, —, — ||| +
4 2 4 C a 4 2 4 C a 4 2 4 C a
2 2 2 2 2 4 > 1 9 dXZ bXZ 2 2 2 2
-9ac (7bcx* (-5c+6dx*) +a (20c*-5cdx*-18d x))AppellFl[f =1, =, —, — | +10x (c-dx*) (-4ac+7bcx*-3adx?)
4 2 4 C a
9 1 13 dx*> bx? 9 3 13 dx®> bx? 5 1 9 dx?* bx?
2bcAppellFl[ =, —, 2, —, —, — | +adAppellF1[~, =, 1, —, —, —| / 9acAppellFl| =, =, 1, =, —, — | +
4 2 4 C a 4 2 4 C a 4 2 4 C a
9 1 13 dx> bx? 9 3 13 dx?> bx?
2x (ZbcAppellFl[ =,2, —, —, — | +adAppellF1[~, =, 1, —, —, —— )]J/[%az (e x)52 (afbxz)«/cfdxz
4’ 2 4 d a 4 2 4 c a

Problem 910: Result unnecessarily involves higher level functions.

(ex)®?
J dx
(a—bxz)2 c-dx?

Optimal (type 4, 484 leaves, 15 steps):
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dV/4\/ex ], _1}

¢34 (abc-5ad) e¥? [1- 9% EllipticE[ArcSin
ae? (ex)¥2+c-dx? < ) \/ c P [ { /e

i
2b(bc-ad) (a-bx?) 2b2d¥4 (bc-ad) Ve-dx

¢4 (abc-5ad)e¥? |1- 9% EllipticF|Arcsin| @ Vex ], ]
c /4 e
2 b2 d3/4 (bc—ad) Ve-dx?

[ 9% e11ipticpil. LB olc [ @ ex
“a ct/4 (7bc-5ad)e®? [1- CX ElllpthPl[—ﬁr:, ArcSin| cwg ], -1]
4b°2dY% (bc-ad) Vc-dx?

Va cl4 (7bc fSad) e9/2 [q_dx EllipticPi[M, Ar‘cSin[m], 71]
c Va +/d /e
4052dV4 (bc-ad) Vc-dx2

Result (type 6, 414 leaves):

3 1 7 x2 bx?
a (ex)?? [(49ac2AppellF1[, =1,y ] /
4 2 4 C a
3.1 7 dx* bx? 5 7 1 11 dx* bx? 7 3
7acAppellFl| =, =, 1, —, —, —] +2x* |2bcAppellF1|~, =, 2, —, —, — | +adAppellF1|—, ~
4 2 4 C a 4 2 4 C a 4 2
5 5 7 1 11 dx*> bx?
11c (-7ac+4bcx*+2adx?) AppellF1[—, —, 1, —, —, — | +
4 2 4 C a
5 5 11 1 15 dx?> bx? 11 3 15 dx?> bx?
14x* (-c+dx?) |2bcAppellF1[—, =, 2, —, —, — | +adAppellF1[—, =, 1, —, —, —| /
4 2 4 C a 4 2 4 C a
7 1 11 dx®> bx? 5 11 1 15 dx®> bx?
1lacAppellfFl[~, =, 1, —, ——, —] +2x* |2bcAppellFl|—, =, 2, —, —, — | +
4 2 4 C a 4 2 4 C a
1 3 15 dx* bx? 3 ) 2
adAppellF1[—, =, 1, —, —, —| /[14b(bc—ad)x (-a+bx?) \Jc-dx )
4 2 4 C a

Problem 911: Result unnecessarily involves higher level functions.

(ex)7/2
J dx
(a—bxz)2 c-dx?

Optimal (type 4, 376 leaves, 10 steps):




1.1.2 Quadratic.nb | 389

s ex Ve daa O <4bc‘3""d>97/2\/175111pt1cF[Arc51n[ﬁ}Q] ~1]
ae ex c-dx

i
2b(bc-ad) (a-bx?) 2b2d¥4 (bc-ad) Ve-dx

cl/a (SbC73ad> e7/2\/17d—X2Ellipticpi[ Vb e Ar‘cSm[ﬂ] 1}
¢ Va va '’ c/ae

4b?d'* (bc-ad) Vc-dx?

Cl/4 (5bc—3ad> e7/2 1- ElllptICFl[ A cSi [ = } 1]
\/ Va \/? /4 e
4b2 d1/4 (bC ad) N&s dX2

Result (type 6, 414 leaves):

s 1 5 dx?> bx?
a(ex)”?||25ac?AppellF1|[ =, =, 1, ——}/

2
1 1 5 x2 bx? 5 1 9 x?> bx? 5 9 x? bx?
5acAppellFl[~, =, 1, =, —, ——] +2x® |[2bcAppellF1][ =, =, 2, =, —, — | +adAppellF1][ =, =, 1, =, —, — ||| +
4 2 4 C a 4 2 4 C a 4 2 4 C a
5 5 5 1 9 dx? bx?
-9c (5ac-4bcx’-2adx?) AppellF1[ =, =, 1, =, —, — | +
4 2 4 ¢ a
) ) 9 1 13 dx* bx? 9 3 13 dx* bx?
10 x* (-c+dx?) 2bcAppellFl|~, =, 2, —, —, — | +adAppellF1[~, =, 1, —, —, —] /
4 C a 4 2 4 C a
5 1 9 dx* bx? 5 9 1 13 dx* bx? 9 3 13 dx? bx?
9acAppellFl|[~, =, 1, =, —, — | +2x* |2bcAppellF1[~, =, 2, —, —, — | +adAppellF1|~, =, 1, —, , — /
4 2 4 ¢ a ) 4~ ¢ a 4 2 4~ ¢ a

(10b (bc-ad) X (-a+bx*)\/c-dx*
Problem 912: Result unnecessarily involves higher level functions.

(eX)S/Z
J dx
(a—bxz)2 c-dx?

Optimal (type 4, 460 leaves, 15 steps):
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c3/4dr/aes/z 1 - E111pt1cE[Ar‘c51n[%@] -1]
e (ex)¥?2~c-dx? RN
.

2 (bc-ad) (a-bx?) 2b(bc—ad)m
c3/4dl/aesz - E111pt1cF[Ar‘c51n[—,\E} -1] M4 (3bc-ad)e¥? [1- axt EllipticPi|- Vb e Ar‘csln[—\E] -1]
\ Ve T e Ve e’ NG
N _
2b (bc-ad) Vec-dx2 4+/a b¥2d¥* (bc-ad) Vc-dx?

¢4 (3bc-ad)e*? [1- dxt EllipticPi[M, Ar‘cSin[m], -1]
Ve Vo Va Ve
4+/a b¥2d¥* (bc-ad) Vc-dx?

Result (type 6, 325leaves):

3 1 7 dx? bx?
e (ex)3? [7c7dx2 49ac?AppellFl|[~, =, 1, —, —, —| /
4" 2 4" ¢ a
3 1 7 dx? bx? 5 7 1 11 dx? bx? 7 3 11 dx? bx?
7acAppellFl[=, =, 1, —, —, —] +2x* [2bcAppellF1[~, =, 2, —, —, — | +adAppellF1[—, =, 1, —, —, — ||| +
4 2 4 C a 4 2 4 C a 4 2 4 C a
7 1 11 dx? bx? 7 1 11 dx? bx?
11acdx?AppellFl[—, =, 1, —, —, —| / 1lacAppellfFl|[—, =, 1, —, —, — | +
4" 2 4 c a 4" 2 4 c a
11 1 15 dx? bx? 11 3 15 dx? bx?
2 X (2bcAppe11F1[ =,2, —, —, — | +adAppellF1| —, =, 1, —, —, —] ]]]/(14(bc+ad) (—a+bx2)«/c7dx2)
4 2 4 C a 4 2 4 C a

Problem 913: Result unnecessarily involves higher level functions.

(ex)3/2
J dx
(a—bxz)2 c-dx?

Optimal (type 4, 363 leaves, 10 steps):
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cl/4d3/4ed/z |1- EllipticF [ArcSin| ¢ vex ) 4
e+/ex A/C_dXZ P [ [ 1/4\/7] }

+ —

2 (bc-ad) (a-bx?) 2b(bc—ad)~/c—dx2

c¥4 (bc+ad)e¥? [1- dx EllipticPiPM, Ar‘cSin[—\Cdl’/d, e, -1]
T e Vo va e

4abdi/4 (bc—ad) Ve-dx?

cl/a (bc+ad) e3/2\/17E111pt1cP1[D£ Ar‘cSm[—/“@] 71]
\/:\/? C/A\/i
4abd¥* (bc-ad)Vc-dx*

Result (type 6, 325leaves):

1 1 5 dx? bx?
evex |[5c¢-5dx*- |25ac?AppellFl|~, =, 1, =, —, — /
4 2 4 C a
1 1 5 dx? bx? 5 1 9 X2 X2 5 9 x2 bx?
5acAppellFl[~, =, 1, =, —, ——] +2x? |[2bcAppellF1][ =, =, 2, =, —, — | +adAppellF1][ =, =, 1, =, —, — ||| -
4 2 4 C a 4 2 4 C a 4 2 4 C a
5 1 9 x? bx? 5 1 9 x2 bx?
9acdx®AppellFl[~, =, 1, =, —, —| / 9acAppellFl| =, =, 1, =, —, — | +
4 2 4 C a 4 2 4 C a
9 1 13 x> bx? 9 3 13 dx?> bx?
2 X (2bcAppellF1[ =, 2, —, —, — | +adAppellF1[~, =, 1, —, —, —| )]J/[ (-bc+ad) (-a+bx?)\/c-dx?
4’ 2 4 C a 4 2 4 C a

Problem 914: Result unnecessarily involves higher level functions.
J Vex
(

afbxz)2 c-dx?

dx

Optimal (type 4, 464 leaves, 15steps):
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eole ], ]

c3/4dl/4\e |1 EllipticE Ar‘cSm
b(ex>3/24/ —dXZ p [ cV/4e
- +
c—ad) Ve-dx?

bc—ad a—bx2
a | )
L] 1] c1/4( -3ad) e [1-9% EllipticPil- % Arcsin[ 72
N
ad) Vc-dx?

c3/4dl/4[e [1- 9 EllipticF [ArcSin]| =
4 33/2 \/—dl/“ (

c—ad Ve-dx?

¢4 (bc-3ad) Ve [1- 9% EllipticPi| LQ Ar‘cSm[ﬁ%} -1]
42¥2+/b d¥/* (bc-ad) Vc-dx?
Result (type 6, 335leaves):
21b (c-dx? 3 1 7 d b x2
xVex ()+[49c(bc4ad)AppellF1[ =1, -, —, 7] /
a 4 2 4 C a
3 1 7 dx?> bx? 5 7 1 11 dx®> bx? 7 3 11 dx*> bx?
7acAppellF1[=, =, 1, —, —, —] +2x* |2bcAppellF1[~, =, 2, —, —, — | +adAppellF1[—, =, 1, —, —, — ||| +
4 2 4 C a 4 2 4 C a 4 2 4 C a
7 1 11 dx> bx? 7 1 11 dx? bx?
33bcdx?AppellFl[—, =, 1, —, —, —| / 11acAppellFl][~, —, 1, —, —, —] +
4 2 4 C a 4 2 4 C a
1 15 dx?> bx? 1 3 15 dx?> bx?
——, — ] +adAppellF1[~—, =, 1, —, —, —| ]]]/ [42 (-bc+ad) (~a+bx*)\Jc-dx?
4 2 4 C a

1 1
2x [ZbcAppellFl[— =, 2, —,
4 C a

Problem 915: Result unnecessarily involves higher level functions

J ! dx
Vex (a—bxz)2 c-dx?
Optimal (type 4, 367 leaves, 10 steps):
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a/ex

bm c-dx? CI/4d3/4\/17ElllpthF[Ar‘csln[ 14\?} 1}
' +

a(bc_ad>e<a_bxz> 2a(bc—ad)\/e c-dx?

C1/4(3bc53d>\/17di|511ipticpl[ Vb Ve Apcsln[ﬂ] =1
i Va e’ e

4 32 d1/4 (bc—ad) e e-dx?

C1/4<3bc56d>\/7E111pt1cP1[% ArcSln[—;%] “1]
a c/
4a2dV4 (bc-ad) Ve Ve-dx?

Result (type 6, 336 leaves):

5b (c-dx?) 1 1
X +(25c(3bc4ad) AppellFl|[~, =, 1, =, —, —| /
a 4 2 4 C a
1 1 5 dx?> bx? 5 5 1 9 dx? bx? 5 9 x> bx?
5acAppellFl[~, =, 1, =, —, ——] +2x? |2bcAppellF1][ =, =, 2, =, —, — | +adAppellF1|[~, =, 1, =, —, — ||| -
4 2 4 C a 4 2 4 C a 4 2 4 C a
5 1 9 x2 bx? 5 1 9 d b x?
9bcdx?AppellFl[ =, =, 1, =, —, —| / 9acAppellFl|[ =, =, 1, =, —, — | +2x
4 2 4 C a 4 2 4 C a
9 1 13 dx*> bx? 9 3 13 dx? bx?
(ZbcAppellFl[— =,2, —, —, — | +adAppellF1|~, =, 1, —, —, ) /( (-bc+ad) Vex (-a+bx?*)+/c-dx?
4 2 4 C a 4 2 4 c a

Problem 916: Result unnecessarily involves higher level functions.

1
J dx
(e x)3/2 (a—bxz)2 c-dx?

Optimal (type 4, 535leaves, 16 steps):
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1/4 B da/* fex
(Sbc-4ad) e dx s d/4 (sbc-4ad) [1 E111pt1cE[Ar‘c51n[ 14(} -1]
- + - +
2a2c(bc—ad)e\/ex 2a(bc—ad>e\/ex (a-bx?) 2 a2 cl/4 (bc—ad)ei‘”zx/c—dx2
¢4 (sbc-aad) [1- % EllipticF[arcsin[£50X], 1] Vb ¢4 (sbc-7ad) [1- 9% Ellipticpi[ Y2e, Arcsln[ﬁ}z] ~1]
2a2c1/4(bc—ad)e3’/2 c-dx? 4a5/2d1/4(bc—ad)e3’/2\/c—dx2

\/Fcl/“(sbc7ad)rE111pt1cP1[%§ ArCSIH[ﬁg} -1]

4 3°/2g1l/4 (bc—ad) e3/2/c - dx?

Result (type 6, 390 leaves):

21 (cfdxz) <4a2d+5b2cx274ab(c+dx2)) 3 7 x2  bx?
X |- (49a(5b2 2-12abcd+4a’d?) x* AppellFl[ =, =, 1, —, —, —| /
c 4" 2 4" ¢ a
3 1 7 dx? bx? 5 7 1 11 dx? bx? 7 3 11 dx? bx?
7acAppellF1[=, =, 1, —, —, —] +2x* |2bcAppellF1[~, =, 2, —, —, — | +adAppellF1[—, =, 1, —, —, — ||| +
4 2 4 C a 4 2 4 C a 4 2 4 C a
7 1 11 dx? bx? 7 1 11 dx? x2
33abd (-5bc+4ad) x*AppellFl|—, —, 1, —, —, —| / 1lacAppellFl|[—, =, 1, —, —, — | +
4" 2 4 a 4" 2 4 c a
) 11 1 15 dx? bx? 11 3 15 dx? bx?
2x? |2bcAppellFl|—, =, 2, —, ——, — ] +adAppellF1[—, =, 1, —, ——, —| /
4 2 4 c a 4" 2 4 a

(42a2 (-bc+ad) (ex)*? (a-bx*) \Jc-dx?

Problem 917: Result unnecessarily involves higher level functions.

1
J dx
(e x)5/2 (afbxz)2 c-dx?

Optimal (type 4, 429 leaves, 11 steps):
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(7bc—4ad)\/c—dx2 b+c-dx?
+

Balc (bc-ad)e(ex)*? 2a(bc-ad)e (ex)?? (a-bx?

&4 (7bc-4ad) [1- 2 EllipticF[Arcsin| 9 YeX] _1] bel4 (7bc-9ad) [1- 9 Ellipticpi[- LS arcsin[@XYex ] _q]
c /4 e c Va d /4 e

+

6 a2 c3/4 (bc—ad) e%/2+/c -dx? 433 d/4 (bc—ad) e%/2+/c - dx?

bct/* (7bc-9ad) W EllipticPi[Y2S  Apcsin[ @/ ex ) 1]
; NN e

433 dl/4 (bc—ad) e5/2+/c - dx?

+

Result (type 6, 390 leaves):

5(c-dx?) (4a®d+7b*cx*-4ab (c+dx?)) 1 1 5 x2 bx?
X |- +[ZSa(—21b2c2+20abcd+4a2d2)szppellFl[—, =,1, =, —, —}/
c 4 2 4 C a
1 1 5 dx? bx? 5 5 1 9 dx? bx? 5 9 x2 bx?
5acAppellFl|~, =, 1, =, —, —] +2x* [2bcAppellF1[~, =, 2, =, —, — | +adAppellF1[~, =, 1, =, —, — ||| +
4 2 4 C a 4 2 4 C a 4 2 4 C a
. 5 1 9 x? bx?
9abd (7bc-4ad) x*AppellF1[~, —, 1, =, —, —]/
4 2 4 C a
5 1 9 dx?* bx? 5 9 1 13 dx? bx? 9 3 13 dx? bx?
9acAppellFl|[ =, =, 1, =, —, — | +2x? |2bcAppellF1[~, =, 2, —, —, —] +adAppellFl[~, =, 1, —, —, —— /
4 2 4 C a 4 2 4 C a 4 2 4 C a

(';%ea2 (-bc+ad) (ex)%?* (a-bx*) \Jc-dx?

Problem 918: Result unnecessarily involves higher level functions.

J\ <ex)9/2 dx
(a—bxz)2 (c—dxz):'”2

Optimal (type 4, 529 leaves, 16 steps):
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(2bc+ad) e? (ex)3? ae3 (ex)3/2

+

2b(bc—ad)2\/c—dx2 2b(bc—ad> (a-bx?) Vc-dx?

¥4 (2bc+ad)e¥? [1- ElllpthE[APCSln[ﬁj_Q] -1] ¥4 (2bc+ad)e¥? [1- ElllpthF[Ar‘cSm[ﬂ} -1]

14\/_
+ +
2bd**4 (bc—ad)zx/c—dxz

2bd34 (bc—ad)zx/c—dx2
a cl/4 (7bcad)e9/2WEllipticpl[ —‘% Ar‘cSm[—\E} —1]

cl/Ar
4b32dV4 (bc-ad)?/c-dx?

\Va cl/4 (7bc-ad)e¥? [1- ElllpthPl[%% Ar‘cSm[ﬂ] -1]

c14\/7

4b32dV* (bc-ad)?/c-dx2
Result (type 6, 432 leaves):

3 1 7 x2 bx?
(ex)9/2([147a2c2Appe11F1[ 1, =,y —] /[(a+bx2)
4 2 4 C a
3 1 7 dx?> bx? 7 1 11 dx*> bx? 7 3 11 dx®> bx?
7acAppellF1|=, —=, 1, —, —, — ] +2x* [2bcAppellF1[~, =, 2, —, —, — | +adAppellF1[—, =, 1, —, —, +
4 2 4 C a 4 2 4 C a 4 2 4 C a
5 , 7 1 11 dx* bx?
33ac (7ac-4bcx?-2adx?) AppellFl|—, =, 1, —, —, — | -14x* (-3ac+2bcx’+adx?)
4 2 4 C a
11 1 15 dx?> bx? 1 3 15 dx?> bx?
2bcAppellFl|~—, =, 2, —, —, — | +adAppellF1[~—, =, 1, —, —, —| /
4 2 4 C a 4 2 4 C a
5 7 1 11 dx? bx? 5 11 1 15 dx?* bx?
(a-bx?) 1lacAppellfFl[~, =, 1, —, —, —] +2x* [2bcAppellF1[—, =, 2, —, —, — | +
4 2 4 C a 4 2 4 C a
11 3 15 dx?> bx?
adAppellFl[~—, =, 1, —, —, —| )]])/( (bc-ad) 3/ c-dx?
4 2 4 C a

Problem 919: Result unnecessarily involves higher level functions.
J (ex)7/2 i
(a-bx?)? (c-dx?)*?

Optimal (type 4, 420 leaves, 11 steps):
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cl/a <2bc+ad) e7/z\/17E111pt1cF[Ar‘c51n[_\@} 1}
20 ‘ : ’ 1/4 [
( c+a )e Vex . aedvex ) _
2b(bc-ad)>Vc-dx> 2b(bc-ad) (a-bx?)Vc-dx 2bd¥* (bc-ad)’Vc-dx?

¢4 (5bc+ad) e7/2\/17diEllipticP1[ Vb e Ar\csln[_\E} 1]
c Jaa’ e

4bd¥* (bc-ad)*/c-dx?

¢4 (5bc+ad)e”? [1- dxt EllipticPi[M, Ar‘cSin[m], -1]
c Va +/d c/4e
4bd* (bc-ad)?c-dx?

Result (type 6, 422 leaves):

. 1 1 5 x> bx?
(ex)”/ 75 a2 AppellFl[— = 1, = —, —} /
4 2 4 C a
1 1 5 x2 bx? 5 5 1 9 dx? bx? 5 9 x2 bx?
5acAppellFl[~, =, 1, =, —, ——] +2x® |[2bcAppellF1][ =, =, 2, =, —, — | +adAppellF1][ =, =, 1, =, —, — ||| +
4 2 4 C a 4 2 4 C a 4 2 4 C a
5 1 9 dx* bx?
(—27ac(5ac—4bcx2—2adx2)AppellFl[—, =1, =, —, — | +18x* (-3ac+2bcx’+adx?)
4 2 4 C a
9 1 13 dx? bx? 9 3 13 dx? bx? 5 1 9 dx? bx?
2bcAppellFl|~, =, 2, —, —, — | +adAppellF1][~, =, 1, —, —, —| /9acAppellF1[f, =1, =, —]
4 2 4 C a 4 2 4 C a 4 2 4 C a
9 1 13 dx? bx? 9 3 13 dx? bx? 2.3 5 2
2|2bcAppellFl[~, =, 2, —, —, —] +adAppellF1[~, =, 1, —, —, —| /(10<bc—ad) x> (~a+bx?) yJc-dx
4 2 4 C a 4 2 4 C a

Problem 920: Result unnecessarily involves higher level functions.

J <ex)5/2 dx
(a-bx?)? (c-dx?)*?

Optimal (type 4, 485 leaves, 16 steps):

| 397
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3c3/4dlaes/2 14X EllipticE[Ar‘cSin[M], -1]
3de (ex)3? e (ex)3/? c c/aqfe
+ - +
Z(bc—ad)Z\/c—dx2 2(bc—ad) (a—bxz)\/c—dx2 2(bc—ad>2\/c—dx2
3¢3/4dl/hesi2 [ dxX EllipticF[Ar‘cSin[m}, -1] 34 (bc+ad)e¥? [1- dx EllipticPi[fM, Ar‘cSin[M}, -1]
\ c i e \ c Va vd i e
N _
2(bc—ad)2\/c—dx2 4+/a /b dl/“(bc—ad)zvc—dx2

3 cl/4 (bc +ad> e5/2J1TElliptiCPi[M, AV‘CSin{m]’ 71]
c Va +/d e

4+/a Vb d¥/* (bc-ad)*/c-dx?

Result (type 6, 339 leaves):

32 ; 3 1 7 x2 b x?
e(ex)¥?|7 (bc+2ad-3bdx?) - (49ac (bc+2ad) AppellFi[~, —, 1, —, —, —}/
4" 2 4" ¢ a
3 1 7 dx? bx? 5 7 1 11 dx? bx? 7 3 11 dx? bx?
7acAppellFl[=, =, 1, —, —, —] +2x* [2bcAppellF1[~, =, 2, —, —, — | +adAppellF1[—, =, 1, —, —, — ||| +
4 2 4 C a 4 2 4 C a 4 2 4 C a
5 7 1 11 dx? bx? 7 1 11 dx? bx?
33abcdx?AppellFl|—, =, 1, —, —, —| / 1lacAppellfFl|[—, =, 1, —, —, — | +
4 2 4 C a 4 2 4 @ a
11 1 15 dx? bx? 11 3 15 dx? bx?
2 x2 (2bcAppellF1[, =,2, —, —, — | +adAppellF1| —, =, 1, —, —, —] ]J]/(M(bcad)z(abx2>«/cdxz
4 2 4 C a 4 2 4 C a

Problem 921: Result unnecessarily involves higher level functions.

J (eX)3/2 dx
(a-bx?)? (c-dx?)*?

Optimal (type 4, 391 leaves, 11 steps):



1/4 43/4 a3/2 _dx2 P i [ a4 ex _
3deex e Vo x 3cl/adite [1- % EllipticF [ArcSin| = ], -1]
+ + -
Z(bc—ad)Z\/c—dx2 2(bc—ad) (a—bxz)\/c—dx2 2(bc—ad>2\/c—dx2
c¥4 (bc+5ad)e¥? [1- dxt EllipticPiPM, Ar‘cSin[m}, -1]
¢ Va Vd ct/4\e
4a3dl/4 (bc—ad)Z\/c—dx2
¢4 (bc+5ad)e¥? [1- ax EllipticPi[M, Ar‘cSin[m], -1]
¢ Va +/d cV/4e
4ad1/“(bc—ad)2\/c—dx2
Result (type 6, 340leaves):
1 5 dx? bx?
(e x)3/2 ( 5(bc+2ad-3bdx?) + (25ac (bc+2ad) AppellF1[~, =, 1, =, —, — /
4" 2 4" ¢ a
11 5 dx* bx? 5 5 1 9 dx* bx? 5
5acAppellFl[~, =, 1, =, —, ——] +2x* |2bcAppellF1][ =, =, 2, =, —, —| +adAppellF1][~, =, 1,
4 2 4 C a 4 2 4 C a 4 2
5 5 1 9 dx?* bx? 5 1 9 x?
27abcdx?AppellFl| =, =, 1, =, —, —] / 9acAppellFl| =, =, 1, =, —, — | +
4" 2 4" ¢ a 4" 2 4" ¢
5 9 1 13 dx* bx? 9 3 13 dx* bx?
2x? |2bcAppellFl|~, =, 2, —, —, — | +adAppellF1[~, =, 1, —, —, —
4 2 4 C a 4 2 4 C

Problem 922: Result unnecessarily involves higher level functions.

vex
dx

J(abxz)2 (c—dxz):'”2

Optimal (type 4, 531 leaves, 16 steps):

1.1.2 Quadratic.nb

| 399
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d(bc+2ad) (ex)3? b (ex)3?
+ _
2ac(bc—ad) Ne-dx? (bc-ad)e (a—bxz)\/c—dx2
d1/4(bc+2ad \/7l == EllipticE Ar‘cSm[ﬁ%} —1] di/4 (bc+2ad \/7/ == EllipticF APCSln[TA“%] —1]
2ac1/4 2c-dx? 2ac1/4 d) Ve-dx?
\/Fcl/“( 7ad Ve |1 E111pt1cP1 DQ Ar‘cSm[ W] —1}
+
4a3/2d1/4 ad) Ve-dx?
\/Fcl/“( -7ad) Ve [1-9< EllipticPi| —*C Ar‘cSm[T“*%} -1]
4a%2dv4 | —ad) Ve-dx?
Result (type 6, 482 leaves):
1
2<bc7ad)2 c-dx?
- - 3 1 7 x2 bx? 5 3 1 7 dx? bx?
xVex |-||49 (b>c*-8abcd-2a’d?) AppellF1|~, —, 1, —, —, —]/ (-a+bx?) |7acAppellF1[ =, —, 1, —, —, — | +
4 2 4 c a 4 2 4 C a
7 1 11 dx? bx? 7 3 11 dx? bx?
2x? |2bcAppellFl|—~, =, 2, =, —, — | +adAppellF1[~, =, 1, —, —, — +
4 2 4 C a 4 2 4 C a
7 1 11 dx?> bx?
(33ac(14a2d2—12abd2x2+b2c<7c—6dx2))Appe11F1[— =1, —, —, — ] -42x* (-2a’d*+2abd*x* +b’c (-c+dx?))
4 2 4 C a
11 1 15 dx? bx? 3 15 dx? bx? 5
2bcAppellFl|[~—, =, 2, —, —, — | +adAppellF1[~—, =, 1, —, —, —— /ac(a—bx) 1lac
4 2 4 C a 4 2 4 C a
7 1 11 dx? bx? 5 11 1 15 dx? bx? 11 3 15 dx?
AppellFl|—, =, 1, —, ——, — | +2x* |2bcAppellF1|—, =, 2, —, —, — | +adAppellF1|—, =, 1, —, —,
4 2 4 C a 4 2 4 C a 4 2 4 c

Problem 923: Result unnecessarily involves higher level functions.

1
Jx/ex (a-bx?)? (c-dx?)*?
Optimal (type 4, 426 leaves, 11 steps):

dx




1.1.2 Quadratic.nb | 401

d(bc+2ad)\/ex b+ ex

+ +

2ac (bcfad)ze\/cfdx2 2a(bc-ad)e(a-bx?)/c-dx?

&4 (bc+2ad) [1- 9 EllipticF[ArcSin[9XYeX ], _1] 3bcl% (bc-3ad) [1- 9 Ellipticpi[- Y2YS Arcsin[€iex ] q]
< c/4qfe < Va d c/hafe

+ +

2ac34 (bc—ad)zx/?\/c—dx2 4 g2 /4 (bc—ad)Z\/?\/c—dx2

3pcl/4 (bc73ad) \/EEllipticPi[M, ArcSin[M], ’1}
c Va /d SANEY

4 a2 dl/4 (bc—ad)Z\/?\/c—dx2

Result (type 6, 472 leaves):

1 1 5 dx?> bx?
(25 (3b>c*-8abcd+2a’d?) AppellFl|~, —, 1, =, —, —}/
4 2 4 C a
1 1 5 dx? bx? 5 5 1 9 dx? bx? 5 9 x2 bx?
5acAppellFl[~, =, 1, =, —, ——] +2x? [2bcAppellF1][~, =, 2, =, —, — | +adAppellF1|[~, =, 1, =, —, — ||| +
4 2 4 C a 4 2 4 C a 4 2 4 C a
5 1 9 dx* bx?
(Qac(leazdz—lzabd2x2+b2c(5c—6dx2>)AppellF1[—, =1, =, =] -
4 2 4 C a
9 1 13 dx? bx? 9 13 dx? bx?
10x* (-2a*d*+2abd*x*+b’c (-c+dx?)) [ZbcAppellFl[, ~=,2, —, —, — | +adAppellF1[~, =, 1, —, —, —| ]/
4 2 4 C a 4 2 4 @ a
5 1 9 dx? bx? 5 9 1 13 dx? bx?
ac|9acAppellFl[~, =, 1, =, —, — | +2x? |2bcAppellF1[~, =, 2, —, —, — ] +
4 2 4 C a 4 2 4 C a
9 3 13 dx?> bx?
adAppellF1[~, =, 1, —, —, —| )]]/(1@ (bc-ad)*Vex (a—bx2>«/c7dx2
4 2 4 C a

Problem 924: Result unnecessarily involves higher level functions.

J ! dx
(ex)¥2 (a-bx2)? (c-dx2)*?

Optimal (type 4, 628 leaves, 17 steps):
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d(bc+2ad)

b

N
2ac (bc—ad)ze\/ex VJe-dx2  2a (bc—ad) e+ex (a—bxz)

c-dx?

(5b2c2—8abcd+6a2d2)m d1/4(5b2c2783bcd+6a2d2> 1 ElllpthE[Ar‘cSm[c—/a\%],fl}

2a2c? (bcfad>2e\/ex

2 aZ c5/4 <b

d*4 (5b?c?-8abcd+6a?d?) \/7 E111pt1c:F[Ar‘csln[—\:”v‘iX |

cfad)ze”2 c-dx?

_1}

2 a2 c5/4 (bc—ad)2e3/2 c-dx?

b*2cl/4 (5bc-11ad) E111pt1cP1{ Vb e
Vo va’

Ar‘cﬁn[ﬂ} -1]

1/4 \/7

4 35/2 d1/4 (bc—ad)2e3/2\/c—dx2

a c/

_1}

4 35/2 d1/4 (bc—ad)2e3/2 c-dx?

Result (type 6, 476 leaves):
1

42 a2 2 (bc—ad)2 (ex)% (a-bx?) Vc-dx?

-21 (2a3d2 (2c—3dx2) —5b3c2x2<

{49ac (5b°c®-16ab’>c?d+8a*bcd®-6a’d®) x? AppellF1[~,

3

1 d x?
7acAppellFl| =, —, 1, —
2

7
4 @

I

R _,b—x]+2x2

c—dxz) +4ab’c

2
2

a

7
[33abcd(5b2c28abcd+6a2d2)xAppe11F1[—
4
7 1 11 dx? bx? 5
1lacAppellFl[—, =, 1, —, —, —] +2x
4 2 4 C a

(c2+cdx2—2

d*x*) +2a’bd (-4c?+2cdx*+3d*x*)) +

)

3 1 7 dx?® bx?
) 1: Ty T 7] /
4 2 4 C a
7 1 11 dx* bx? 7 3 11 dx* bx?
bcAppellFl[~, =, 2, —, —, — ] +adAppellF1[—, =, 1, —, —, —|
4 2 4 C a 4 2 4 C a
1 11 dx? bx?
) 1) T T —] /
2 4 C a
11 1 15 dx? bx? 15 dx? bx?
2bcAppellFl|—, =, 2, —, —, —] +adAppellFi]| =1, =, —,
4 2 4 C a 2 4 C

Problem 925: Result unnecessarily involves higher level functions.

J = dx
(e x)5/2 (a—bxz)2 (c—dxz)g’/2
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Optimal (type 4, 512leaves, 12 steps):
d(bc+2ad) b

+ —

2ac (bcfad)ze (ex)¥2+yc-dx* 2a(bc-ad)e(ex)¥? (a-bx?) Vc-dx?

(7b2c2 8abcd 10a2d2> c-dx? o (7b2c2—8abcd+10a2d2) ElllpthF[Ar‘cSm[ :m/e*x] _1}
B + B \l

+ +
6 a2 c? (bc—ad)ze (e x)3/2 6a2c’/4 (bc—ad)2e5/2 c-dx?

b2 cl/4 (7bc_13ad)\/IEllipticP1[ b Ar‘CSln[ﬂ] ‘1]
c \ﬁ\/i /e

4 33 dv/4 (bc—ad)ze-r’/2 c-dx?

b2 4 (7bc 13 ad) \/EEllipticPi[M, Arcsin[4ex | q]
c Va Vd SANEY

4 33 di/4 (bc—ad)zef’/2 c-dx?

Result (type 6, 476 leaves):
1

30 a2 c? (bc—ad)2 (ex)% (a-bx?) Vc-dx?

X |-5(2a%d* (2c-5dx*) -7b>c®x* (c-dx?) +4ab’c (c*+cdx*-2d*x*) +2a’bd (-4c?+2cdx*+5d°x*)) +
3 .3 2 2 2 2 3 43 2 1 1 > dXZ sz
25ac (21b°c®-32ab*c®d-8a’bcd?+10a%d®) x* AppellFl|~, =, 1, —, —, —| /
4 2 4 C a
1 1 5 dx? bx? 5 5 1 9 dx? bx? 5 3 9 x2 bx?
S5acAppellFl[~, —, 1, =, —, ——] +2x* |2bcAppellF1[~, =, 2, =, —, — | +adAppellF1[~, =, 1, =, —, — ||| -
4 2 4 C a 4 2 4 C a 4 2 4 C a
5 1 9 x2  bx?
{9abcd<7b2 2-8abcd+10a’d?) x*AppellF1[ =, =, 1, =, —, —| /
4 2 4 C a
5 1 9 dx? bx? 5 9 1 13 dx? 2 9 13 dx? bx?
9acAppellFl|~, =, 1, =, —, —] +2x* |2bcAppellF1[~, =, 2, —, —, — | +adAppellF1|~, =, 1, —, —, —|
4 2 4 C a 4 2 4 C a 4 4 C a

Problem 926: Result unnecessarily involves higher level functions.

J« (eX)Q/Z dx
(a-bx?)? (c-dx?)>?

Optimal (type 4, 568 leaves, 17 steps):
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(2bc+3ad) e (ex)?? ae3 (ex)3?2 (bc+4ad)e® (ex)3?
N _

.
Zb(bc—ad) (a—bx2> (cfdxz)y2 z(bc—ad)B\/c—dx2

6b (bc—ad)2 (c—dxz)B/2

¥4 (bc+4ad)e¥? [1- 4x® E1lipticE [Ar‘cSin[Ldl'//d/ ], -1] 4 (bc+4ad)e®? [1- 9 E11ipticF {Ar‘csin[i‘jl’u‘, e, -1]
C cl/4 /e c cl/4 e
.

N
2d** (bc-ad)’vc-dx? 2d** (bc-ad)’Vc-dx?

Va ¢4 (7bc+3ad) e9/2WEllipticPi[M, Ar‘CSin[w}, -1]
c Va Vd /e

4+/b dv/4 (bc—ad>3\/c—dx2

Va ¢4 (7bc3ad) e [1- 92 Ellipticpi[ Y2, arcsin[ €U e q]
c Va d ANy

4-/b di/4 (bc—ad)z’\/c—dx2

Result (type 6, 522 leaves):

1 92 5 3 1 7 dx? bx?
(e x) 49a’c (8bc+7ad) AppellF1[~, —, 1, —, —, —] /
42 (-bc+ad)’x® (a-bx2) /c-dx? 4 2 4 a
3 1 7 dx? bx? 5 7 1 11 dx? bx? 7 11 dx? bx?
7acAppellFl|~, =, 1, -, —, — | +2x* [2bcAppellF1[~, =, 2, —, —, —] +adAppellFl[—, =, 1, —, —, — ||| +

4 2 4 C a 4 2 4 C a 4 2 4 C a

7 1 11 dx?> bx?
[11ac(7a2d(7c—9dx2)+2b2cx2(—16c+9dx2)+4ab(14c2—25cdx2+18d2x4>)AppellFl[—, =1, =, ]+

4 2 4 C a

14 x? (azd (7c—9dx2> +b% c x? (—5c+3dx2) +4ab (2c2—4cdx2+3d2x4)>

11 1 15 dx?> bx? 11 3 15 dx? bx? 5
2bcAppellFl|—, =, 2, —, —, —] +adAppellF1|—, =, 1, —, —, —| / (-c+dx*) [11ac
4 2 4 C a 4 2 4 C a
7 1 11 dx?> bx? 5 11 1 15 dx*> bx? 15 dx?> bx?
AppellFl|~, —, 1, —, ——, —| +2x? [2bcAppellF1|—, =, 2, —, ——, — ] +adAppellFl|—, =, 1, —, —, —
4 2 4 C a 4 2 4 C a 4 2 4 C a

Problem 927: Result unnecessarily involves higher level functions.

J\ (eX)7/2 dx
(a—bxz)2 (c—de)S/2

Optimal (type 4, 454 leaves, 12 steps):
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(2bc+3ad)e3\/ex ae3+ex 5(bc+2ad)e3\/ex
+ +

6b (bc-ad)” (c-dx?)** 2b(bc-ad) (a-bx?) (c-dx*)** 6 (bc-ad)®Vc-dx?

5ct4 (bc+2ad)e”? [1- ElllpthF[Ar‘CSln[ﬂ] -1] 5c* (bc+ad)e”? [1- dx EllipticPi|- Vo e Ar‘cSm[ﬂ], -1]
/e fe c \/?\/7 1/4

+

/4 [e
6d1/4(bc—ad)3m 4dv4 (be-ad)*e dxd
5 cl/4 (bc+ad) e7/2\/17E111pt1cP;|_[lDC Apcsln[ﬂ] 71]
Va d YNy

4.di/4 (bc—ad)3\/c—dx2
Result (type 6, 520 leaves):

1 1 5 dx? bx?
(ex)7/? ([25 a’c (2bc+ad) AppellFl[~, —, 1, =, —, —| /
4 2 4 C a
1 1 5 dx? bx? 5 5 1 9 dx? bx? 5 3 9 x2 bx?
5acAppellFl[~, =, 1, =, —, ——] +2x? [2bcAppellF1][~, =, 2, =, —, — | +adAppellF1|[~, =, 1, =, —, — ||| +
4 2 4 C a 4 2 4 C a 4 2 4 C a
5 1 9 dx? bx?
(Qac(azd(5c—7dx2)+2b2cx2(—4c+3dx2)+2ab(5c2—9cdx2+6d2x4)) ppellFl[ =, =, 1, =, —, — | +
4 2 4 C a
2x? (a*d (5¢c-7dx*) +b*cx? (-7c+5dx*) +2ab (5¢*-8cdx*+5d? 4))
9 1 13 dx? bx? 9 3 13 dx bX2
2bcAppellFl| =, =, 2, —, —, — | +adAppellF1|~, =, 1, —, — /
4 2 4 C a 4 2 4 C a
5 5 1 9 dx?* bx? 5 9 1 13 dx? bx?
(-c+dx?) |9acAppellF1[~, =, 1, =, —, — ] +2x> |2bcAppellF1[~, =, 2, —, —, — | +
4 2 4 C a 4 2 4 C a
9 3 13 dx?> bx?
adAppellF1[~, =, 1, —, —, }JJ)]]/[G(bUad)ws (afbx2>«/c7dxz
4 2 4 C a

Problem 928: Result unnecessarily involves higher level functions.
J\ (e X)S/Z dx
(a-bx?)? (c-dx?)>?

Optimal (type 4, 551 leaves, 17 steps):
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d(4bc+ad)e (ex)??

N
2c<bc—ad)3\/c—dx2

e (ex) 3/2

5de (ex)3/?
2 (bc—ad) (a—bxz) (c—dx2>3/2

6 (bc—ad)2 (cfdxz)”2

di/4 (4bc +ad) e5/2 1 _dx EllipticE[Ar‘cSin[Ldl'//f ex ], —1] di/4 (4bc +ad) e5/2 19X EllipticF[Ar‘cSin[L‘jl’/f £x
c CNre c CNre

+

J, -1

N
2c¢t* (bc-ad)’vec-dx? 2c¢t* (bc-ad)’Vec-dx?

Vb ¢4 (3bc+7ad) é“WEllipticPi[M, Ar‘CSin[w}, -1]
c Va d /e

4+/a dv/4 (bc—ad>3\/c—dx2

VErcl”'(3b<:+7;ad)e5“_vﬁl—59iEllipticpi[iﬁ;liv Arcsin[ £7 e, 1]
c Va \/d /e
4+a d¥* (bc-ad)>\c-dx?

Result (type 6, 568 leaves):
1

)

//“bc+adf(abxﬂ

1
e 1)
2

»jw

e(ex)3/2[(49a(3b2c2+11abcd+a2d2)AppellFl[
42+/c-dx? 4 c a
3.1 7 dx* bx? 5 7 1 11 dx* bx? 7 3 11 dx* bx?
7acAppellFl|~, =, 1, —, —, —] +2x* |2bcAppellF1[—, =, 2, —, —, — | +adAppellF1|—, =, 1, —, —, —|
4 2 4 C a 4 2 4 C a 4 2 4 C a
1 11 dx?* bx?
y T 1) I T
2 4 C a

[11ac (7a®d® (c-3dx*) +abd (77c*-67cdx*+18d* x*) +b*c (21c2—107cdx2+72d2x4>)AppellFl[Z
4

14x2(a2d2(C—3dx2)+abd(11c2—10cdx2+3d2x4)+b2c(3c2—17cdx2+12d2x4))

11 1 15 dx? bx? 11 3 15 dx? bx?

2bcAppellFl|—, =, 2, —, —, — ] +adAppellF1[—, =, 1, —, —, —— /
4 2 4 C a 4 2 4 C a

7 1 11 x? bx?
(c (bc—ad)3 (-a+bx?) (c-dx?) |11acAppellFl[—, =, 1, —, —, — | +
4 2 4 C a
5 1 1 15 dx? bx? 3 15 dx? bx?
2x* [2bcAppellFl[~—, =, 2, —, —, — | +adAppellF1[—, =, 1, —, —, —
4 2 4 C a 4 2 4 C a

Problem 929: Result unnecessarily involves higher level functions.

J (ex)3/2 dx
(a-bx?)? (c-dx?)>?

Optimal (type 4, 447 leaves, 12 steps):
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5devVex evex
n

.
6(bc—ad)2 (c—dxz)B/2 2 (bc-ad) (a-bx?) (c—dx2)3/2

3/4 3/2 _dx® P s 7 dY4ex B
d (14bcrad) evex d*4 (14bc+ad) e¥? |1 ; E111pt1cF[Arc51n[Cwﬁ}, 1]

.
6c<bc—ad)3\/c—dx2 6c3/“(bc—ad)3\/c—dx2

bc'/4 (bc+9ad)e¥? [1- dxt EllipticPi[—M, ArcSin[m], -1]
‘ Vo Va e

4adl/4 (bcfad)3\/c7dx2

b cl/4 (bc +9ad) e3/2 [q_dX EllipticPi[M, Ar‘cSin[m} s —1]
c Va Vd /e

4adl/4 <bc—ad)3\/c—dx2

Result (type 6, 547 leaves):
1 1 1 5 dx? bx?
(ex)32 {(ZSa (3b2c*+13abcd-a’d?) AppellFl|[~, =, 1, ~, —, —| /
30<bc—ad)3\/c—dx2 (—ax+bx3) 4 2 4 c a
1 1 5 dx? bx? 5 5 1 9 dx?* bx? 5 3 9 x2 bx?
5acAppellFl[~, —, 1, =, —, ——] +2x* |2bcAppellF1[~, =, 2, =, —, — | +adAppellF1[~, =, 1, =, —, — ||| +
4 2 4 C a 4 2 4 C a 4 2 4 C a
1 9 x> bx?
:_:1:_1—)—}_
4 C a

{Qac (5a®d* (c+dx?) +b*c (-15c*+109cdx*-84d*x*) +abd (—65c2+51cdx2—6d2x“))AppellFl[E
4 2

10 x2 (—azd2 (c+dx2) +abd (13c2—10cdx2+d2x4) +b%c (3c2—19cdx2+14d2x4))

9 1 13 dx* bx? 9 3 13 dx* bx? 5
2bcAppellFl|~, =, 2, —, —, — | +adAppellF1[~, =, 1, —, —, — / ¢ (c-dx?)

4 2 4 C a 4 2 4 @ a

5 1 9 dx® bx? ) 9 1 13 dx* bx? 9 3 13 dx? bx?
9acAppellFl|~, =, 1, =, —, — | +2x* |2bcAppellF1[~, =, 2, —, —, — | +adAppellF1|~, =, 1, —, —, —|

4 2 4 C a 4 2 4 C a 4 4 C a

Problem 930: Result unnecessarily involves higher level functions.

Vex
J(a—bxz) >

2 (C_dX2>5/2

Optimal (type 4, 625leaves, 17 steps):
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d(3bc+2ad) (ex)3? b (e x)3/2
4
6ac(bc—ad)2e(c—dx2)3/2 2a(bc-ad)e (a-bx?) (cfdx2)3/2

d1/4b225bd2d2 ElltEAsi -1
d(b?c2+5abcd-a’d?) (ex)?? ( roanbc \/—\/7 ipticE[Arcsin| 14r} ]

2ac2<bc—ad) evc-dx? 2ac5/4( ad) - dx?

d¥/4 (b*c2+5abcd-a?d?) v/e [1-9 EllipticF Ar‘cSln[l—\%} -1]
2ac®* (bc-ad)’ Ve-dx?

b32cl/% (bc-11ad) Ve [1- 9% EllipticPi|- LC Ar‘CSln[Lr ] -1]

4 33/2 d1/4 _a d) 3 _dx?

b*2ct/4 (bc-11ad) e [1- ¢ EllipticPi] LC Ar‘c51n[1—4\%} -1]
c/
4232414 ( bc—ad) Ve-dx?

+

Result (type 6, 626 leaves):

1 3 3 ) 2 5 s 3.3 3 1 7 dx®> bx? 3
xvex |[49c (b®c*-12ab>c?d-5a*bcd®+a®d®) AppellF1[~, —, 1, —, —, —] / (bc-ad)
42c? (a-bx?) Vc-dx? 4 2 4" ¢ a
3.1 7 dx* bx? 5 7 1 11 dx? bx? 7 3 11 dx? bx?
7acAppellFl|~, =, 1, —, —, —] +2x* |2bcAppellF1[—, =, 2, —, —, — | +adAppellFl|—, =, 1, —, —, —| +
4 2 4 C a 4 2 4 C a 4 2 4 C a

[—llac (2ab®cd*x* (52c-45dx?) +7a’d® (5¢-3dx?) -3b°c? (7c®-13cdx*+6d*x*) +a’bd® (-119c®+ 73 cdx® + 18d*x*) )

7 1 11 dx® bx
AppellFl|—, =, 1, —, —, — | +
4 2 4 C a
14 x? (3b3 2( —dx2)2+a3d3(—5c+3dx2)+ab2cd2x2(—17c+15dx2)+a2bd2 (17c2—10cdx2—3d2x4)>
1 1 15 dx* bx? 1 3 15 dx* bx? 3 )
2bcAppellFl|—, =, 2, —, —, —] +adAppellF1|—, =, 1, —, —, —| /a(—bc+ad) (-c+dx?) [11ac
4 2 4 C a 4 2 4 C a
7 1 11 dx? bx? 5 1 1 15 dx* bx? 1 3 15 dx? bx?
AppellFl[—, —, 1, —, ——, — | +2x? |2bcAppellF1|—, =, 2, —, ——, — ] +adAppellF1[—, =, 1, —, —, —|
4 2 4 C a 4 2 4 C a 4 2 4 C a
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Problem 931: Result unnecessarily involves higher level functions.

1

Jm (a—bxz)2 (c—dx2>5/2

dx

Optimal (type 4, 514 leaves, 12 steps):
d(3bc+2ad)Vex b+ ex

+ +
6ac (bc—ad)ze (c—dxz)z’/2 2a(bc-ad)e (a-bx?) (c—dxz)z’/2

3/4 2 2 _ £ 4242 _dx® st s [ dY4 A ex B
d (3622 17abcd-5ad) \ex d** (3b?c*+17abcd-5a2d?) [1- E111pt1cF[Arcsln[cmﬁ}, 1]

+ +

6ac2<bc—ad)3e\/c—dx2 6ac7/4(bc—ad)3\/F\/c—dx2

b2 c1/4 (3bc713ad) [1_d< EllipticPi[—M, AF‘CSin[m]: *1]
c Va /d SANE

4 a2 g4 (bc—ad)3\/?\/c—dx2

b2 U4 (3bc-13ad) WEllipticPi[M, Arcsin[@EVexX ] ]
c Va Vd /e

4 32 dt/4 (bc—ad)3\EVc—dx2

Result (type 6, 629 leaves):
1

30c2/ex (a—bx2> Ve -dx?

(5 a c AppellF1|

1 1 5 dx? bx?
25¢c (9b*c®-36ab?c*d+17a’bcd*-5a>d®) AppellF1[~, —, 1, =, —, —|
4" 2 4" ¢

X

/[(bcad)3

3 9 dx? bx?
y ol =y —, _] +
2 4 C a

)]

9 dx? bx?
»2, =, —, —| +adAppellFi]|
4 C a

5 dx? bx?
- )
C

>y =51, —, J—]+2X2

2b c AppellFi|
2 4 a

N |

H |
Y,

1
4

{—9ac (2ab®cd®x? (56 c-51dx?) +5a°d’® (7c-5dx?) -3b>c® (5c®-11cdx*+6d’x*) +5a’bd”> (-19c*>+9cdx®+6d*x*)) AppellF1|

5 1 9 dXZ bX2 2 3 .2 2\2 3 43 2 2 2 2 2 2 2 2 2 2 4
=, =1, o, ——, ] +10x (3bc (c-dx*)"+a’d® (-7c+5dx*) +ab®cd®’x* (-19¢c+17dx*) +a*bd? (19c*-10cdx*>-5d x))
4 2 4 C a
9 1 13 dx? bx? 9 13 dx? bx? 3 5
2bcAppellFl|~, —, 2, —, —, — | +adAppellF1[~, =, 1, —, —, —— / a(-bc+ad)’ (-c+dx?)
4" 2 4 c a 4" 2 4 ¢ a
5 1 9 dx*? bx? 5 9 1 13 dx? bx? 9 13 dx?> bx?
9acAppellF1|[~, =, 1, =, —, — | +2x* |2bcAppellF1[~, =, 2, —, —, — | +adAppellF1[~, =, 1, —, —, ——
4 2 4 C a 4 2 4 C a 4 2 4 C a
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Problem 932: Result unnecessarily involves higher level functions.

J ! dx
(ex)¥2 (a-bx2)? (c-dx2)®>?

Optimal (type 4, 735leaves, 18 steps):
d (3 bc+2a d) b

+ +
6ac(bc—ad)2e e x ((:—dxz)B/2 2a(bc-ad)eex (a-bx?) (c:—de)B/2

d(3b%c?+19abcd-7a?d?) (5b*c*-12ab*c?d+19a’bcd*-7a*d®) Vc-dx?
6ac2(bc—ad)3e\/ex Ve-dx? 2a2c3<bc—ad)3e\/ex

di/4 (5b*c?-12ab?c?d+19a’bcd?-7a d?) [1- £ EllipticE[Arcsin|€i/ex] 1]
[ V4 Je

2a2c¢%* (bc-ad)’e’2/c-dx?
d*/4 (5b*c*-12ab?c2d+19a*bcd*-7a%d?) [1- dciz EllipticF[Ar‘cSin[m], -1]

cl//“\/?
2 a2 %4 (bc—ad)3e3/2\/c—dx2

5 p5/2 cl/4 <bc—3ad) \/IEllipticPi[—M, Ar‘cSin[M], —1}
c Va +d /e

4 a%/2dl/4 (bc—ad)3e3/2\/c—dx2

5 p5/2 cl/4 <bc—3ad) JIEllipticPi[M, Af‘CSin[m} ) *1]
c Va Nd hfe

4 a5/2 ¢1/4 (bc—ad)i‘e”2 c-dx?

Result (type 6, 582 leaves):
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1
42a2c? (-bc+ad)® (ex)¥2 (a-bx?) Vc-dx?

I 7 (15b4c3x2 (c—dx2>2—12ab3c2 (c—dxz)2 (c+3dx2) +a*d3 (12c2—35cdx2+21d2x4) -

X

c-dx?
a3bd2(36c3-83c2dx2+22cd2x4+21d3x6)+a2b2cd(36c3-36c2dx2-59cd2x4+57d3x6))-
3 1 7 dx?* bx?
[49ac(5b4c4—20ab3c3d+12a2b2c2d2—19a3bcd3+7a4d4>szppellFl[—, =1, -, —, — /
4 2 4 C a
3 1 7 dx® bx? 5 7 1 11 dx? bx? 7 11 dx? bx?
7acAppellF1|~, =, 1, -, —, — | +2x* |2bcAppellF1[~, =, 2, —, —, —| +adAppellF1[—, =, 1, —, —, —— +
4 2 4 C a 4 2 4 C a 4 2 4 C a
7 1 11 dx? bx?
[33abcd(—5b3c3+12abzczd—19a2bcd2+7a3d3)x“AppellFl[, =, 1, =, —, })/
4 2 4 C a
7 1 11 dx? bx? 5 11 1 15 dx? bx? 11 3 15 dx? bx?
11acAppellFl|—, =, 1, —, —, —| +2x? |2bcAppellF1|—, =, 2, —, ——, — ] +adAppellFl|—, =, 1, —, —, ——
4 2 4 C a 4 2 4 C a 4 2 4 C a

Problem 933: Result unnecessarily involves higher level functions.

J 1 dx
(e x)5/2 (a—bxz)2 (c—dxz)S/2

Optimal (type 4, 606 leaves, 13 steps):
d(3bc+2ad) b

+ +
6ac (bc-ad)’e (ex)?? (c—dx2)3/2 2a(bc-ad)e (ex)¥? (a-bx?) (c—dx2)3/2

d(b2c2+7abcd—3a2d2) (7b3c3—12ab2c2d+35a2bcd2—15a3d3>\/c—dxz

- +

2ac? (bc—ad)3e (ex)32+/c-dx? 6a%c3 (bc—ad)3e (ex)3/2
/4 (703 -12ab??d+35a%bcd? - 15a°d®) [1- 9% EllipticF [Arcsin[ €0 o], 1]

/4 [e
6 a2 c1l/4 (bc—ad)3e5/2\/c—dx2

b3 cl/4 (7bc—17ad) WEllipticPi[—M, AF‘CSin[M]: ‘1]
c Va Vd /e

433 d/4 (bc—ad)3e5/2\/c—dx2

b>cl/4 (7bc-17ad) [1- X Ellipticpi[-lc, Ar‘cSin[—\Cdl’m/ &1, -1]
c Va +d /e

4 33 di/4 (bc—ad)g’eS/Z\/c—dx2
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Result (type 6, 582 leaves):
1

30a2c? (—b<:+ad)3 (ex)*2 (a-bx?) Vc-dx?

X |- 1 5(7b4c3x2(c—dx2)2—4ab3c2(c—dxz)z(c+3dx2)+a4d3(4c2—21cdx2+15d2x4>—

c-dx?

a*bd® (12 -45c2dx?* +14cd®x* +15d>x®) +a’* b’ cd (12c3—12c2dx2—37cd2x4+35d3x6)) +

bl 3

1 1 5 dx? bx?
[25ac (-21b*c*+44ab’>Pd+12a’b?>c®d?-35a°bcd®+15a*d*) x? AppellF1[~, —, 1, =, —— —})/
4" 2

4 a
1 1 5 dx? bx? 5 5 1 9 x2 bx? 5 3 9 x2 bx?
S5acAppellFl[~, —, 1, =, —, ——] +2x* |2bcAppellF1[~, =, 2, =, —, — | +adAppellF1[~, =, 1, =, —, — ||| +
4 2 4 C a 4 2 4 C a 4 2 4 C a
5 1 9 dx* bx?
[9abcd(7b3c3—12ab2c2d+35a2bcd2—15a3d3)x4Appe11F1[—, =1, =, ==, —}/
4 2 4 C a
5 1 9 dx? bx? 5 9 1 13 dx? bx? 9 13 dx? bx?
9acAppellFl|~, =, 1, =, —, — | +2x* |2bcAppellF1[~, =, 2, —, —, — | +adAppellF1[~, =, 1, —, —, —|
4 2 4 C a 4 2 4 C a 4 2 4 C a

Problem 937: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J\/a+bx2
xVc+dx?

Optimal (type 3, 92 leaves, 8 steps):

dx

\/a_Ar‘cTanh[@] \/FAr'cTanh[ﬁ arbx? ]

a A/ c+d x? /b A/ c+d x?
- +
N3 Vd
Result (type 6, 238 leaves):
d b x? 2
[Sa (bc-ad) (a+bx2)3/2AppellF1[i, l, 1, E, M, 1+bx ] /
2 2 2 -bc+ad a
d b x? 2
3bx2+/c+dx? Sa(bc—ad)AppellFl[i, 1,1, E, M,Lrbx}—
2 2 2 -bc+ad a
5 1 7 d(a+bx?) b x2 5 3 7 d(a+bx?) b x2
(a+bx?) |(-2bc+2ad) AppellF1[ =, —, 2, —, ————, 1+ | +adAppellF1| =, =, 1, -, ————, 1+ ] ]]
2 2 2 -bc+ad a 2 2 2 -bc+ad a

Problem 938: Result unnecessarily involves higher level functions and more than twice size of optimal
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antiderivative.
J Va+bx?
x3Vc+dx?

Optimal (type 3, 89leaves, 4 steps):
(bc-ad) ArcTanh| m}

dx

Va+rbx® Jc+dx? Va Afcrdx2
2cx? 2+/a 32

Result (type 6, 188 leaves):

1 1 1

~(a+bx?) (c+dx?) + [2bd (bc-ad) x* AppellF1[1, =, =, 2, - —, 7i})/

2cx?2Va+bx® Vc+dx? 22 bx2  dx?

) 1 1 a C 1 3 a C 3 1 a C

(—4bdx AppellF1[1, =, =, 2, - ——, - ——| +bcAppellFi[2, =, =, 3, - ——, - ——| +adAppellF1[2, =, =, 3, - ——, - —| ]
22 bx?  dx? 2 2 bx?  dx? 2 2 b x? d x?
Problem 939: Result unnecessarily involves higher level functions.
J\/a+bx2 dx
x>/ ¢ +dx?
Optimal (type 3, 143 leaves, 5steps):
35 (bc-ad) <bc+3ad)Ar‘cTanh[m}
(bc+3ad)Va+bx? Ve+rdx®? (a+bx?)*?+/c+dx? i ferdx
- +

8ac?x? 4acx? 8 a3/2 ¢>/2
Result (type 6, 224 leaves):
[(a+bx2) (c+dx®) (-2ac-bcx*+3adx?) +

1 1 11
(Zbd (-b?>c®-2abcd+3a*d’) x® AppellFl[1, —, —, 2, -i, -i] / [-4bdx2Appe11F1[1, =, 5,2, -i, -L] +
2 2 b x? d x? 2 2 b x? d x?
1 3 3.1
bcAppellFi[2, =, =, 3, —i, —L] +adAppellF1[2, =, =, 3, —i, —L] ]/ (Saczx“\/a+bx2 \/c+dx2
22 bx?  dx? 2 2 b x2 d x?

Problem 940: Result unnecessarily involves imaginary or complex numbers.

Jx“\/aerx2
Ve +dx?

dx
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Optimal (type 4, 343 leaves, 6 steps):
(8b?c?-3abcd-2a%d?) xVa+bx? (4bc—ad)xx/a+bx2 Verdx2  x3V/a+bx2 Vc+dx?

+ —

15b2 d? \/c + d X2 15bd? 5d

Vo (8b2c2-3abcd-2a2d?) Va+bx? EllipticE[Ar‘cTan[\/‘TX], 1-%¢] 2 (abc-ad)Va+bx? EllipticF[ArcTan[@],l—b—c]

NS ad . Ve ad
15 b2 d5/2 ‘—((% Verdx? 15 b d5/2 :—((%)l Verdx?
a (c+dx .

Result (type 4, 246 leaves):

2 2
de(a+bx2) (c+dx?) (4bc+ad+3bdx2)+jc<8b2c2+3abcd+2a2d2>\/1+bx \/1+dx EllipticE[i ArcSinh| Ex],zfd]—
a a c a c

b x? d x? b ad b
ic(—8b2c2+7abcd+a2d2)\/1+ \/1+ EllipticF[i ArcSinh[ [ = x|, —] / 15b —d3\/a+bx2 \/c+dx2
a c a bc a

Problem 941: Result unnecessarily involves imaginary or complex numbers.
sz va+bx?
Vec+dx?

Optimal (type 4, 259 leaves, 5 steps):
(Zbc—ad)xx/aerx2 xvVa+bx2 Vcrdx?
- +

dx

+

3bd/c+dx2 3d
Ve (2bc-ad) Va+bx? EllipticE[Ar‘cTan[@}, 1-2¢] 32+a+bx? EllipticF[Ar‘cTan[@], 1-5¢)
NES ad Ve ad
3bd? :—E%)L e+ dx2 332 | labx) (:*:X§> e+ dx2
+d x +d X

Result (type 4, 199 leaves):
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2 2
de(a+bx2) (c+dx2)—ic(—2bc+ad)\/1+bx \/1+dx EllipticE[i ArcSinh| Ex},ﬂ]Jr
a a C a bc
2 2
21'1c(—bc+ad)\/1+bx Judx E11ipticF[i ArcSinh | Ex],:—d} / 3 |2 @ faron forax?
a c a c a

Problem 943: Result unnecessarily involves imaginary or complex numbers.

j Vva+bx?
x*Vc+dx?

Optimal (type 4, 307 leaves, 6 steps):
d(bc-2ad)xVa+bx® +Jarbx? VJc+dx? (bc-2ad)Va+bx® c+dx?

dx

3ac?/c+dx? 3cx3 3ac?x
\/?(bc—Zad) va+bx? EllipticE[Ar‘cTan[%},l—:—;} b+/d Va+bx? E111pt1cF[ArcTan[L} 1—:—;]
C
3ac3? C<a+zx Ve +dx? 3avc ,ca+3xz Ve +dx?
aC+X aC+X

Result (type 4, 228 leaves):

(a+bx?) (c+dx?) (ac+bcx?-2adx?)  |b 5 b x2 dx? ot . b ad
_ +1 | — ¢C (—bc+2ad> X 1+ 1+ E111pt1cE[1Ar‘c51nh[ - x], b_} +
a a a < a c

2 2
i Ec(bcad)x3\/1+bx \/1+dx EllipticF[i ArcSinh| Ex],‘:J /(3cx\/a+bx \/c+dx
\ a a c \/a c

Problem 947: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

<a+bx2)3/2
Jidlx
xVc+dx?

Optimal (type 3, 133 leaves, 8steps):
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a3/2Ar‘cTanh[m} \/F (bc—3ad) Ar‘cTanh{ﬁ a+b x? }

bva+bx2 v/c+dx? Va A/ crdx? Vb A/ crd X
2d Je 2 d3/2
Result (type 6, 400 leaves):
1 s 1 a c
b [4a dx?AppellF1[1, =, =, 2, - ——, - ——| /
2vVa+bx? vc+dx? 2 2 bx2  dx?
) 1 1 a C 1 3 a C 3 1 a C
[—4bdx AppellFi[1, =, =, 2, -——, - ——| +bcAppellF1[2, =, =, 3, - ——, - ——] +adAppellF1[2, =, =, 3, - ——, - ——| | +
202 b x? d x? 2 2 bx?  dx? 2 2 bx?  dx?
) 5 . 1 1 b x2 d x?
-2ac(2ac+bcx’*+5adx*+2bdx*) AppellF1[1, =, =, 2, - —, - — | +
2 2 a C
5 5 5 1 3 x2 d x? 3 1 b x2 d x?
x* (a+bx?) (c+dx?) |adAppellF1[2, =, =, 3, -——, - ——| +bcAppellF1[2, =, =, 3, - —, - —| /
2 2 a C 2 2 a C
1 1 b x2 d x? 5 1 b x2 d x? 3 b x2 d x?
d|-4achppellF1[1, =, =, 2, -——, -——| +x* |adAppellF1[2, =, =, 3, - ——, - ——| +bcAppellF1[2, =, =, 3, - —, - —|
2 2 a C 2 2 a C 2 a C

Problem 948: Result unnecessarily involves higher level functions and more than twice size of optimal

antiderivative.

(a+bx2>3/2
Jidlx
x3vVc+dx?

Optimal (type 3, 136 leaves, 8steps):

\/? <3bC—ad) Ar\cTanh[m] b3/2Ar‘CTanh[\/?3 a+b x? ]
ava+bx? \/c+dx? Va feedxt Vo ferdx®
- +

2cx? 232 ~d

Result (type 6, 327 leaves):

1
2cx2vVa+rbx? \/c+dx?
, , . 11 a c , 11 a c
a|-(a+bx?) (c+dx?) +|2bd (3bc-ad) x*AppellFi[1, =, =, 2, - ——, - ——| / -4bdx?AppellFl[1, =, =, 2, - ——, - —— | +
22 b x? d x? 2 2 b x? d x?
1 3 a C 3 1 a C ) 24 1 1 b x? d x?
bcAppellFi[2, =, =, 3, -——, - ——| +adAppellF1[2, =, =, 3, - ——, - ——| | - |4b>c*x* AppellFi[1, —, -, 2,——,——]/
2 2 b x2 d x? 2 2 b x2 d x? 2 2 a c

1 1 b x? d x? 5 1 3 b x? d x? 3
-4acAppellfFi[1, =, =, 2, -——, - —| +x* |ladAppellF1[2, =, =, 3, - ——, - ——| +bcAppellF1[2, =, —, 3, , -]
202 202

3
a C a C 2 2 a C
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Problem 949: Result unnecessarily involves higher level functions.
(a+bx?)*?
Ji dx
x>/ c+dx?

Optimal (type 3, 131 leaves, 5steps):
3(bc-a d)ZArcTanh[m]

3(bc-ad)Va+bx? Vc+dx? (a+bx?)¥?/c+dx? o ferdn?
8 c2x? 4 cx? 8+/a 52
Result (type 6, 208 leaves):
[(a+bx2) (c+dx®) (-2ac-5bcx*+3adx®) +
1 1 a C 1 1 a C
(6bd(bc—ad) x® AppellFi[1, —, =, 2,-—,-—})/( 4bdx?AppellFl[1, =, =, 2, - ——, - ——| +
27 2 b x2 d x2 2 2 b x2 d x?
1 3 a C 3 1 a
bcAppellFi[2, =, =, 3, -——, - ——| +adAppellF1[2, =, =, 3, - —— ] (Sczx“\/a+bx2 \/c+dx2
22 bx?  dx? 2 2 bx2 dxz

Problem 950: Result unnecessarily involves imaginary or complex numbers.
x* (a+bx?)*?
e
Optimal (type 4, 429 leaves, 7 steps):

2 (2bc-ad) (4b?c?-4abcd-a*d?) xVa+bx? (8b2c?-1labcd+a’d?)xVa+bx? V/crdx® 2 (3bc-4ad)x*Varbx? crdx .

dx

.
3502 d3/crdx? 35bd? 35d?
.. /d bc
bx5vVarbx2 Vcrdx +2\/?(2bc—ad) (4b2c?-4abcd-a2d?) Va+bx? EllipticE|ArcTan| \FX]’ 1—33] )
7d
35 b2 d7/2 C(a*zx Ve+dx?
c+d x?

c3/2 (8 b2c?2-11abcd+a? dz) Vva+bx? EllipticF[Ar‘cTan[%], 1- Z*Z]
C

35pd7/2 | Sl STy

a (c+dx?)

Result (type 4, 305leaves):
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! — dx (a+bx®) (c+dx?) (a®d*+abd (-11c+8dx*) +b* (8c®*-6cdx*+5d*x*)) +
a
35b |2 d*Va+bx? Verdx?
2 2
2]'1c(8b3c312ab2c2d+2a2bcd2+a3d3)\/1+bx Judx EllipticE[i ArcSinh| Ex},ﬂ]f

a C a bc

2 2
c(16b3c3—32ab2c2d+15a2bcd2+a3d3)\/1+bX \/1+dx EllipticF|i ArcSinh| Ex},ﬂ]
a C

Problem 951: Result unnecessarily involves imaginary or complex numbers

sz (a+bx2)3/2

dx
ve+dx?
Optimal (type 4, 335leaves, 6 steps):
(13ac Schgabd)XVaerXZ (2bc-3ad) xVa+bx2 Vc+dx? bx*va+bx? \c+dx?
_ _ + _
15d+/c+dx? 15 d? 5d
Ve (8b*c2-13abcd+3a2d?) a+bx? EllipticE[ArcTan[%}, 1- :—;} 2c¢¥? (2bc-3ad) Va+bx? EllipticF[Ar‘cTan[%}, 1- :—;]
C C
+
15bds/2 [ SL2PXL /g2 15d5/2 | Sl2bxXl /g2
a (c+dx?) a (c+dx?)
Result (type 4, 245leaves):

2 2 2 . 2 2 2 42 bX2 dX2
—dx(a+bx)(c+dx)(74bc+6ad+3bdx)71c(8bc713abcd+3ad) 1+ 1+
a

R . . b ad
EllipticE|i ArcSinh|[ | = x|, —] +

a bc
2 2
c (8b? 2—17abcd+9a2d2)\/1+bx \/1+dx EllipticF[i ArcSinh| Ex},ﬂ] / 15 Ed3\/a+bx2 \/c+dx2
a c \| a a

bc

Problem 952: Result unnecessarily involves imaginary or complex numbers
J(a+bx2>3/2

x2Vc+dx?

dx



Optimal (type 4, 244 leaves, 5steps):
(bc+ad)xx/a+bx2 ava+bx? Vc+dx?

cve+dx? cX
(bc+ad) Va+bx? ElllpthE[Ar‘cTan[L}, 1—2*3} 2b+/c Va+bx? EllipticF| Ar‘cTan[L} 1—:’*;]

+

b b2
Ve Vd | el e Vd [ eleXl e e
a (c+dx?) a (c+dx?)

Result (type 4, 206 leaves):

2 2
-a b d (a+bx?) (c+dx2)jbc(bc+ad)x\/1+bx \/1+dx EllipticE[i ArcSinh| b x|, ﬂ]—
a a C a bc
2 2
ibc(—bc+ad)x\/1+bx \/1+dx EllipticF[i ArcSinh| Ex],z—d} / Ecdx\/a+bx2 \/c+dx2
a c \/a c \| a

Problem 953: Result unnecessarily involves imaginary or complex numbers.

dx

(a+bx?)*?
Optimal (type 4, 311 leaves, 6 steps):
2d (2bc-ad) xVa+bx? a+vasbx? Vcrdx® 2(2bc-ad)Va+bx? \crdx?

3c¢2Ve+dx? 3cx3 3c2x
2+/d (2bc-ad) Va+bx? EllipticE[Ar‘cTan[@}, 1-%¢] b(3bc-ad)Va+bx? EllipticF{Ar‘cTan[@], 1-2¢]
N ad e ad
.
3¢32 Ca*zx Ve+dx? 3a+/c Vd ca+zx2 Ve+dx?
aC+X a(c X

Result (type 4, 227 leaves):

1.1.2 Quadratic.nb | 419
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a

b (a+bx®) (c+dx?) (-ac-4bcx*+2adx?) +2ibc (-2bc+ad) x?

b x? d
1+ 1+
a
_ 3 b x? d x? L _ . b
ibc(-bc+ad)x® [1+ 1+ EllipticF[i ArcSinh|[ | = x],
a c a

a

Problem 957: Result unnecessarily involves higher level functions.

x? C s . . b ad
E111pt1cE[1 Ar‘cSmh[ — x], 7] -
C a bc

ﬂ] / 3 Ec2x3\/a+bx2 \/c+dx2

bc

(a+bx2)5/2
Jid]x
xVc+dx?
Optimal (type 3, 187 leaves, 9 steps):
2 a5/2Ar‘cTanh[@] \/F(Bbzcz—leabcd+15a2d2)Ar‘cTanh[@]
b(3bc-7ad)Va+bx? Vc+dx* b (a+bx?)*?c+dx? Ja Jerdxt Vb ferdn?
- + - +
8 d? 4d W 8d>/2
Result (type 6, 357 leaves):
1 s 11 a c
[Sa bdx*AppellF1[1, =, =, 2, - ——, - ——] /
4+/a+bx* Vc+dx? 2 2 bx2  dx?
) 1 1 a C 1 3 a 3 1 a C
(—4bdx AppellF1[1, =, =, 2, - ——, - ——| +bcAppellF1[2, =, =, 3, - ——, - ——| +adAppellF1[2, =, =, 3, - ——, - ——| | +
272 bx?  dx? 2 2 bx?  dx? 2 2 bx? dx?
1 2 2 2 2 2 2 42\ 2 1 bx> dx?
—b (a+bx?) (c+dx?) (-3bc+9ad+2bdx?) - [2ac (3b’c®-16abcd+15a*>d®) x* AppellF1[1, —, —, 2, - —, - —] /
2d 2 a C
1 1 b x? d x? 5 1 3 b x? d x? 3 1 b x? d x?
-4acAppellfFi[1, =, =, 2, -——, - ——| +x* |adAppellF1[2, =, =, 3, -——, - ——| +bcAppellF1[2, =, =, 3, - —, - —|
2 2 a C 2 2 a C 2 2 a C

Problem 958: Result unnecessarily involves higher level functions.

J(a+b
x3Vc+dx?

Optimal

b(bc+

X2> 5/2 i

(type 3, 187 leaves, 9steps):

ad) Jarbx? Vc+dx?

a (a+bx2)3/2\/c+dx2

Va A/ c+d x? Vb A/ c+d x?

a*? (5bc-ad) Ar‘cTanh[@} b*2 (bc-5ad) ArcTanh[m]

2cd 2 c x?

2 c3/2

2 d3/2
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Result (type 6, 358 leaves):

1 1 a C
[(a+bx2) (-a*?d+b*cx?) (c+dx*) + |2a’bd* (5bc-ad) x* AppellF1([1, =, =, 2, - ——, - —— )/
22 b x2 d x?
) 1 1 a C 1 3 a C 3 1 a C
[—4bdx AppellFi[1, =, =, 2, - , - ——| +bcAppellF1]2, > , 3, - , - ——| +adAppellF1[2, =, =, 3, - , - }) -
2 2 b x2 d x? b x2 d x? 2 2 b x2 d x?
) 2 . 1 1 b x2 dx2 1 1 b x2 d x?
2ab>c* (-bc+5ad) x* AppellF1[1, —, =, 2, - —, / ~4achAppellFl[1, =, =, 2, - ——, - —] +
2 2 a 2 2 a C
5 1 3 b x? d x? 3 b x2 d x? 5 2 2
x? |adAppellF1[2, =, =, 3, -——, - ——| +bcAppellF1[2, — —, 3, - —, -—] /(ZCdx \/a+bx \/c+dx
2 2 a C 2 2 a C

Problem 959: Result unnecessarily involves higher level functions.

dx

J(aerXZ)S/Z
x>V c+dx?

Optimal (type 3, 192 leaves, 9 steps):

2 Va (15b2c?-10abcd+3a?d?) Ar‘cTanh[@] bS/ZArcTanh[m]
a(7bc-3ad)Va+bx* Vc+dx? a(a+bx?)*?+c+dx? Ne P Vb ferdx?
- - - +

8 c2x2 4 c x4 8 c°/? \/?

Result (type 6, 359 leaves):

1 1 a C
[a[(a+bx2) (c+dx?) (72ac—9bcx2+3adx2)+(Zbd(15b2c2710abcd+3a2d2)x6Appe11F1[1, T2, —2]/
2 2 x2 d x
) 1 1 a C 1 3 a C 3 1 a C
(—4bdx AppellF1[1, =, =, 2, - , -——| +bcAppellF1|2, =, =, 3, -——, - ——] +adAppellF1[2, =, =, 3, - ——, - })7
202 b x? d x? 2 2 bx?  dx? 2 2 bx?  dx?
3 36 1 1 b x2 d x? 1 1 b x? d x?
16 b® ¢ x® AppellF1[1, =, =, 2, - ——, - —] / ~4achAppellFl[1, =, =, 2, -——, - — | +
2 2 a C 2 2 a C
1 3 b x2 d x? 3 1 b x2 d x?
x* |adAppellF1[2, =, =, 3, -——, - ——| +bcAppellF1[2, =, =, 3, - —, - —] ]]]/[8c2x4\/a+bx2 \/c+dx2
2 2 a C 2 2 a C

Problem 960: Result unnecessarily involves imaginary or complex numbers.

dx

jX‘l (a+bx2)5/2
Ve +dx?

Optimal (type 4, 553 leaves, 8 steps):
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(128b%c*-328ab’c®d+243a2b2c?d?-25a%bcd®-10a*d*) xVa+bx?  (64b>c®-156ab?c?d+105a2bcd?-5a’d?) xVarbx? vc+dx?

- +
315b%2d*+c+dx? 315 b d*
(48b>c2-115abcd+75a%d?) x*/a+bx? V/c+dx? 4b(2bc-3ad)x*Va+bx? Vc+rdx2 bx5 (a+bx?)??c+dx?
_ . _
315d3 63 d? 9d
4 4 3.3 2412 -2 42 3 3 4 44 2 R Vd x bc
Ve (128b%c*-328ab>c*d+243a2b?c2d? - 25a°bcd® -10a*d*) \/a+ bx? EllipticE[ArcTan| ],1-—] /
Nr ad
¢ (a+bx?) 32 (64b>c3-156ab2c?d+105a2bcd?-52a°d?) Va+bx? EllipticF[Ar‘cTan[%], 1-2¢]
315b2d°/2 | ——— Jc+dxX? | +

a(c+dx? 2
( ) 315b d°/2 :J(?z—;}\/Cerxz
Result (type 4, 379 leaves):
1

315b /f d*Va+bx2 Vec+dx?

— dx (a+bx2) (c+dx2) (5a’d®>+15a’bd? (—7c+5dx2) +ab?d (156c2—115cdx2+95d2x4) +b3 (-64c3+48c2dx2-40cd2x4+35d3x5)) +
a

. 4 4 33 212 .2 42 3 3 4 44 b x? dx? R . . b ad

ic(-128b*c*+328ab’c®d-243a’b>c*d’+25a’bcd®+10a*d*) |1+ 1+ EllipticE[i ArcSinh|[ | = x], —] -
a C a bc

. 4 4 3.3 212 2 42 3 3 4 44 b x? dx? R . . b ad

ic(-128b%*c*+392ab’c®d-399a*b>c®d?>+136a*bcd®+5a*d) |1+ 1+ EllipticF[i ArcSinh[ | = x|, —]
a d a bc

Problem 961: Result unnecessarily involves imaginary or complex numbers.

sz (a+bx2)5/2
Ve +dx?

Optimal (type 4, 436 leaves, 7 steps):

dx



(48b3c3—128ab2c2d+103a2bcd2—15a3d3> x+a+bx2

- +

105 b d3 v/ c + d X2
(24b2c2761abcd+45a2d2)X\/a+bx2 e+ dx? 2b(3bc75ad)x3\/a+bx2 e+ dx? bx3(a+bx2)3/2x/c+dx2
- +
105 d3 35 d? 7d

e (48b°c®-128ab?c?d+103a’bcd?-15a°d®) Va+bx? EllipticE[Ar‘cTan[@}, 1- bfc}

3 ad

105 b d7/2 | <labXl ST

a (c+dx?)

c*/2 (24b2c?-6labcd+45a2d?) Va+bx? EllipticF[Ar‘cTan[@], 1-5¢]

Ve ad

105 d7/2 | labX] SR

a c+dx

Result (type 4, 306 leaves):

1

a
105 /5 d*Va+bx2 Vc+dx?

b x? d x? b ad
c(-48b°c®+128ab>c*d-103a*bcd’+15a°d®) |1+ 1+ EllipticE[i ArcSinh|[ | = x|, —] +
a C a bc
b x? d x? b ad
4ic(-12b°c*+38ab*c®d-41a’bcd’+15a°d®) |1+ 1+ EllipticF|[i ArcSinh| | = x|, —]

a C bc

Q

Problem 962: Result unnecessarily involves imaginary or complex numbers.

dx

J(a+bx2>5/2
x2 v c+dx?

Optimal (type 4, 330leaves, 6 steps):

+

e dx(a+bx2) (c+dx2) (45a2d2+abd (-61c+45dx2) +3b? (8c2—6cdx2+5d2x4>) -

1.1.2 Quadratic.nb

| 423
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2 2
(7ab—72';c+73acd)XV<’=\+bX2 b(bc+3ad)xVa+rbx? Verdx? a(a+bx?)??Vc+dx?

+ - +
3vVc+dx? 3cd cx
(2b2c2-7abcd-3a’d?) Va+bx? EllipticE[Ar‘cTan{%], 1-°¢] b+/c (bc-9ad) \/a+bx2_EllipticF[Ar‘cTan[%}, 1- 0]
C C
34/ a2 [ SlabXl e 332 | clabXl e
a (crdx?) a (c+dx?)

Result (type 4, 254 leaves):

2 2
- Ed(a+bx2) (3a®d-b’>cx?) (c+dx®) -ibc (-2b*c*+7abcd+3a*d?) x 1+bX 1+dX EllipticE[i ArcSinh| Ex],ta)fd]—
a a c a c

b x2 d x? b ad b
2ibc (b*c?-4abcd+3ad?) x |1+ 1+~ EllipticF[i Arcsinh[ | = x], 7] / 3 |2 cd?xyJasbx® \Jcrdx?
a C a bc a

Problem 963: Result unnecessarily involves imaginary or complex numbers.

dx

(a+bx?)>?
Optimal (type 4, 336 leaves, 6 steps):
(3b2c?+7abcd-2a?d?’) x\/a+bx? 2a(3bc-ad)Va+bx? Vc+dx? a(a+bx?)??/crdx®

32+ /cidx? 3c?x 3cx?
(3b2c?+7abcd-2a%d?) Va+bx? EllipticE[Ar‘cTan[@], 1-%¢] b(9bc-ad)Va+bx? EllipticF[Ar‘cTan[l@}, 1-2¢]
NS ad e ad
.
3¢324/d CE“zXz Ve+dx? 3/c Ad [ Xl g
a(c

Result (type 4, 261 leaves):
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a b d (a+bx2) <c+dx2) (—ac—7bcx2+2adx2) +
\| a

b x? d x? b ad
ibc (-3b*>c*-7abcd+2a*d?) x* |1+ 1+ EllipticE[i ArcSinh|[ | = x|, —] -
a C a bc
b x? d x? b ad b
Jibc(—3b2c2+2abcd+a2d2)x3\/1+ \/1+ EllipticF[iArcSinh|[ | = x], —| / 3 /— czdx3\/a+bx2 \/c+dx2
a c a bc a

Problem 968: Result unnecessarily involves imaginary or complex numbers.
sz V2+bx?
V3+dx?

dx

Optimal (type 4, 241 leaves, 5 steps):
2 (3b-d) xV2+bx* x/2+bx2 \/3+dx?
- +
3bd/3+dx2 3d

22 (3b-d) V2+bx? EllipticE[Ar‘cTan[%}, 1- 3B

2d

3bd¥2 [ 22X /34 dx? 22 [ 20X \[3.qx2
+d X +0d X

Result (type 4, 127 leaves):

+

] V2 V2+bx? EllipticF[Ar‘cTan[%], 1- ﬂ}

2d

1

3b d?

Vb dx~[2+bx2 \[3:dx® +2i+/3 (3b-d) EllipticE[jArcSinh[Wx], 291 553 (3b-24) EllipticF[jArcSinh[Wx], 24,
NEL Jz o 3b

Problem 972: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

1
J dx
xvVa+bx? Vc+dx?

Optimal (type 3, 46 leaves, 3 steps):
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Ar‘cTanh{Lﬁ LELES ]
a A/ c+d x?

Va Ve
Result (type 6, 153 leaves):

1, %, 2, —i, —L})/(\/a+bxz \/C+dx2

2 b x2 d x?

[2 bd x* AppellFi[1,

a d
—b S —diz} +bcAppe11F1[2,
X X

)

, 1 1 a 2 <
-4bdx?AppellF1[1, =, =, 2, ]
272

3 1
> 3, 7;, 7dx2] +adAppe11F1[2, ;, ;, 3, 7b7, 7d?

N |
N W

|

Problem 973: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

1
J dx
x3Va+bx? vc+dx?

Optimal (type 3, 91 leaves, 4 steps):
(bc+ad) ArcTanh| m}

Va+rbx® VJc+dx? Va Afcrdx
- 2acx? i 2 33/2 (372
Result (type 6, 192 leaves):
) ) 4 1 1 a C ) 1 1 a C
-(a+bx?) (c+dx?) +|2bd (bc+ad) x*AppellFi[1, —, —, 2,——,——})/(4bdx AppellF1[1, =, =, 2, - y -——] -
202 bx?  dx? 2 2 bx?  dx?
1 3 a C 3 1 a C 5 2 B
bcAppellF1[2, =, =, 3, -——, - ——| ~adAppellF1[2, =, =, 3, - ——, - —| ]/ 2acx \/a+bx \/c+dx
2 2 b x? d x? 2 2 b x? d x?

Problem 974: Result unnecessarily involves higher level functions.

J ! dx
x5Va+bx2 Vc+dx2
Optimal (type 3, 149leaves, 6 steps):

(3b2c2+2abcd+3a2d2>Ar\cTanh[@

Va+bx? Vc+dx? Z-B(bc+ad)\/a+bx2 v c+dx?
_ + _
4acxt 8 a2 c? x? 8 a°/2 /2

Result (type 6, 224 leaves):
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[(a+bx2) (c+dx2) (72ac+3bcx2+3adx2) +

) ) o e 11 a c , 11 a c
(Zbd (3b>c*+2abcd+3a’d?) x®AppellFl[1, —, =, 2, - ——, - ——| /(—4bdx AppellF1[1, =, =, 2, - ——, - ——| +
2 2 b x? d x? 2 2 b x? d x?
13 a c 301 a c - . .
bcAppellfFi[2, =, =, 3, -——, - ——| +adAppellF1[2, =, =, 3, - ——, - ——] ]/(8a 2 x \/a+bx \/c+dx )
22 bx?  dx? 2 2 b x? d x?

Problem 975: Result unnecessarily involves imaginary or complex numbers.

6

J X d
X
Va+bx? Vc+dx?

Optimal (type 4, 342leaves, 6 steps):
(8b2c?2+7abcd+8a2d?) x\a+bx? 4(bc+ad>xx/a+bx2 Verdx?  x3/a+bx? Vc+dx?

— + —

15b3d?+/c + d x? 15b%d? 5bd
N 2 2 2 42 2 pti Jd x bc 3/2 2 ipti Jd x bc
J - > —
c (8b*c?+7abcd+8a2d?) a+bx? EllipticE|ArcTan| |,1-2¢] 4c*? (bc+ad)Va+bx? EllipticF|[ArcTan| ], 1-2¢]
Ve ad Ve ad
+
153 d5/2 [ SL2PXL g2 1562 d5/2 [ Sl2PXL /g
a (c+dx?) a (c+dx?)

Result (type 4, 249leaves):

2 2
- de(a+bx2) (c+dx?) (4bc+4ad—3bdx2)—ic<8b2c2+7abcd+8a2d2)\/1+bx \/1+dx EllipticE[i ArcSinh]| Ex},z—d]Jr
\/a a c \ a c

b x? d x? b d b\5/2
ic (8b2c2+3abcd+4a2d2)\/1+ X \/1+ X EllipticF[i ArcSinh|[ | = x], a—] /(15a2 [—) #farbx \[crdx
a c a bc a

Problem 976: Result unnecessarily involves imaginary or complex numbers.

4

J X
dx
Va+bx? Vc+dx?

Optimal (type 4, 261 leaves, 5 steps):
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2(bc+ad)xx/a+bx2 xvVa+bx? \/c+dx?

- + +
3b2d+/c+dx? 3bd
2+/c (bc+ad) Va+bx? EllipticE[Ar‘cTan[@}, 1- bfc} c3/2+/a+bx? EllipticF[Ar‘cTan[@], 1- bfc]
NS ad e ad
3p2g3/2 | clabXl g 3bdd2 | SlabXl Ty
a(c +d x?) a (c+dx?)

Result (type 4, 201 leaves):

2 2
12 dx (arbx?) (c+dx2)+2ic(bc+ad)\/1+bx Judx Elliptice[i Arcsinh| | 2 x], 297 -
a a C a bc

2 2 /
c(2bc+ad>\/1+bx \/1+dx EllipticF[i ArcSinh| EX})ZJ] / 3b Edz\/a+bx2 \/c+dx2
a c a c a

Problem 977: Result unnecessarily involves imaginary or complex numbers.

2

J X
dx
Va+bx? Vc+dx?

Optimal (type 4, 116 leaves, 2 steps):
xm Ve Va+bx? E111pt1cE[Ar‘cTan[L] 1- 5]

ad
b+c+dx?
! b/d /:j*j; Jerdx2

Result (type 4, 122 leaves):

c\/1+M \/1+@ EllipticE[i ArcSinh[ [ 2 x|, 2¢] —EllipticF|i ArcSinh| [ 2 x], ﬂ]]
a c a bc a bc
lg dva+bx® Vc+dx2

Problem 978: Result unnecessarily involves imaginary or complex numbers.

1
J dx
x2\aribx? c+dx?
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Optimal (type 4, 153 leaves, 4 steps):

dxVaibx® Va:bxZ Veidx@ \/d \a+bx? E111pt1cE[Ar‘cTan[L} 1—5}

ad
2 acX 2
acVc+dx s l:?z; Jerdd
Result (type 4, 146 leaves):
1

ava+rbx? vc+dx?

(a+bx?) (c+dx?) b b x2 d x2 R ) b ad R ) b ad
- -ia |— |1+ 1+ EllipticE[iArcSinh| | = x|, —| - EllipticF[i ArcSinh|[ | = x], —|
C X a a C a bc a bc

Problem 979: Result unnecessarily involves imaginary or complex numbers.

1
J dx
x*va+bx? \c+dx?

Optimal (type 4, 307 leaves, 6 steps):
2d (bc+ad)xVa+bx® +aibx® Vcrdx’ 2(bc+ad)Va+bx® Vc+dx?

+ +

3a2c2+/c+dx? 3acx? 3a2c?x

2+d (bc+ad) Va+bx? EllipticE[Ar‘cTan[%}, 1- :TCJ b/d vVa+bx? E111pt1cF[Ar‘cTan[L} 1- :7;]
C
3a2c3/2 g(ﬁlex/c+dx2 3a2+/c [ leX) g
a (c+dx?) a c+dx2

Result (type 4, 229 leaves):

2 2
b (a+bx?) (c+dx?) (—ac+2bcx2+2adx2)+2j1bc(bc+ad)x3\/1+bX \/1+dx EllipticE|i ArcSinh| Ex],ﬂ]—
a a c \| a

bc
2 2
jbc(zbc+ad)x3\/1+bx \/1+dx EllipticF[i ArcSinh| Ex],Z—d} / 3 a2 —c X \/a+bx \/c+dx
a c \/a c \
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Problem 990: Result unnecessarily involves imaginary or complex numbers.

J X
dx
Va-bx? Jc+dx?

Optimal (type 3, 47 leaves, 4 steps):
\/d Ja-bx?

b 4/ c+d x?
Vb /d

Result (type 3, 72leaves):
iLog[2Va-bx® \/crdx? - Llbead2bdd)]

Vo VT
2+/b /d

Ar‘cTan[

Problem 992: Result unnecessarily involves imaginary or complex numbers.

2

J X
dx
V2+bx?: \/3+dx?

Optimal (type 4, 110leaves, 2 steps):
Xm \/7\/2+bx2 EllipticE[Ar‘cTan[%], 1- %}
b+v3+dx?

b/d | 222 3idxE

3+d x?

Result (type 4, 72 leaves):
i3 (EllipticE[Ji Arcsinn[2x], 2¢] - E1liptick 1 Arcsinn[L2x], 2¢] |

\/b d

Problem 994: Result unnecessarily involves imaginary or complex numbers.

2

J
X
\/4+X2 '\/C+dX2

Optimal (type 4, 88 leaves, 2 steps):



xVcrdx ) \e+dx? EllipticE[Ar‘cTan[ﬂ, 1- %}
d\/4+x2

dvasx? | -edx

c (4+x?)
Result (type 4, 70leaves):

ic |1+ dci (EllipticE[iAr‘cSinh[ﬁ], %] - EllipticF[1i Ar‘cSinh[f], 4d})

C

d+c+dx?

Problem 1004: Result unnecessarily involves imaginary or complex numbers.

2

X
\/ +X2'\/ +3X2

Optimal (type 4, 80leaves, 2 steps):

xv2+3x2 V2 V2+3x* EllipticE[ArcTan(x], - 7]

3\/1+X2 3@ 2,32

14x2

Result (type 4, 34 leaves):

1. e T . 3 e [ . 3
-=iv2 [ElllpthE[l ArcSinh([x], =] - EllipticF[i ArcSinh([x], =]
3 2 2

Problem 1005: Result unnecessarily involves imaginary or complex numbers.

2

J X d
X
Varxt J2+3x2

Optimal (type 4, 82leaves, 2 steps):

xV2:3x2 V2 \/2+3x* EllipticE[ArcTan[X], -5]
3 \/4-+X2 BW 2,32

442

Result (type 4, 38leaves):

vz (EllipticE [i Arcsinh[ ], 6] - EllipticF [i ArcSinh[ ], 6] )
3 2 2
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Problem 1006: Result unnecessarily involves imaginary or complex numbers.

J x2
dx
\/2+3x2 \/1+4x2

Optimal (type 4, 88 leaves, 2 steps):
x\/2+3x2 . V2 +3x2 EllipticE|ArcTan[2x], i]
3V1+4x2

342 [ 23X 114 x?

1+4 x?

Result (type 4, 50 leaves):

EllipticE[i ArcSinh[ | % x|, %] - EllipticF[1i Ar‘cSinh[ﬁ x|,

4+/3

|oo

i

)

Problem 1007: Result more than twice size of optimal antiderivative.

X2
J dx
Vi1-x2 V/-1+2x2
Optimal (type 4, 17 leaves, 3 steps):

1 1
- —EllipticE[ArcCos[x], 2] - —EllipticF[ArcCos[x], 2]
2 2

Result (type 4, 37 leaves):
V1-2x? (-EllipticE[ArcSin[x], 2] + EllipticF[ArcSin[x], 2])
2vV-1+2x2

Problem 1008: Result unnecessarily involves higher level functions.

J(l—xz)l/3 (3+x2) o

Optimal (type 3, 109 leaves, 7 steps):

9+/3 ArcT 1+ (2-2x%)3
(1—x2>2/3+i (1*X2>5/3+ \ﬁ e an[ V3 } B 9Log[3+x2] N 27 Log[22/3— <17X2)1/3}

N w

10 2 22/3 4 22/3 4 22/3
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Result (type 5, 63 leaves):

1/3
3(6-7x%+x*-45 (%) Hypergeometric2F1[%, +, %, *# })
3+x 3 3

10 (1-x2)*?

Problem 1009: Result unnecessarily involves higher level functions.

3

J(1—x2)1/3 (3+x?) o

Optimal (type 3, 94 leaves, 6 steps):
3+/3 ArcTan [ 1r(2:2x0) 77 27_’(2 i ]

(17)(2)2/37 3 .
2 22/3 4 22/3 4 22/3

3L0g[3+xz} 9L0g{22/3— (1—X2)1/3}

~w

Result (type 5, 58 leaves):

13
3 (71+x2+6 (’31;"2) Hypergeometric2F1[ 3, -, 3, - })

XZ

4 (1-x2)'?

Problem 1011: Result unnecessarily involves higher level functions.

Jx (1x2)j-/3 (3+x2) >

Optimal (type 3, 136 leaves, 10 steps):

1+(2-2x2)Y? 142 (1-x2)3
_Ar‘cTan[ J?X ] ) ArcTan | \/?X ] Logix] ) Log[3 +x2] ) 1 Log[1- (1_)(2)1/3} _ Log[22/3 - (1_X2)1/3}
2 2234/3 2-/3 6 12 .2%3 4 4. 2%3

Result (type 6, 111 leaves):

R 4 1 7 1 3
_( 21 x* AppellFl[—, =, 1, —, —, - —| /
3 3 3 x? x?
4 1 7 1 3 7 1 10 1 3 7 4 18 1 3
(8 (1-x2)*? (3+x%) |7x*AppellF1][—, =, 1, =, —, - —| -9AppellF1[~, =, 2, —, —, - —| +AppellF1[—, —, 1, —, —, - —| )]
3 3 3 x? x2 3 3 3 x? x2 3 3 3 x? x2
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Problem 1012: Result unnecessarily involves higher level functions.

J 1 dx
x3 (1—x2)1/3 (3+x?)

Optimal (type 3, 97 leaves, 7 steps):

L(2- 2\1/3
(1,X2>2/3 Ar‘cTan[u%)—] ) Log[3+x2] Log[22/37 (17)(2)1/3]

- + +

6 x2 6 22/3./3 36 2%/3 12 2%3

Result (type 6, 115leaves):

2x* AppellFi|1, %,1,2,x2,—§]

-1+x%-

X2

(3+x?) (—6Appe11F1{l, ;,1,2,x2,7§] +x2 (AppellFl{Z, %,Z,S,XZ,—é] -AppellF1|2, %,1,3,x2,—3—”)

6 x2 (l—xz)l/3

Problem 1013: Result unnecessarily involves higher level functions.

j 1 dx
x> (1—x2)1/3 (3+x2)

Optimal (type 3, 172leaves, 12 steps):

*i B 211/3 . [ B 211/3
(1—X2>2/3 (1—X2>2/3 Ar‘cTan[l 2\/2?)( ] ArcTan{l : \j?x } Log[x] Log[3+X2] 1 Lo {1 (1 X2>1/3] Log[ZZ/B_ (1_)(2)1/3]
- - - + - + + — - - -
12 x* 18 x2 18  22/3+/3 9+/3 27 108 2%2/3 18 & 36 22/3

Result (type 6, 215leaves):
1 301
[2 - — 4+ — -

1 x2
4 x? AppellFi[1, —, 1, 2, X2, ]]/
x4 x2 3 3

36 (1-x2)Y°

((3+x2)

1 , X2 5 1 , X2 4 , X2
-6 AppellF1[1, =, 1, 2, x*, - —| +x? |AppellF1[2, =, 2, 3, x?, - —| - AppellF1[2, —, 1, 3, x*, - —| -
3 3 3 3 3

, 41 7 1 3
21x2 AppellFl[—, =, 1, —, —, - —] /
3 3 3 x? x2
o (o, 41 7 1 3 7 1 _ 16 1 3 7 4 16 1 3
(3+x%) |7x*AppellF1[—, =, 1, =, —, -—| -9AppellF1|—, =, 2, —, —, - —] +AppellF1][—, —, 1, —, —, - —]
3 3 3 x2 x2 3 3 3 x? x2 3 3 3 X2 x2
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Problem 1014: Result unnecessarily involves higher level functions.

J(l—xz)l/3 (3+x?) o

Optimal (type 4, 536 leaves, 7 steps):

V3 (1-2Y3 (1x2)Y?
3 23 54 x 3ﬁA"CTa“{€] 33 ArcTan| ( . )} 3 ArcTanh[x]
-—X (1 - X2> + + +

- +
7 7(1—\/?— (1—x2)1/3) 2. 22/3 2 22/3 2 22/3

27 31442 1 (1) V3| [ Rt P ey e [aresin [ 2200 gy
9Ar‘cTanh[ﬁ] 3 3 ( (1-x2) ) \/ (13 (1)) ipticE| rcsln[liﬁi(li)&)m], +4/3 ]
14213 (1-x2)Y

+

2 22/3

1-(1-x2) Y3
7x |- —
(1-V3 - (1-x2) )

3/8 (4 (1 _ y2\1/3 1+ (1-x2) Y34 (1-x2) 23 . Lor1eV3 (1)
18+/2 374 [1- (1-%2) )\/ PN ElllptlcF[Ar‘c51n[—(—)—17ﬁi(lixz>1/3], 7+4+/3 ]

7% |- 1-(1-x3)'?
(1—\/?—(1—%)1/3)2

Result (type 6, 236 leaves):

1 , 1 1 3, x
———————3x |-1+x*- |27 AppellF1[~, =, 1, =, x?, - —| /
7(1_)(2)1/3 2 3 2 3
) 11 3, x ) 3 1 5 , X 3 4 5 , X
(3+x%) |-9AppellF1[—, =, 1, =, x?, - —| +2x* |AppellF1[~, =, 2, =, x?, - —| - AppellF1[~, —, 1, =, X}, - —| +
273 2 3 2 3 2 3 23 2 3
5 3.1 5 , X
30 x? AppellFl[ =, =, 1, =, x?, - —| /
2 3 2 3
5 3 5 , x 5 5 1 7, X 5 4 7, X
(3+x%) |-15AppellF1][ =, =, 1, —, x*, - —| +2x? |AppellF1|[ =, =, 2, —, x*, - —] - AppellF1[ =, —, 1, —, x*, - —|
2 2 3 2 3 2 3 2 3 2 3
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Problem 1015: Result unnecessarily involves higher level functions.

2

J(l—xz)l/3 (3+x2) o

Optimal (type 4, 515leaves, 6 steps):

V3 (1213 (102)7°

3% \/?Ar'cTan[lxg} ﬁAr‘cTan[

X

ArcTanh[x]
"

3 ArcTanh| X

14213 (1-x2) %/

]

1_\/?_ (1—X2>1/3 N 2 22/3 h 2 22/3

330442043 (1- (1)) J L1 18 py9 5t cE [Arcsin|

(1—\/?— (1—x2) 1/3)2

2 22/3 2 22/3

144/3 - (1-x2)Y? ] L7 +4\/?]
143 - (1) 2

x| _ 1-(1-x2)*/3
(15 - (1))

V3 (1o (1)) Lo (108" Ey9 5 bt cF [Arcsin|
(14?(142)1/3)

144/3 - (1-x2) Y2
1-4/3 - (1-x2)Y?

|, -7+4+3]

x |- 1-(1-x3)%3
(17\/3*7 (17)(2)1/3)2

Result (type 6, 120 Ieaves) :

B 3 31
5 x> AppellFl[ =, —, 1,
2 3
1
3

3 , X2
-15AppellF1] =,

((1x2>1/3 (34 ’,

3

> 2
» 1, =, x%, - —| +2x* | AppellF1
2

[5, 1, 2, Z, x2, X | - AppellF1[ =,
2 2 3

Problem 1016: Result unnecessarily involves higher level functions.

1
J(l—xz)l/3 (3+x2) o

Optimal (type 3, 113 leaves, 1step):
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V3 (12213 (1-x2 1/3
Ar‘cTan[lxi] Ar‘cTan[ (12 (1)) ArcTanh [X] ArcTanh [ 12213 <X1,Xz)1/3}

X
+ +
2 22/3./3 2 22/3./3 6 22/3 2 2%/3

/

Result (type 6, 118 leaves):

11 3, X
- |9xAppellF1| =, =, 1, =, x?, - —]
2 3

2 3

3, X R 3 1
» 1, =, x3, - —] +2x? |AppellF1[ =, =, 2,

((1x2>1/3 (3+x?) —9AppellF1[l,
2 2 3 23

W | =

, X2 3 4
, X%, = —] - AppellF1[ =, —
3 2 3

5
2

Problem 1017: Result unnecessarily involves higher level functions.

J ! dx
x2 (1—x2)1/3 (3+x2)

Optimal (type 4, 538 leaves, 7 steps):

N V3 [1-2Y3 (1-x2)3

(1-x2) 2/3 X ArcTan | X3 ] ArcTan| | X< ) ArcTanh [x]

- + - - + -
3 x 3(1-V3 - (1)) 6 22343 6 2233 18 2273

143 - (1) 2

(1 y2)\1/3 1+ (1x2) Y34 (1-x2) 23 C . Cor1e/3 (1)
ArcTanh | x ] 243 (1 (1-%?) )J PR EllipticE[ArcSin| |, -7+4+/3]

14213 (1-x2) Y/

+ —

6 22/3
2 334y |_ (1)
(14?7(142)1/3)2

(a4 y2\1/3 1+ (1-x2) Y3 (1-x2) %2 R Lo LeV3 (1)
V2 (1 (1 X ) ) \/ (1,ﬁ,<1,X2)1/3)2 ElllpthF[Ar‘csm[1,\ﬁ,<1,xz)1/3}’ 7+4\E]

3 31/4 4 _ 1- 1’X2)1/3
(15 (10))

Result (type 6, 243 leaves):
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1
(3+3x2+

((3+x2>

: 1103
54 x* AppellF1] ~, —, 1,
23 2

1

1 3, x 5 31 5 2 3 4 5
-9 AppellF1[~, =, 1, =, x*, - —] +2x? |AppellF1][ =, =, 2, =, x*, - —| - AppellF1[~, —, 1, —,
2 2 3 2" 3 2 3 2" 3 2
3 1 5 2
5x* AppellFl[ =, =, 1, =, x?, _X—}J/
2" 3 2 3
1 2 1 7 2 4 7
((3+x2) —15AppellF1[i, =, 1, E, x2, 7X—] +2 %2 (AppellFl[S, =, 2, —, x%, 7X—] —AppellFl[E, -, 1, =, x
2 2 3 273 2 3 273 2
Problem 1018: Result unnecessarily involves higher level functions.
1
J dx
x4 (1—x2)1/3 (3+x?)
Optimal (type 4, 556 leaves, 8 steps):
V3 (12233 (1-x2) Y3
(17x2>2/3 2 (1—X2)2/3 2x Af‘CTa“[g} ArcTan | | X( ke ArcTanh[x]
- - + + + - +
9 x3 27 x 27 (1,\/§, <1,Xz>1/3) 18  22/3+/3 18  22/3+/3 54 . 22/3

2043 (1o (1-x2)V3) [ 1) (10@) ey yy s cpTapesin [ 23 -1
ArcTanh | — 5 BT J vy rPECEArSin]
1+2Y <17x) .

\E ( 2>1/3:|J }
1- —(1-x
18 2 /

9 334y |1l
(1#?7(142)1/3)2

2v2 (1~ (1-2)*7) Jl+<1xz>va(1xz>v’3

a2 EllipticF[ArcSin[M
(1’\/37*(1—%)1/3)

143 - (1) Y2 [, -7+4 \E]

27 3y | )
(1—\57(142)1/3)2

Result (type 6, 245leaves):
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1 9 3 1 1 3, x
|-+~ +6Xx- |27 xAppellF1[~, —, 1, f,x,—f]/
81<l—x2)1/3 x> X 2 3 2 3
) 11 3 ., X ) 3.1 5 , X 3 4 5 , X
(3+x2) |-9AppellF1[~, =, 1, =, x*, - —| +2x* |AppellF1[ =, =, 2, =, x?, - —| - AppellF1[ =, —, 1, —, x?, - —| +
2 3 2 3 2 3 2 3 2 3 2 3
3 3.1 5 , X
10 x3 AppellFl[ =, =, 1, =, x?, - —| /
273 2 3
5 3 1 5 , x2 ) 5 1 7, X 5 4 7, x
(3+x?) |-15AppellF1][ =, =, 1, =, x*, - —] +2x? |AppellF1| =, =, 2, —, x?, - —] - AppellF1[ =, —, 1, —, x*, - —]
2 3 2 3 2 3 2 3 2 3 2 3

Problem 1019: Result unnecessarily involves higher level functions.

X7
dx
J(lxz)l/3 (3+x2)2

Optimal (type 3, 133 leaves, 7 steps):

3x4 (1-x2)%72 9 (1-x2)*> (69 + 14 x2) 991/3 ArcTan [ H12250 Z_j; =] g Log[3+x2] 297 Log[22/3 - (1-x2)*?]
- + + - +

1@(3+x2) 40 (3+x2) 8 22/3 16 22/3 16 - 22/3

Result (type 5, 82leaves):

3+x2 3’

3
3 (207 - 165 X2 - 46 x* + 4 x° - 495 [ 1| " (34 x?) Hypergeometric2F | L1, A )

40 (1—x2)1/3 (3 +x2)

Problem 1020: Result unnecessarily involves higher level functions.

X5
J dx
(1—x2>1/3 (3+X2>2
Optimal (type 3, 116 leaves, 7 steps):
9 (1-x2)?? i ZlﬁArcTan[L(%L]

3 (17)(2)2/37 N 21 Log[3+x2] ) 63 Log[22/3_ <1—X2)1/3}
4 8 (3+x?) g  22/3 16  22/3 16 22/

Result (type 5, 77 leaves):

3 (—9+7x2+2x4+21 (ﬂ)l/i‘ (3+x2) Hyper‘geometr‘icZFl[i, i, 4 -4 ])

34x2

8 (1—x2)1/3 (3+x?)
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Problem 1021: Result unnecessarily involves higher level functions.

3

J(l—xz)l/3 (3+x%)° >

Optimal (type 3, 101 leaves, 6 steps):

c(2-2%x2 1/3
3 (17)(2)2/3 BﬁArcTan[H%L] 3log[3+x2] 9log[22/3- (1—x2>1/3]
+ +

8(3+x2) 8  22/3 16 - 22/3 16 - 22/3

Result (type 5, 70 leaves):

+x2

3 (—1+x2+3 (—31;%)1/3 (3+x2) Hypergeometr‘icZFl[i, i, 4, =2 ])

8 (1-x2)172 (34 x2)

Problem 1022: Result unnecessarily involves higher level functions.

J(l—xz)l/3 (3+x2)2 o

Optimal (type 3, 101 leaves, 6 steps):

1+(2-2x2)Y?
ArcTan| =5

_(1—x2)2/3+ NS ] _Log[3+x2] +Log[22/3—(1—x2>1/3]

8 (3+x?) 8 22/3./3 48  22/3 16  22/3

Result (type 5, 70 leaves):

1w (ﬂ)m (3 +x?) Hypergeometric2F1[1, 1, &, 4 ]

34x2

8 (1-x2)172 (34 x2)

Problem 1023: Result unnecessarily involves higher level functions.

J L dx
X (1—x2)1/3 (3+x2)2

Optimal (type 3, 158 leaves, 11 steps):

2\1/3 2)1/3
2\ 2/3 5Ar‘cTan[1—+(ﬂ)'—] Ar‘cTan[ﬂl’—x)—} 3452 22/3 _ (1 _x2)1/3
(1 X) A3 . N3 _LOg[X] +5Log[ +X} +LLog[1—(1—x2>1/3]—5Log{ < X) }

24 (3 +x?) 24 22/3.[3 6-/3 18 144 - 22/3 12 48 - 22/3
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Result (type 6, 205 leaves):

1 5 1 , X2
2x?AppellF1[1, =, 1, 2, x?, - —]
3

3

1-x2+

/

1 , X 4 , X2
AppellFi[2, =, 2, 3, x*, - —| - AppellF1[2, —, 1, 3, x>, - —] || -
3 3 3 3

24 (1—x2)1/3 (3+x2)

1 , X2 2
—6Appe11F1[1, — 1, 2, x5, —_] +X
3 3

5 4 1 7 1 3
21 x? AppellFl[—, =, 1, —, —, - —| /
3 3 3 x? x2
R 4 1 7 1 3 7 1 10 1 3 7 4 10 1 3
7x*AppellFl|—, =, 1, —, —, -—| -9AppellF1|—, =, 2, —, —, - —| +AppellF1|—, —, 1, —, —, - —|
3 3 3 x2 x?2 3 3 3 x? x?2 3 3 3 x? x2

Problem 1024: Result unnecessarily involves higher level functions.

J ! dx
x3 (1—x2)1/3 (3+x2)2

Optimal (type 3, 183 leaves, 12 steps):

1+ (2-2x%)3 1:2 (1-x2)Y/3
s (1-x2)23  (1-x2)%? ) ArcTan | = ] ) ArcTan | Nes ] _Log(x] Log[3 + x2] 1 Log[1- (1-x)7] - Log[223 — (1-x2)*?]

72 (3+x%) 66X (3+x?) 8 22343 18+/3 54 48 - 22/3 36 16 - 2%/3

Result (type 6, 213 leaves):

1 2 4 4 1 2 Xz
-12+7x*+5x*+ [10x* AppellF1([1, =, 1, 2, x?, - —]
3

3

/

72 x2 (1—x2)1/3 (3+x2)

1 , X2 5 1 , X2 4 , X2
6 AppellF1[1, =, 1, 2, X3, - —| +x* | -AppellF1(2, =, 2, 3, x?, - —| + AppellF1[2, —, 1, 3, x*, - —] || +
3 3 3 3 3
. 4 1 7 1 3
21 x*AppellFl[—, =, 1, —, —, - —| /
3 3 3 x? X2
R 4 1 7 1 3 7 1 10 1 3 7 4 10 1 3
7x?AppellFl|—, =, 1, =, —, - —| -9AppellF1[—, =, 2, —, —, - —| +AppellF1][—, —, 1, —, —, - —|
3 3 3 x2 x2 3 3 3 X2 X2 3 3 3 X2 x2

Problem 1025: Result unnecessarily involves higher level functions.

J ! dx
XS (17)(2)1/3 <3 +X2>2

Optimal (type 3, 208 leaves, 13 steps):
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(1-2)22 (1277 (1-x2)77 _13Ar‘cTan[1;(i\/37xz)i}
216 (3+X2> 12 X4 <3+X2) 36 X2 <3+X2> 216 22/3 \/?

13 Log[2%/3 - (1-x2)?]

Ar‘cTan[ ] ) Log[x] . 13 Log[3+X2} +LLog[1— (1_X2>1/3] N

N3
183 54 1296 223 36 432 2%/3
Result (type 6, 234 leaves):
1 18 -12x2 -7 x* + x® 5 1 , X2
- + [2x? AppellF1[1, =, 1, 2, X*, - —] /
216 (1-x%)*? 3 x4+ x6 3 3
2 1 2 X2 2 1 2 XZ 4 2
(3+x%) |-6AppellF1[1, —, 1, 2, x*, - —| +x* |AppellF1[2, —, 2, 3, x>, - —| - AppellF1[2, —, 1, 3, x?, - —|
3 3 3 3 3
5 4 1 7 1 3
63 x? AppellFl[—, =, 1, —, —, - —| /
3 3 3 x2 X2
s 5 4 1 7 1 3 7 1 10 1
((3+x ) |7x*AppellF1[—, =, 1, =, —, -—| -9AppellF1|—, =, 2, —, —, - —| +AppellF1]|
3 3 3 x? x2 3 3 3 x? x?

Problem 1026: Result unnecessarily involves higher level functions.

4
dx
J(l—xz)l/3 (3+x2)2

Optimal (type 4, 543 leaves, 7 steps):
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V3 (1-2Y3 (1-x2)Y3
3X(1—X2>2/37 27 x 75\EAr‘cTan[g] 75\/?Ar‘cTan[ ( X< *) )] +5Ar‘cTanh[x] )
8(3+x%)  g(1-v3 - (1-x2)"7) 8 2%° g 223 8 223

27 3442443 (1- (1)) L1082 10" g5tk [Arcsin| 2200 g g3

R SE— /3\2 _ (1_y2)1/3
15 ArcTanh | o (Hz)m} (13 - (1) 3) 13 - (1-%)
- +
8  22/3
16x |- — X
(1—\57(142)1/3)2

9 334 (1- (1-x2)V3) | 1lo@Pel1o0)® by 5505 R [ancsin [ BE 12010 g 43
( ( X ) ) \/ (17\57(17)(2)1/3)2 lp 1c [ rc ln{l,\/?,u,xz)l/}] + \/7]

4T x |-
(1-V3 - (1))

Result (type 6, 231 leaves):

1 R 1 1 3, x
3x [1-Xx"+ 9AppellF1[f, - 1, f,x,—f} /
8 (1-x2)12 (3+x2) 2 3 2 3
11 3, X 5 3.1 5 , X 3 4 5 , X
-9 AppellF1[~, =, 1, =, x*, - —| +2x* [AppellF1][ =, =, 2, =, x*, - —| - AppellF1[ =, —, 1, =, x*, - —]||| +
2 3 2 3 2 3 2 3 2 3 2 3
3 1 5 x2
(15 x? AppellFl[ =, =, 1, =, x?, ——})/
2 3 2 3
3 1 5 , x2 5 5 1 7, x 5 4 7, x
15 AppellF1[ =, =, 1, —, x?, - —] +2x* |-AppellF1[ =, =, 2, —, x*, - —| +AppellF1[ =, —, 1, —, x*, - —|
2 3 2 3 273 2 3 2" 3 2 3

Problem 1027: Result unnecessarily involves higher level functions.

2

J(1—x2)1/3 (3+x2)2 o

Optimal (type 4, 543 leaves, 7 steps):
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5 V3 (1-213 (1-x2)Y?

X (1—x2)2/3 X ArcTan | : ] ArcTan| | X< ) ArcTanh[x]

- + + + - +
8(3+X2> 8(1_1/3 —(1—X2)1/3) 8 22/34/3 8 22/31/3 24 22/3

ArcTanh | ——>*——|

31/44/2+4/3 (1 - (1-x?) 1/3) 1E1(1Ji)1/<31+(;)§3))2: EllipticE[ArcSin] %1—31—2] , ~7+4+/3]
1:2%3 (1-x2)"/?

+

8 22/3
16x |- — 1=
(1—\57(1«2)1/3)2

C(a y2\1/3 1+ (1-x2) Y34 (1-x2) 23 s SorLeV3 (1)
(1-(1-%2) )\/ A ElllptlcF[APCSln[—(—)—li\E%lixz)l/s], 7+4+/3 ]

4 \E 31/4 % _ 41’(1’_)(2)1/;
(14?7(142)1/3)2

Result (type 6, 231 leaves):

1
-3+3x%+

X 27 AppellF1|

N |

1
y 1) NE) XZJ *7]
3

24 (1—x2)1/3 (3+x2)

1 1 3, x? 5
9Appe11F1[;, ;,1,f,x,—f]+2x

3 1 5 3
—AppellFl[f, —, 2, —, X%, _7} +Appe11F1[f,
2 3 2 2 3 2

3

3 5 x?2
5x2 AppellFl| =, =, 1, =, x*, - —| /
273 2 3
3 5 , X ) 5 1 7 ., X 5 4 7 ., X
-15AppellF1| =, =, 1, =, x*, - —| +2x? |AppellF1[ =, =, 2, —, x?, - —] - AppellF1[ =, —, 1, —, x*, - —|
273 2 3 273 2 3 2" 3 2 3

Problem 1028: Result unnecessarily involves higher level functions.

J(l—xz)l/t (3+x2)2 o

Optimal (type 4, 543 leaves, 7 steps):
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V3 (1721/3 (17)(2)1/3)

x (1-x2)27° X Ar‘cTan[%] ArcTan | x ArcTanh [x]
- + + - +
24 (34%%) 24 (1-+/3 - (1-x2)*3) 8 22343 8 22343 24 2273

24 \/? (1 _ (1—X2)1/3) 1+(1—X2)1/3+(17X2)2/3 ElliptiCE [Ar‘cSin[M] s _7+4\/?}

X /3\2 1/3
ArcTanh [ 12 (1) } (1,\/?7 (17)(2)1/3) 1-v/3 - (1-x2)
- +
8 22/3
16 33/4 X _ —:L—(l—_)@L
(1—r— (17X2)1/3)2

C(a y2\1/3 1+ (1-x2) Y34 (1-x2) 23 s SorLeV3 (1)
(1-(1-%2) )\/ A E111pt1cF[APCSln[—(—)—li\E%LXZ)l/B], 7+4+/3 ]

12+/2 3Vay |l
(15 (1))

Result (type 6, 231 leaves):

1 5 1 1 3, x
X [3-3x%+ 189 AppellF1[—, =, 1, =, x?, - —] /
72 (1-x2)Y? (3+x?) 273 2 3
11 3, x ) 3.1 5 , X 3 4 5 , X
9AppellFl[—, =, 1, =, x*, - —] +2x® | -AppellF1[ =, =, 2, =, x?, - —] +AppellF1| =, —, 1, =, x*, - — ||| +

273 2 3 2 3 2 3 203 2 3

3 1 5 x2
5x2 AppellFl| =, =, 1, =, x*, - —| /
273 2 3
3 1 5 , x2 5 5 1 7, x 5 4 7, x
15 AppellF1[ =, =, 1, —, x?, - —] +2x* |-AppellF1[ =, =, 2, —, x*, - —| +AppellF1[ =, —, 1, —, x*, - —|

2 3 2 3 273 2 3 2 3 2 3

Problem 1029: Result unnecessarily involves higher level functions.

J ! dx
x2 (1—x2)1/3 (3+x%)?

Optimal (type 4, 563 leaves, 8 steps):



446 | 1.1.2 Quadratic.nb
3 (1721/3 (17)(2)1/3)

NER
7Ar‘cTan[ y } 7Ar‘cTan[ 7 ArcTanh [x]

(1_X2>2/3 (1_X2)2/3 . -
+ + - - + -
8 x 24x (3+x2) g (1-ﬁ- (1_X2>1/3) 72 22/3+[3 72 22343 216 - 22/3
304243 (1- (1-x2)V3) | B0 ey e cp [Anesin| 22X g 403
TAneTanh [ e VB ) e EpeCE et s 743 ]
72 22/3 -

16x |- — (1=
(1—\/?—(17)(2)1/3)2

1+ (1-x2) Y34 (1-x2) 23 s .7 1e/3 - (1x2)Y?
EllipticF|ArcSin - -7+4+/3
(14?7(17)(2)1/3)2 P [ [ 13 - (1x2) Y2 ] ’ ]

(1 _ (1 7X2>1/3)

a2 3vax |

(1—\/?*(1—)(2)1/3)2

Result (type 6, 241 leaves):

1 1 1 3 x2
8+5x2+3x4+(69x2Appe11F1[, =,1, =, X%, - })/
2 2 3

24x (1-x2)Y? (3+x?)
11 3, X ) 3.1 5 , X 3 4 5 , X
-9 AppellF1[ =, =, 1, =, x?, - —] +2x? |AppellF1][ =, =, 2, =, x*, - —| -AppellF1[ =, —, 1, =, x*, - —] || +
273 2 3 273 2 3 2 3 2 3
3 1 5 x2
5x* AppellFl[ =, =, 1, =, x?, -—})/
2 3 2 3
3 1 5 , x2 5 5 1 7, x 5 4 7, X
-15AppellF1| =, =, 1, =, x?, - —| +2x? |AppellF1[ =, =, 2, —, x?, - —] - AppellF1[ =, —, 1, —, x*, - —|
2 3 2 3 2 3 2 3 2 3 2 3

Problem 1030: Result unnecessarily involves higher level functions.

J ! dx
x* (1-x2)%? (3+x2)?

Optimal (type 4, 581 leaves, 9 steps):
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3 (1721/3 (17)(2) 1/3

11 (1-x2)?2 11 (1-x2)?2 (1-x2)?7 11 x 11A'“CTa”[g] 11 ArcTan | . 11 ArcTanh [x]
- + + - + + - +
216 X3 648 x 24%3 (3+x%) 648 (1 -3 - (1-x) 1/3) 216 22/3+/3 216 22/3+/3 648 « 22/3

114/2++/3 (1 - (1-x?) 1/3) 1+ (1) V2 (1622 EllipticE [ArcSin| M} , ~7+4+/3 ]

X /3\ 2 1/3
11 ArcTanh | o e ] (13 - (122)"?) 143 - (1-¢)
- +
216 22/ ,
432 334y |0
(17\57(142)1/3)2

(4 y2\1/3 1+ (1-x2) Y34 (1-x2) %3 R cor1e/3 - (12)R
11 (1- (1-x2) "7 P ElllptlcF[Ar‘cSln[—(—)—17\57(142)1/3}, 7+4+/3 ]

1/3
324ﬂ/2 31/4X 741’(1’_)(2);

2

(1-V3 - (1))
Result (type 6, 246 leaves):
2 4 6 4 11 3, x2
-216 + 216 X2 + 33 x* - 33x° + | 2079 x* AppellF1[~, —, 1, =, x?, - —] /
2 3 2 3
11 3 , X2, 31 5 , x2 34 5 , X2
9AppellFl[—, =, 1, =, x*, - —| +2x> | -AppellF1[ =, =, 2, —, x?, - —] +AppellF1| =, —, 1, =, x*, - —| || +
273 2 3 2 3 2 3 23 2 3
. 3.1 5 , X 3.1 5 , X
55x° AppellFl[ =, =, 1, =, x?, - —] / 15 AppellF1[ =, =, 1, =, x%, - —| +
2 3 2 3 2 3 2 3
5 1 7 X2 5 4 7 x?
2 x? (—AppellFl[—, =, 2, =, x*, - —| +AppellF1][ =, —, 1, —, x*, - —]| ]]/ (1944x3 (1—x2)1/3 <3+x2))
23 2 3 23 2 3

Problem 1031: Result unnecessarily involves higher level functions.

7

J X dx
(2-3x%)Y* (4-3x2)

Optimal (type 3, 136 leaves, 10 steps):

56 16 2 32 V2 -V2-3x2 32 V2 +2-3x2
2 (2-3x2)70 0 2 (2-35) 7% S (2-353) 14 25 2% ArcTan + 2% 2V4 ArcTanh| *
243 567 891 81 23/4 (2,3)(2)1/4 81 23/4 (2,3)(2)1/4

Result (type 5, 76 leaves):
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1/4
2 [-3424 + 4056 x2 + 1242 x* + 567 x6 - 14784 (ii—xi) Hypergeometric2Fi | i, i >, 2] )
-3 X

18711 (2 - 3x2)1/4

Problem 1032: Result unnecessarily involves higher level functions.

X5
dx
J(23x2)1“‘ (4-3x%)

Optimal (type 3, 121 leaves, 7 steps):

4 2 8 V2 -v2-3x%2 8 V2 V2 -3 x2
— (2—3x2>3/4—— <2—3x2)7/4+— 2Y4 ArcTan| X + — 2% ArcTanh : X
27 189 27 234 (232 V4 27 24 (2 32)1/4

Result (type 5, 71 leaves):

, s 2.3x2\1/4 . i 1 5 2
2 (—24+30x +9x* - 112 (4—_3X2) Hypergeometric2F1[+, 7, 2 ])

189 (2 -3 x2) 1/4

Problem 1033: Result unnecessarily involves higher level functions.

X3
dx
J(2—3x2)1/4 (4-3x?)

Optimal (type 3, 106 leaves, 4 steps):

2 2 V2 -2-3x%2 2 V2 V2 -3x2
— (2 -3 x2)3/4 +— 214 Ar‘cTan[ X + =  2Y4ArcTanh °
27 9 23/4 (2—3x2)1/4 9 23/4 <2_ 3x2)1/4

Result (type 5, 66 leaves):

5 2.3x2\1/4 . 1 1 5 2
4-6x°+24 (—4_3)(2) Hyper‘geometr‘1c2F1[4, 2’ 2 ]

27 (2- 3x2)1/4

Problem 1035: Result unnecessarily involves higher level functions.

J 1 dx
x (2-3x2)Y* (4-3x2)

Optimal (type 3, 145leaves, 8steps):
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Ar‘cTan[M)l/—m} /-\r‘cTan[ﬁ’ 2-3x2 ] Ar‘cTanh[(z'“Z)m] Ar‘cTanh[ﬁ* 2.3 ]

21/4 . 23/4 (273 Xz) 1/4 B 1/4 . 23/4 (273 Xz) 1/4
4 21/4 4 23/4 4 21/4 4 23/4
Result (type 6, 140 leaves):
5 1 9 2 4
54 x> AppellFl[ =, =, 1, =, s ] /[5 (2-3x2)Y* (~4+3x2)
4" 4 4 3x*> 3x?
5 5 1 2 4 9 1 13 2 4 9 5 13 2 4
(27x AppellFl| =, =, 1, =, ——, ——| +2 [SAppellFl[—, =, 2, =, ——, —— | +AppellF1[~, =, 1, —, —, —] ])
4 4 4 3x? 3x? 4 4 4 3x%2 3x? 4 4 4 3x%2 3x?
Problem 1036: Result unnecessarily involves higher level functions.
1
J dx
x? (2-3x%)Y* (4-3x2)
Optimal (type 3, 163 leaves, 14 steps):
2-3x2) Y4 ArcT A2 -4/2-3x2 2o3y2) V4 ArcTanh V2 +4)2-3%2
(273x2)3/4 9Ar*cTan[j?)—] 3 Arc a“[zs/,,, (2_3)(2)1/4] 9Ar‘cTanh[1?)—] 3 ArcTan [23/4 (2_3)(2)1/4]
- + + - +
16 x2 32 2l/4 16 2374 32 24 16 2374
Result (type 6, 263 leaves):
1 5 4 1 3x2 3x?
-10+15x? + (180 x* AppellF1[1, —, 1,2, —, —| /
gox? (2-3x%)%* 4 2 4
) 1 3x* 3x? ) 1 3x* 3x? 5 3x* 3x?
(-4+3x%) |16 AppellF1][1, .’ 1, 2, - T] +3x? |2 AppellFi[2, 2 2, 3, - T] + AppellFi|2, 2 1, 3, - T} +
. 5 1 9 2 4
[972x AppellFl{—, = 1, = —, —} /
4 4 4 3x? 3x?
5 5 5 1 9 2 4 9 1 13 2 4 9 5 13 2 4
((—4+3x ) |27 X2 AppellF1][ =, =, 1, =, ——, —— | +2 (8AppellF1[f, =,2, —, ——, ——| +AppellF1][ =, =, 1, —, ——, })]]
4 4 4 3x* 3x? 4 4 4 3x2 3x? 4 4 4 3x2 3x?

Problem 1037: Result unnecessarily involves higher level functions.

x4
dx
J(2—3x2)1/4 (4-3x?%)

Optimal (type 4, 164 leaves, 6 steps):
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4 21/4 ArcTan[M] 4 21/4 Ar‘cTanh[m} 16 21/4 ElllpthE{%Af‘CSln[\/E X], 2}

ERAT LEETETA EFTEEUAN
45 9+/3 9+/3 15+/3

Result (type 6, 273 leaves):

1 ) 11 3 3x* 3x?
————————2x |2-3x*+ |32AppellF1[~, =, 1, =, —, —] /
45 (2-3x2)%/* 2 4 20 2 4
5 11 3 3x* 3x? 3.1 5 3x? 3x? 3 5 5 3x2 3x?
(-4+3x) |4AppellF1][ =, ~, 1, =, —, | +x* |2AppellFi[ =, =, 2, =, ——, ——| +AppellF1[~, =, 1, =, —, —| -
2 4 20 2 4 2 4 20 2 204 20 2 4
3 1 5 3x? 3x?
240 x? AppellF1[ =, ~, 1, =, —, —| /
2 4 20 2 4
5 31 5 3x2 3x2 5 5 1 7 3x2 3x2 5 5 7 3x2 3x2
(-4+3x%) |20AppellF1[ =, ~, 1, =, ——, ——] +3x? |2AppellF1|~, =, 2, —, ——, —— | +AppellF1[~, =, 1, —, ——, —|
2 4 20 2 4 2 4 20 2 4 2 4 20 2 4
Problem 1038: Result unnecessarily involves higher level functions.
XZ
J dx
(2-3x2)Y* (a-3x2)
Optimal (type 4, 148 leaves, 4 steps):
21/4ArcTan[m} 21/4ArcTanh[M} 2 21/4 Ellipticg[lApcsin[ 3 x}, 2]
\/?X (273 X2)1/4 \/?X <273 X2)1/4 2 2
N _
3/3 343 343
Result (type 6, 140 leaves):
3 1 5 3x%> 3x?
( 20 X3 AppellF1[ =, =, 1, =, —, —] / 3(2-3x2)Y* (~4+3x%%)
2 4 20 2 4
3 1 5 3x? 3x? 5 5 1 7 3x* 3x? 5 5 7 3x* 3x?
20 AppellF1[ =, =, 1, =, ——, ——] +3x? |2AppellF1| =, =, 2, —, —, ——| +AppellF1[ =, =, 1, -, —, —|
2 4 20 2 4 2 4 20 2 4 2 4 20 2 4

Problem 1039: Result unnecessarily involves higher level functions.

J 1 dx
(2-3x2)Y% (a-3x2)

Optimal (type 3, 120leaves, 1step):
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Ar‘cTan[Lz’ﬁ 2:3x | ArcTanh| 202 123 ]

2443 x (2-3x2) Y/ 2443 x (2-3x2) Y/
+
2 2344/3 223443
Result (type 6, 135leaves):

1 1 3 3x2 3x?
( 4xAppellFl[=, =, 1, =, —, —] /((23x2>1/4 (-4+3x2)
2 4 20 2 4
1 1 3 3x2 3x2 3 1 5 3x2 3x2 3 5 5 3x2 3x2
4 AppellFl|[—, =, 1, =, ——, =] +x* [2AppellF1[~, =, 2, =, ——, =] +AppellF1|[ =, =, 1, =, —, —]
2 4 20 2 4 2 4 20 2 4 2 4 20 2 4

Problem 1040: Result unnecessarily involves higher level functions.

J 1 dx
x2 (2—3x2)1/4 (4-3x2)

Optimal (type 4, 166 leaves, 5 steps):

(2-3x2) ¥ /3 ArcTan| Zﬁz . 32)(23)?/4 ] /3 ArcTanh| ZEZ . 32)(23;/4 ] /3 EllipticE| . ArcSin| : x|, 2]
- + +

8 X 8 23/4 8 23/4 N 4 23/4

Result (type 6, 152 leaves):

30 x* AppellF1| 2, 7,1,7, )
-2+3x2- E

(-4+3x2) (20Appe11F1{§ ,3T]+3x (2 AppellFl[;

8 x (2-3x2)1/4

Problem 1041: Result unnecessarily involves higher level functions.

j 1 dx
x* (2-3x%)Y% (4-3x2)

Optimal (type 4, 184 leaves, 8steps):
3\/—ArcTan[M] BWArcTanh[m} 3\/?EllipticE[§Ar'cSin[ l% x|, 2]

(2-3x2)%* 3(2-3x2)°"* 3 x (2-3x7) 1 T x (2-350) Y
- - + +

24 x3 16 x 32 23/4 32 2%/4 8 234

Result (type 6, 156 leaves):
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1 238 [ 2+9% 13 3 3x2 3%
= (2-3x%) - =+ |9xAppellF1[—, - =, 1, —, s ] /
8 6X3 2 4 2 2 4
R 1 3 3 3x2 3x? 5 3 3 5 3x2 3x?
(-4+3x%) |4AppellF1|—, - —, 1, =, =, = =] +x* |2AppellF1[~, - —, 2, ~, =, = | - 3 AppellF1]
20 4 20 2 4 2 4 20 2 4

Problem 1042: Result unnecessarily involves higher level functions.

X7
dx
J(—2+3x2) (-1+3x2)%*

Optimal (type 3, 78 leaves, 7 steps):

14

(-1+3x2)%" . (-1+3x%)7" 2 (-1+3x2)"% iArcTan[(—1+3x2)1/“] - iArcTanh[(-1+3x2)1“‘}
243 567 891 81 81

Result (type 5, 74 leaves):

1/4
2 (-428 +1014 x2 + 621 x* + 567 x5 - 1848 (%) Hypergeometric2F1[ 2, &, >, 1] )

18711 (-1 + 3x2)1/4

Problem 1043: Result unnecessarily involves higher level functions.

5

J X dx
(-2+3x2) (-1+3x2)1*

Optimal (type 3, 63 leaves, 7 steps):

2 (—1+3x2)3/4+ 2 (—1+3x2)7/4+ iAr‘cTan[(—1+3x2)1/4} - iAr‘cTanhH—1+3x2)1/4]
27 189 27 27

Result (type 5, 69 leaves):

2 4 1-3x2\1/4 ; 1 1 5 1
2 (—6+15x 1 9x4 28 (HXZ) Hypergeometric2F1[2, %, 2, ]

189 (-1+ 3x2)1/4

Problem 1044: Result unnecessarily involves higher level functions.

X3
dx
J(—2+3x2) (-1+3x2)Y*

Optimal (type 3, 48 leaves, 6 steps):

3
2

)

1
4
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2 2 2

= (-1+3x3)%*+ = ArcT ~1+3x3) Y% - = ArcTanh[ (-1+3x2)Y*
27( x?) 9r‘can[( x?) ] 9r‘can[( x?) ]
Result (type 5, 34 leaves):

2 3

7
— (—1+3x2)3/4 1- 2 Hypergeometric2F1[ =, 1, —, -1+ 3x?]
27 4 4

Problem 1046: Result unnecessarily involves higher level functions.

j 1 dx
x (-2+3x%) (-1+3x2)1*

Optimal (type 3, 173 leaves, 16 steps):
lAr'cTan[(flJerz)lM] +Ar‘cTan[l—x/? <—1+3x2)1/4] 7Ar‘cTan{1+ﬁ (—1+3x2)1/4} i
2 22 22
1 var Log[1-+v2 (-1+3x3)Y* 41432 ] Log[1+/2 (-1+3x%)Y*4/-143x%% ]
—ArcTanh|[ (-1+3x*)"*] - .
2 4~2 42
Result (type 6, 137 leaves):

5 1 9 1 2
7( 54 x% AppellF1[=, =, 1, =, —, —] /[5 (-2+3x%) (-1+3x2)"*
4" 4 4 3x*> 3x?
R 5 1 9 1 2 9 1 13 1 9 5 13 1 2
27 x* AppellFl[ =, =, 1, =, —, | +8AppellF1[ =, =, 2, —, —, | +AppellF1] =, =, 1, —, —— ]
4 4 4 3x2 3x? 4 4 4 3x* 3x? 4 4 4 3x2 3x°

Problem 1047: Result unnecessarily involves higher level functions.
J 1
x3 (-2+3x2) (—1+3x2)1/4

dx

Optimal (type 3, 191 leaves, 17 steps):

(-1+3x2)%* 9ArcTan[1-+/2 (-1+3x2)Y*]  9ArcTan[1++/2 (-1+3x2)"*]
- + -

+ = ArcTan[ (-1+3x%)"*]

4 x2 4 82 82
3 vay 9Log[1-+/2 (-143x2)Y* 4/ -143x2 ] 9log[1++/2 (-1+43x2)V* 41432 ]
= ArcTanh| (-1+3x2)"*] - +
4 162 16+/2

Result (type 6, 252 leaves):
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1

1 3 x?
[515 x? - |90 x* AppellF1[1, —, 1, 2, 3x?, —| /
20x% (-1+3x2)Y* 4 2
) 1 , 3x? 5 1 , 3x2 5
(-2+3x%) |8AppellF1[1, —, 1,2, 3x%, | +3x% |2AppellF1[2, ~, 2, 3, 3x%, | + AppellF1[2, =, 1,
4 2 4 2 4
. 5 1 9 1 2
[486x AppellFl| =, —, 1, —, y ——] /
4 4 4 3x?* 3x?
5 1 9 1 2 9 1 13 1 2 9 5
((—2+3x2) 27 x? AppellFi[ =, —, 1, =, s | +8AppellF1[~, =, 2, —, —, | + AppellF1|[ =, =
4 4 4 3x* 3x? 4 4 4 3x2 3x2 4 4
Problem 1048: Result unnecessarily involves higher level functions.
X4
J dx
(-2+3x2) (-1+3x2)1*
Optimal (type 4, 244 leaves, 12 steps):
3
2 8x (-1+3x2)1* 2
—x (-143x2)7% ( ) = ArcTan| -
45 15 (1+\/—1+3x2) +3x2)1/4
V=143 | EllipticE[2ArcTan| (-1+3x2)*%], 1]
3 l-v-\/—l-v-?yx2 2
1 2
~ | = ArcTanh]| - +
91/ 3 (-1+3x2) 1/4 15/3 x
e — (1+\/—1+3x2 ) EllipticF[2ArcTan|(-1+3x2)"*], %]
[1+\/—1+3XZ 2

15+/3 x
Result (type 6, 257 leaves):
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1 - 11 , 3x2
2x |-1+3x%- [4AppellF1[—, =, 1, —, 3x?, —] /
45 (-1+3x2)Y* 274 2 2
5 11 3 , 3x? 3.1 5 , 3x2 3 5 5 , 3x?
(-2+3x2) |2AppellF1][ =, =, 1, =, 3x?, | +x? |2AppellF1] =, =, 2, =, 3x?, —| +AppellF1[~, =, 1, =, 3x?, —| +
2 4 2 2 2 4 2 2 2 4 2 2
3.1 5 , 3x?
60 x2 AppellF1[=, =, 1, =, 3x2, —]| /
2 4 2 2
5 3.1 5 , 3x2 5 1 7 5 2 5 5 7 , 3x2
(-2+3x?) |10 AppellF1[ =, ~, 1, =, 3x?, —| +3x? |2AppellF1[ =, =, 2, —, 3x?, —| +AppellF1[ =, =, 1, —, 3x?, —|
2 4 2 2 2 4 2 2 4 2 2
Problem 1049: Result unnecessarily involves higher level functions.
X2
J dx
(-2+3x%) (-1+3x2)Y*
Optimal (type 4, 224 leaves, 7 steps):
/z, X /; -1+3x2 ) EllipticE[2ArcTan|(-1+3x2)"*], ﬂ
2% (—1+3x2)1/4 Ar‘cTan[ (_1+3X2)1/,4} Ar‘cTanh C1n) 1/4 1+ 71+3x2
- +
3(1+\/—1+3x2) 36 3W 3+/3 x
—x (1+\/—1+3x2 ) EllipticF[2ArcTan|(-1+3x2)"*], 2]
[1+w -1+3x2 2
3\Ex
Result (type 6, 132 leaves):
31 5 3 x?
10 X3 AppellF1[ =, =, 1, =, 3x?, —X] /[3 (-2+3x%) (-1+3x2)"*
2 4 2 2
31 5 , 3x2 5 1 7 , 3x2 5 5 , 3x?
10 AppellF1[ =, =, 1, =, 3x?, —| +3x? |2AppellF1[~, =, 2, —, 3x?, — | +AppellF1[~, =, 1, —, 3x?, —|
2 4 2 2 2 4 2 2 2 4 2 2

Problem 1050: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J ! dx
(-2+3x2) (-1+3x2)1*

Optimal (type 3, 61leaves, 1step):
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3 3
2

Ar‘cTan : ArcTanh
-1+3 X2 1/4 ~1+3 XZ 1/4
2 \/_ 2 v_
Result (type 6, 127 leaves):
11 3 , 3x2
2xAppe11F1[f - —, 3x°, 7] /
2 4 2 2

((-2+ 3x2) (-1+3x%)Y* {2AppellF1[1
2

Problem 1051: Result unnecessarily involves higher level functions.

dx

1
sz (-2+3x2) (—1+3x2)1/4

Optimal (type 4, 246 leaves, 8 steps):

(-1+3x2)>*  3x (-1+3x2)Y" 1 |3
_ + -~ | = ArcTan|
2x 2(1+\/—1+3x2) 40 2 (-

V3

ﬁ
X

ﬁ‘
X

1+3x2)1/4

2 |2 AppellFi[ =,

— > (1+7/-1+357 | EllipticE[2 ArcTan[ (-
1+4/ 71+3X2)

2

1+3x2)1/4], i}

1 3
- | = Ar‘cTanh[ ] -
4 2 (-1+3x2)%*

2 X

V3 % (1+m) EllipticF[ZAr‘cTan[(—1+3x2)1/4}, i]

[1+\ -1+3x2

4 x

Result (type 6, 144 leaves):

15 x4 AppellFl[i

323x

1-3x2+
(-243%2) (10Appe11F1B >

1,%,3%, %} 3% (2 Appe11F1[

5 1
2,12,
4

7 2, 3x? 5
Y 3 %AppellFl X

5
4

7
1,;,3x —

2x (-1+3x%)%*

N|UJ

H |
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Problem 1052: Result unnecessarily involves higher level functions.

1
Jx4 (-2+3x?) (—1+3x2)1/4

dx

Optimal (type 4, 264 leaves, 14 steps):

3
(-1+3x2)%* 3 (-1+3x%)%*  9x(-143x2)Y* 3 |3 \ 2 *
_ _ + - = — Ar‘cTan[—
) 8 2 (

6 x 2x 2(1+\/71+3X2 ~1+3x%)Y*

373 | (1+7/-1+3>7 | EllipticE[2ArcTan[ (-1+3x2) "], 2]
\/?X 14/ -1+43 %2 2
32 ArcTanh| ] - +
81 2 (~1+3x2)%* 2%
373 | ——— (1+7/-1+357 | EllipticF[2ArcTan[ (-1+3x2) ], 2]
[1+\/ 71+3X2) 2
4 X

Result (type 6, 148 leaves):

1 1+9x? 1 3 3 3 x?
= (—1+3x2)3/4 (—;+ 9x AppellFl[—, - =, 1, —, 3x%, —}]/
2 3x3 2 4 2 2
5 1 3 3 , 3x2 5 3 3 5 , 3x2 3 1 5 , 3x2
(-2+3x2) |2AppellF1|~, - =, 1, =, 3x%, ——| +x? |2AppellF1[~, - =, 2, =, 3x*, =] -3 AppellfF1[~, =, 1, —, 3x?, —|
2 4 2 2 2 4 2 2 2 4 2 2

Problem 1053: Result unnecessarily involves higher level functions.

x2
dx
J<2+3x2)3/4 (4+3x2)

Optimal (type 3, 129leaves, 1step):

3/4 1/4 2 3/4_ 1/4 2
Ar‘cTan[Z 23/442 2Y /2+3/x } Ar‘cTanh[zz 2.2 \2+3/X }
24/3 x (2+3x2)V* 2+/3 x (2+3x2)7*

- +

3.2144/3 321443
Result (type 6, 142 leaves):
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3 3 5

) 1: -

2 4 2 2 4

3 5 3 x2 3 x2 5

-20AppellF1| =, =, 1, =, - ~——, - ——| +3x> |2 AppellF1]
2 2 4

20 x> AppellFi|

/[3 (2+3x%)%* (4+3x%%)

)

N |
»jw

3
4

N

Problem 1054: Result unnecessarily involves higher level functions.

2

J X dx
(2-3x2)%* (4-3x?)

Optimal (type 3, 120leaves, 1step):
Ar‘cTan[Lz’ﬁ 2:3x } Ar‘cTanh[Lpﬁ 2:3x }

21/4 \E x (273 xz) 1/4 21/4 \E X (273 xz) 1/4
3.2144/3 321443
Result (type 6, 142 leaves):

|

3 33
20 x> AppellFi[ =, =, 1

3(2-3x%)%" (~4+3x?)
2 4 27 2 4

-
|
-
-
-

3 5 3x% 3x? 2
y Tl =y —, 7] +3X

3
= 2 AppellF1]
2 4 20 2 4

)

(2@ AppellF1|

3
a7 27 2

N U

Problem 1055: Result unnecessarily involves higher level functions.

2

J X dx
<2+bX2)3/4 (4+bX2>

Optimal (type 3, 124 leaves, 1step):

2 2%/442 2Y44[24b %2 22342 2V/4/2:+b%?
ArcTan - ArcTanh
[ 24 x (2bx2) V" ) : 2b x (2+bx2)Y* }
_ +
21/4 p3/2 21/4 p3/2

Result (type 6, 150 leaves):
3 3 5 b x2 b x?

—( 203 AppellFl[~, =, 1, =, - —, - —] / [3 (2+bx2)3’/4 (4+bx?)
2 4 2 2 4

3 5 b x? b x? ,

=1, =, - —, 7—} +bx

4 2 2 4

)

-20 AppellF1|

N w

2 AppellF1]

)

7 3x?
32, =, - - } +3Appe11F1[
2 4

2

x2

3 x2

2




Problem 1056: Result unnecessarily involves higher level functions.

2

J X dx
(2-bx?)%* (4-bx?)

Optimal (type 3, 119leaves, 1step):
ArcTan[Lz’ﬁ 26X ] Ar‘cTanh[Lpﬁ 26X ]
2Y4/b x (2-bx2)Y* 2Y4/b x (2-bx2) "

21/4 b3/2 - 21/4 b3/2

Result (type 6, 151 leaves):

3 5 bx? bx?
( 203 AppellF1[ =, =, 1, =, —, —| /(3 (2-bx2)** (~4a+bx?)
204 20 2 4
3 3 5 bx? bx? ) 5 3 7 bx?
20 AppellF1[ =, =, 1, =, —, — ] +bx? |2 AppellF1] =, =
2 4 20 2 4 2 4 20 2

Problem 1057: Result unnecessarily involves higher level functions.

2

J x dx
(a+3x2)3/4 (2a+3x2)

Optimal (type 3, 120leaves, 1step):

23/4 1+‘/a*;"2] 23/4 17\/3-4%]
I 5
ArcTan[————-]  ArcTanh| ———=—"|
V3 x (as3x2) Y/ V3 x (as3x2) Y/
- +
3+/3 al/4 3+/3 al/4

Result (type 6, 162 leaves):

; 3 3 5 3x2  3x2
-|1]10ax AppellFl[—, 51, = -—, ——]
2 4 2 a 2a
3 5 3 x2 3 x2 5
=, 1, =, -——, -——] +3x* |2AppellF1|
4 2 a 2a

/(3 (a+3x2>3/4 (2a+3x%)

7

J

[—10 aAppellF1]|

N w
N U

Bw

J

2

Problem 1058: Result unnecessarily involves higher level functions.

2

J X dx
(a—3x2)3/4 (2a-3x2)

b x
52, =5 —, ——| +3AppellF1]
4

52, =y -, - ——| +3AppellF1]|

N |
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460 | 1.1.2 Quadratic.nb

Optimal (type 3, 120leaves, 1step):

(432 (32
e il
ArcTan|[————-] ArcTanh|[ ———=—-]
\/?x(a—sz)l/4 \/?x(a—3x2)1’4
3+/3 a4 3+/3 al/4
Result (type 6, 162 leaves):
3 3 5 3x2 3x2
—([10ax3AppellF1[—, 2,2, 2 —X] /(3 (a-3x2)** (~2a+3x?)
2 4 2 a  2a
3 3 5 3x2 3x? 5 5 3 7 3x%* 3x? 5 7
10 a AppellFl| =, =, 1, =, B | +3x% [2AppellF1[ =, =, 2, =, —, | +3AppellF1[ =, —
2 4 2 a 2a 2 4 2 a 2a 2 4
Problem 1059: Result unnecessarily involves higher level functions.
XZ
J dx
(a+bx2)3/4 (2a+bx2)
Optimal (type 3, 115leaves, 1step):
ad/4 |14 020X N:z ] ad/4 120X aﬁz ]
Ar‘cTan[g\“a—/} Ar‘cTanh[ -2 }
Wx(a+bxz)1’4 \mx(aafbxz)l/4
- al/4 p3/2 al/4 p3/2
Result (type 6, 171 leaves):
3 3 5 bx2 bx?
[10ax3AppellF1[, =1, =, —7)(, —7)(] / [3 (a+bx2>3/4 (2a+bx2)
2 4 2 a 2a
3 3 5 b x2 b x2 5 5 3 7 b x2 b x2 5
1@ aAppellFl|~, =, 1, =, -——, - ——| -bx? |2AppellF1[ =, =, 2, —, -——, - —— | + 3 AppellF1|—,
2 4 2 a 2a 2 4 2 a 2a 2

Problem 1060: Result unnecessarily involves higher level functions.

2

J X dx
(a—bx2)3/4 (2a-bx?)

Optimal (type 3, 119leaves, 1step):

ad/4 (1+7\/a bx ]

El

Ar‘cTan[%/a—/] ArcTanh |
Vb x (a-bx?)¥* Vb x (a-bx?)¥*

al/4 p3/2 gl/4 p3/2

23/4 [17\/‘3 bx? ]

]
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Result (type 6, 168 leaves):

3 3 5 bx? bx?
[10ax3AppellF1[, =1, =, —, —] /(3 (a-bx?)** (2a-bx?)
2 4 2 a 2a
3 3 5 bx? bx? B 5 3 7 bx?* bx? 5 7 7 bx?* bx?
10 aAppellFl|~, =, 1, =, —, — | +bx? |2AppellF1[ =, =, 2, —, ——, —— | +3AppellF1| =, —, 1, -, —, —|
2 4 2" a  2a 2 4 2" a 2a 2 4 2" a  2a

Problem 1061: Result unnecessarily involves higher level functions.

7

J X dx
(2-3x%)%* (4-3x2)

Optimal (type 3, 188 leaves, 20 steps):

e (2-3x2)Y" - 16 (2-3x%)°%+ 2 (2-3x%)%" - 16 224 ArcTan |1+ (4-6x%)Y*] + 16 224 ArcTan[1-2Y4 (2-3x2)Y*] 4
81 405 729 81 81
224 Log[2 - 224 (2-3x%) Y 4qf2-3%2 | - B gy Log[v2 +2%% (2-3x%)Y*4+)2-3x |
81 81

Result (type 5, 76 leaves):

3/4
2 (-2272 +3096 x2 + 378 x* + 135 x° - 960 (ﬁ) Hypergeometric2Fi[2, 2, 7, 2] )

3645 (2 - 3x?) 3/4

Problem 1062: Result unnecessarily involves higher level functions.

5

J X dx
(2-3x2)%* (a-3x?)

Optimal (type 3, 173 leaves, 17 steps):

4 (2—3x2)1/4— 2 (2—3x2)5/4— 4 234 ArcTan |1 + (4—6x2)1/4] + 4 2¥%ArcTan |1 -2%/4 (2—3x2)1/4} +
9 135 27 27

224 Log[V2 - 224 (2-3x2) M 4 q[2-3x%7 | 2 224 Log[V2 + 224 (2-3x%) Y 4 q[2-3%2 ]

27 27

Result (type 5, 74 leaves):

2-3x2
4-3 x?

405 (2 - 3x2>3/4

3/4
2 (3 (~56 + 78 x2 + 9 x4) —80( ) Hypergeometric2F1[2, 2, 7, -2 ])
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Problem 1063: Result unnecessarily involves higher level functions.

X3
dx
J(2—3x2)3/4 (4-3x?)

Optimal (type 3, 158 leaves, 14 steps):

9

(2-3x%)Y%- : 224 ArcTan |1+ (4-6x%)Y%] + :
9

9

2*/*ArcTan[1-2Y4 (2-3x%)%%] +

Log[v2 -2%/% (2-3x2)Y*+/2-3x2 ] Log[V2 +2¥% (2-3x?)Y*+V2-3%? |

9 21/4

9 21/4
Result (type 5, 66 leaves):
_ 2_ g (2232234 ; 3 3 7 _2
2 ( 6+9x%-4 (4—3x2) Hyper‘geometr‘1c2F1[4, Y 473)(2]

27 (2- 3x2)3/4

Problem 1065: Result unnecessarily involves higher level functions.

Jx(23x2)1 o

7% (a-3x%2)

Optimal (type 3, 197 leaves, 18 steps):
Ar‘cTan[M

/.
21/4

] ArcTan[1+ (4-6x%)Y*]  ArcTan[1-2%/4 (2-3x%)%*]

4 23/4 8 21/4 " 8 21/4
2-3x2)Y*4
ArcTanh [ Z22X02] | (ori 3 938 (2352 Y VT 3 | Log[v2 294 (2-3x2) Y42 3T |
. _
4 23/4 16 21/4 16 21/4
Result (type 6, 139 leaves):
7 3 1 2 4
66 x* AppellFl[—, =, 1, —, ——, —| /(7 (2-3x2)%* (~4+3x2)
4 4 4 3x* 3x?
5 7 3 1 2 11 15 2 4 11
33x?AppellFl[~, =, 1, —, ——, ——| +16 AppellF1[~—, =, 2, —, ——, ——| + 6 AppellF1] —
4 4 4 3x2 3x? 4 4 4 3x2 3x? 4

Problem 1066: Result unnecessarily involves higher level functions.

J ! dx
x3 (2— 3x2)

74 (a-3x%%)
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Optimal (type 3, 215leaves, 24 steps):
(2-3%) 14 15ArcTan| M}

2/ 3ArcTan[1+ (4-6x2)Y*]  3ArcTan[1-2%4 (2-3x2)%*]
- - - . -
16 x? 32 2% 32 2Y/4 32 2Y4
_3,2\1/4
15A”CTa“h[%)—] 3Log[v2 -2%% (2-3x2)Y*+V/2-3x2 ] 3log[V2 +2¥4 (2-3x%)V*+/2-3% |
32  23/4 B 64  21/4 - 64  21/4

Result (type 6, 136 leaves):

1 3 15 2 4
[9@Appe11F1[—, =1, =, —, —] /[11 (2-3x2)%* (~4+3x2)
4 4 4 3x2 3x?
1 3 15 2 4 15 3 19 2 4 15 7 19 2 4
(45x AppellFl[—, =, 1, —, ——, ——| +16AppellF1|—, =, 2, —, ——, —— | +6AppellF1[—, —, 1, —, ——, —| ]
4 4 4 3x2 3x? 4 4 4 3x2 3x2 4 4 4 3x2 3x2

Problem 1067: Result unnecessarily involves higher level functions.

X6
dx
J(2—3x2)3/4 (4-3x?)

Optimal (type 4, 182leaves, 11 steps):
8 23/4ArcTan[i23’/4’21//4 Z’SXZ]

ﬂx (2,3)(2>1/4+ ixa (2*3X2>1/4+ V3 x (2-32) Y

567 63 273

8 23/4 ArcTanh| 242323 1 166 23/4 E1lipticF [ L Arcsin]

ﬁ‘
>
:
N

V3 x (2-3x2)V*
27+/3 567 /3
Result (type 6, 282 leaves):
1 5 . 1 3 3x? 3x2
2x |80 -102x%-27x*+ |1280 AppellF1|—, =, 1, =, —, —| /
567 (2-3x2)°* 2’ 20 2

4
3 5 3x% 3x?
4

R 1 3 3 3x2 3x? 3 3 7 5 3x2 3x2
(-4+3x%) |4AppellF1|—~, =, 1, =, —, ——] +x® |2AppellF1[ =, =, 2, =, ——, ——] +3AppellF1[ =, —, 1, =, —, —] -
2 4 20 2 4 2 20 2 4 2 4 20 2 4
3 3 5 3x2 3x2
4960 x* AppellF1[ =, =, 1, =, —, —] /
24 20 2 4
5 3 3 5 3x? 3x? 5 3 7 3x% 3x? 5 7 7 3x2 3x?
(-4+3x%) |20AppellF1[ =, =, 1, =, —, —— ] +6x*AppellF1|~, =, 2, —, —, —— | +9x?AppellF1l[—, —, 1, —, —, —|
24 20 2 4 2 4 20 2 4 2 4 27 2 4
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Problem 1068: Result unnecessarily involves higher level functions.

X4
dx
J(z-sxz)”4 (4-3x?)

Optimal (type 4, 164 leaves, 8 steps):

V3 x (2-3x2)Y4 V3 x (2-3x2)Y*

—x (2-3x2)V%

2 . 23/4 Ar‘cTan[m] 2 23/4 APCTanh[m} 4 - 23/4 EllipticF[%Ar‘cSin[ % X}, 2]

27 943 94/3 273
Result (type 6, 277 leaves):
1 X 1 3 3 3x2 3x?
—————————2x|2-3x*+ |32AppellF1[—, =, 1, =, —, —] /
27 (2-3x2)%" 2 4 20 2 4
R 1 3 3 3x2 3x? 3 3 5 3x2 3x2 3 7 5 3x2
(-4+3x%) |4AppellF1|~, =, 1, =, —, ——] +x® |2AppellF1[ =, =, 2, =, ——, ——] +3AppellF1[~, —, 1, =, —, —]
2 4 20 2 4 2 4 20 2 4 2 4 20 2
3 3 5 3x2 3x?
160 x> AppellF1[ =, =, 1, =, —, —| /
2 4 2" 2 4
X 3 3 5 3x2 3x2 5 3 7 3x2 3x2 5 7 7 3x2
(-4+3x%) |20AppellF1[ =, =, 1, =, —, —— | +6x*AppellF1|~, =, 2, —, —, —— | +9x?AppellF1[~, —, 1, —, ——, ——
2" 4 20 2 4 2 4 20 2 4 2 4 20 2
Problem 1069: Result unnecessarily involves higher level functions.
X2
J dx
(2-3x2)°* (4-3x%?)
Optimal (type 3, 120leaves, 1step):
Ar‘cTan[L/z'ﬁ 23x -] ArcTanh| /2+ﬁ 23 -]
2Y/44/3 x (2-3x2)* 2Y/44/3 x (2-3x2)7*
3. 2144/3 3. 2144/3
Result (type 6, 142 leaves):
3 3 5 3x2 3x2
( 20 X% AppellF1[ =, =, 1, =, = —X] / 3(2-3x2)%*% (-4+3x%%)
2 4 20 2 4
3 3 5 3x2 3x? ) 5 3 7 3x% 3x? 5 7 7 3x2 3x?
20 AppellF1[~, =, 1, =, ——, ——| +3x? |2AppellF1|~, =, 2, —, ——, ——] +3AppellF1[~, —, 1, -, —, —|
2 4 27 2 4 2 4 27 2 4 2 4 27 2 4
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Problem 1070: Result unnecessarily involves higher level functions.

J 1 dx
(2-3x%)%* (4-3x2)
Optimal (type 4, 148 leaves, 3 steps):

Ar'cTan [ 23/4721/4 2.3x2 ] Ar‘CTanh [ 23/4+21/'4 2.3 x2 ] ElliptiCF [ 1 Ar‘cSin [ 3 X} , 2}
V3 x (2-3x2)Y4 V3 x (2-3x2) Y/ 2 2
+

4. 2Y44/3 4. 2Y44/3 2 2144/3

Result (type 6, 137 leaves):

1 3 3 3x2 3x?
-( 4xAppellF1[=, =, 1, =, ——, —] /((2—3x2>3/4 (-4+3x?)
2 4 20 2 4
1 3 3 3x? 3x? , 3 3 5 3x? 3x? 3 7 5 3x? 3x?
4 AppellFl[ =, =, 1, =, —, | +x* |2AppellFl[ =, =, 2, =, —, | +3AppellF1[ =, —, 1, =, —, ]
2 4 20 2 4 2 4 20 2 4 2 4 27 2 4

Problem 1071: Result unnecessarily involves higher level functions.

J L dx
x2 (2—3x2)3/4 (4—3x2)
Optimal (type 4, 166 leaves, 7 steps):
2 3]s ﬁAman[m} ﬁArcTanh{m] ﬁEllipticF[;APcSin[(x], 2]

3
V3 x (2-3x2) 4 V3 x (2-3x2) 4 2
- + +

8 x 16 2174 16 2174 4 . 21/4

Result (type 6, 140leaves):

1 3 1 3x%2 3x?
[4Appe11F1[—, =1, =, —, —] / x (2-3x3)7* (~4+3x%?)
2 4 20 2 4
1 3 1 3x%2 3x? 5 1 3 3 3x2 x2 1 7 3 3x2 3x2
4 AppellFl[-—, =, 1, =, —, | +3x% [2AppellF1[—, =, 2, =, —/—, | +3AppellF1[ =, —, 1, =, —, —]
2 4 27 2 4 24 20 2 24 20 2 4

Problem 1072: Result unnecessarily involves higher level functions.
1

Jx4 (2—3x2)3/4 (4-3x2)

dx

Optimal (type 4, 184 leaves, 10 steps):
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V3 x (2-3x2) Y4 V3 x (2-3x2) Y/

- +
24 %3 4x 64  21/4

4 41 4, 01/4 - . . 1 . 3
(2-3x2)Y% (2-3x2)Y% 3\/—Ar‘cTan{2/ 203230 ] BﬁArcTanh[iﬂ 2 23"2] 11\/?E111pt1cFBAr'c51n[ ;x],z]

.
64 21/4 32 214

Result (type 6, 142 leaves):

3 3 1 3x* 3x?
—([4Appe11F1[——, =1, =, =, =/ / 3x3 (2-3x2)7% (-4+3x%?)
2 4 20 2 4
3 3 1 3x%2 3x? 1 3 1 3x%2 3x? 1 7 1 3x%2 3x?
~4AppellF1[- =, =, 1, - =, —, ——| +3x? [2AppellF1[- =, =, 2, =, —, | +3AppellF1[-—=, —, 1, =, —, —|
2" 4 20 2 4 2" 4 20 2 2 4 20 2 4

Problem 1073: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

X2
dx
J<2+3x2) (-1+3x2)%*

Optimal (type 3, 61leaves, 1step):

3 3

2 2
Ar‘cTan Ar‘cTanh
~1+3 x2) /4 ~143 x2) 1/“

3 v— 3 v—
Result (type 6, 134 leaves):
5

R 3 3 , 3x? ) 2\ 3/4
10 X3 AppellF1[ =, =, 1, —, 3x?, —| / 3(-2+3x%) (-1+3%%)
2° 4 2 2
3 3 , 3x2 5 3 7 , 3x2 5 7 7 , 3x?
10 AppellFi[ =, =, 1, —, 3x?, =] +3x? |2AppellF1[ =, =, 2, —, 3x?, ——] +3AppellF1[ =, ~, 1, —, 3x?, —|
2 4 2 2 2 4 2 2 2 4 2 2

Problem 1074: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

XZ
J__ 2 1 23/4le
(23x)(13x)

Optimal (type 3, 61leaves, 1step):



3

3
2 2

Ar‘cTan Ar‘cTanh
~1-3x2) Y4 (-1-3x2) 1"‘
3\/ 36
Result (type 6, 134 leaves):
3 5 3x2
10 x> AppellF1[ =, =, 1, =, -3x%, - —| / [3 (-1-3x2)¥* (243x2)
274 2 2
3 3 5 ,  3x? , 5 3
-10 AppellF1l| =, =, 1, =, -3x?, - ——] +3x? |2 AppellFi[ =, =
2 4 2 2 274

Problem 1075: Result unnecessarily involves higher level functions.

2

j X dx
(—2+bx2> (—1+bx2)3/4

Optimal (type 3, 72leaves, 1step):

ArcTan[L} ArcTanh | L}

/[3 (c2+bx2) (-1+bx2)%4

X2

V2 (-1bx?) V4 V2 (-1bx?) V4
\Ebs/z \/jbs/z
Result (type 6, 138 leaves):
3 3 5 , bx?
10 x* AppellF1[ =, =, 1, =, bx?, —]
2 4 2 2
3 3 , bx?
10 AppellF1[ =, =, 1, =, bx?, —] +b
2 4 2 2

Problem 1076: Result unnecessarily involves higher level functions.

X2
j7 _ 2 1 2 3/4dlx
(-2-bx?) (-1-bx?)

Optimal (type 3, 74 leaves, 1step):

Ar‘cTan[%} ArcTanh | 4%
VT (-1-bx2) b VZ (-1-b%?)

3
2 AppellF1|—, =
4

N o

]

V2 b2 _ VT b2
Result (type 6, 143 leaves):

7 ) 3 X
» 2, =, -3x%, - =] +3AppellF1]| -,
2

7 ) X
» 2, =, bx?, ——| +3AppellF1|—,
2 2

N o
&N
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3 3 5 b x2
103 AppellF1[ =, =, 1, =, -bx?, - —| / [3 (-1-bx?)¥* (24 bx?)
2 4 2 2
3 3 5 , bx? 5 5 3 7 , bx? 5 7 7 , bx?
-10AppellFl| =, =, 1, =, -bx?, - ——] +bx? [2AppellF1[~, =, 2, —, -bx?, - ——| +3AppellF1[~, —, 1, —, -bx?, - —|
2 4 2 2 2 4 2 2 204 2 2

Problem 1077: Result unnecessarily involves higher level functions.

2

J X dx
(-2a+3x2) (-a+3x2)%*

Optimal (type 3, 85leaves, 1step):

N w
x
~w
x

/,

a'/* (-a+3x?) /4 ]

ArcTan | ArcTanh |

]

aV/% (~ar3x2)Y/s

34/6 al/* 34/6 al/*
Result (type 6, 164 leaves):

3 3 5 3x2 3x?
[1eax3Appe11F1[—, =1, 5, —/—, —] /(3 (-2a+3x2) (-a+3x2)¥*
2 4 2 a 2a
3 3 5 3x2 3x? 5 5 3 7 3x%2 3x? 5 7 7 3x% 3x?
10aAppellFl| =, =, 1, =, ——, —] +3x? |2AppellF1[~, =, 2, —, ——, ——| +3AppellF1| =, —, 1, —, —, —]
2 4 2 a 2a 2 4 2 a 2a 2 4 2 a 2a

Problem 1078: Result unnecessarily involves higher level functions.

2

dx

J(—2a—3x2) (-a-3x2)%*

Optimal (type 3, 85leaves, 1 step):

N w
x
N w
x

ArcTan| — -] ArcTanh| — -]
at/* (~a-3x2)YV* al/* (~a-3x2)Y*
346 al/4 346 al/?
Result (type 6, 164 leaves):
3 3 5 3 x? 3 x?
[1eax3Appe11F1[—, T / [3 (-a-3x2)** (2a+3x?)
2 4 2 a 2a
3 3 5 3 x2 3 x2 5 5 3 7 3 x2 3 x2 5 7 7 3 x2 3 x2
~10aAppellFl[ =, =, 1, =, - ——, - =] +3x* |2AppellF1[ =, =, 2, —, - ——, - —] +3AppellF1[ =, —, 1, —, - —, -
2 4 2 a 2a 2 4 2 a 2a 2 4 2 a 2a
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Problem 1079: Result unnecessarily involves higher level functions.

x2

J(—2a+bx2) (—a+bx2)3/4

dx

Optimal (type 3, 96 leaves, 1 step):

Ar‘cTan[—,\L] Ar‘cTanh[;L,]
V2 al/4 (7a+bx2)1/‘l V2 at/* (~asbx?)V*

\/731/4 p3/2 \/731/4 p3/2
Result (type 6, 169 leaves):

3 3 5 bx?2 bx?
([1@ax3AppellF1[—, 1,2, 2 —X] /(3 (2a-bx?) (~a+bx?)**
2 4 2" a  2a
3 3 5 bx? bx? , 5 3 7 bx? bx? 5 7 7 bx? bx?
1@aAppellFl[~, =, 1, =, —, —— | +bx? [2AppellF1[—, =, 2, —, —, | +3AppellF1[ =, —, 1, —, —, —]
2 4 2 a 2a 2 4 2 a 2a 2 4 2 a 2a
Problem 1080: Result unnecessarily involves higher level functions.
XZ
J dx
(-2a-bx?) (~a-bx?)**
Optimal (type 3, 98 leaves, 1 step):
ArcTan | —\L] ArcTanh | —\L]
V2 al/* (-a-bx2)¥* V2 al/* (-a-bx?)¥*
\/?31/4 p3/2 \/?31/4 p3/2
Result (type 6, 174 leaves):
3 3 5 bx2 bx2
([16ax3AppellF1[—, 1,2, 2K 7—X] /(3 (~a-bx?)** (2a+bx?)
2 4 2 a 2a
3 3 5 b x2 b x? ) 5 3 7 b x2 b x? 5 7 7 b x2 b x?
10aAppellFl[ =, =, 1, =, - ——, - —| -bx? |2AppellF1[ =, =, 2, =, - ——, - — | +3AppellF1[ =, —, 1, —, - —, - —|
2 4 2 a 2a 2 4 2 a 2a 2 4 2 a 2a

Problem 1081: Result unnecessarily involves higher level functions.

7

J X dx
(-2+3x2) (-1+3x2)%

Optimal (type 3, 78 leaves, 7 steps):
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4 (-1+3x2)M* R (-1+3x2)%% 4 2 (-1+3x2)%% - iAr~cTan[ (-1+3x3)M4] - iArcTanh[(—lJerZ)lM]
81 405 729 81 81

Result (type 5, 74 leaves):

_ 2 4 6 _ 1-3x2)3/4 : 3 03 7 1
2( 284 + 774 x* + 189 x* + 135 x5 — 120 (2_3X2) Hyper‘geometr‘1c2F1[4, 2 ]

3645 (-1+3x2)°"*

Problem 1082: Result unnecessarily involves higher level functions.

XS
J dx
(-2+3x2) (-1+3x2)%
Optimal (type 3, 63 leaves, 7 steps):

2 (-1+3x2)Y% 2 (-1+3x%)%%- iAr«cTan[(—1+3x2)”“] - iArcTanh[ (-1+3x2)"4]
9 135 27 27

Result (type 5, 69 leaves):

3/4
2 (-42 £117 x2 427 x* - 20 ( 13 ) Hypergeometric2F1[2, 2, 7, 1| )

2-3x2

405 (-1 + 3x2)3/4

Problem 1083: Result unnecessarily involves higher level functions.

X3
J dx
(-2+3x2) (-1+3x2)%
Optimal (type 3, 48 leaves, 6 steps):

2 (—1+3x2)1/4— 3Ar‘cTan[ (—1+3x2)1/4} - EAr‘cTanh[ (—1+3x2)1/4}
9 9 9
Result (type 5, 34 leaves):

2 1 5
- <—1+3x2)1/4 1- 2 Hypergeometric2F1[~, 1, =, -1+3x?|
9 4 4

Problem 1085: Result unnecessarily involves higher level functions.

J ! dx
x (-2+3x?) (-1+3x2)3/4
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Optimal (type 3, 173 leaves, 16 steps):

—lArcTan[(—1+3x2)1/4} +Ar‘cTan[1—\/7(—1+3x2)1/4} _Ar‘cTan[1+\5<—1+3x2)l/4]
2 22 2+/2
lAr‘cTanh[(flJerz)l”] . Log[1-+2 (—1+3x2)1/4+\/m] ) Log[1++/2 (—1+3x2)1/4+m}
2 av2 a2

Result (type 6, 139 leaves):

7 3 11 1 2
—( 66 x> AppellFl[~, =, 1, —, ——, ——| /[7 (-2+3%%) (—1+3x2)3/4
4 4 4 3x2 3x2
5 7 3 11 1 2 11 3 15 1 2 11 7 15 1 2
(33x AppellFl[—, =, 1, —, ——, ——| +8AppellF1[—, =, 2, —, ——, ——| +3AppellF1[~—, —, 1, —, ——, ——| ])
4 4 4 3x2 3x? 4 4 4 3x% 3x? 4 4 4 3x* 3x?

Problem 1086: Result unnecessarily involves higher level functions.

J 1 dx
X (-2+43x2) (~1+3x2)%"

Optimal (type 3, 191 leaves, 17 steps):

(—1+3X2)1/4

1/4] . 15Ar‘cTan[1—\/? (—1+3x2)1/4} ) 15Ar‘cTan[1+\/7 <—1+3x2)1/4]

- fAr'cTan[(—lJerz)

4 x? 4 8+/2 82
3 vay 15L0g[1-/2 (-1+3x2)Y*4/-143x2 | 15Log[1+/2 (-1+3x2)Y* /o143 x%% ]
= ArcTanh|[ (-1+3x*)"*] + -
4 162 162
Result (type 6, 136 leaves):
1 3 15 1 2
—([90AppellF1[f, =1, =, —, —] /[11 (-2+3x2) (-1+3x2)%*
4 4 4 3x2 3x?
5 1 3 15 1 2 15 3 19 1 2 15 7 19 1 2
(45x AppellFl|~—, =, 1, —, ——, ——| +8AppellF1[—, =, 2, —, ——, ——| +3AppellF1[—, —, 1, —, ——, —| )]
4 4 4 3x%> 3x? 4 4 4 3x%> 3x? 4 4 4 3x* 3x?

Problem 1087: Result unnecessarily involves higher level functions.

6

J X dx
(-2+3x2) (-1+3x2)%*

Optimal (type 4, 165leaves, 15 steps):
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ﬁx<_1+3x2)1/4+ix3(—1+?:.X2>1/4+i EAr‘cTan[— -
567 63 271/ 3 (-1+3x2)7*
: (1+m) E1lipticF [2 ArcTan[ (-1+3x2)*], 1]
2 |2 | 2 i
— | = ArcTanh| ]
271/ 3 (-1+3x2)%4 567 /3 x

Result (type 6, 266 leaves):
1

2 X

3

-20+51x%+27x* - (80 AppellF1|

N |

3
567 (_1+3x2)3/4 4 2

3 5 3 x?2 5

2 AppellF1]| » 1, =, 3x%, =] +x* |2 AppellF1]
2 2
3

3

[(—2+3x2>

N |

)

(620 x? AppellFi|

3
2

10 AppellF1|

3

2
2
{(—2+3x2> 2, 3%, 2 62 AppellFi|
2 2

Problem 1088: Result unnecessarily involves higher level functions.

4

j X dx
(-2+3x2) (-1+3x2)%*

Optimal (type 4, 147 leaves, 11 steps):

[2 x
2

1 |2 2
- - Ar‘cTan[—} - - Ar‘cTanh[—
27 91 3 (-1+3x2)V% 973 (-1+3x2)%"

[ =

(1+\/—1+3x2 ) EllipticF[ZAr‘cTan{(—1+3x2)1/4], ﬂ

2

[1+w/ -1+43x2

27+/3 x
Result (type 6, 261 leaves):

3 x?

2
3—X] +9x? AppellF1]|
2

~——] + 3 AppellF1]| 2,
2 2

5
e
2
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1 2 1 3 , 3x2
2x |-1+3x%- [4AppellF1[~, =, 1, f,3x,7]/
27 (-1+3x%)%* 2 4 2 2
5 1 3 3 , 3x2 3 3 5 , 3x2 3 7 5 , 3x2
(-2+3x2) |2AppellF1][ =, =, 1, =, 3x?, | +x2 |2AppellF1[ =, =, 2, =, 3x?*, ——| +3AppellF1[ =, —, 1, =, 3x?, —| +
2 4 2 2 2 4 2 2 4 2 2
3 3 5 , 3x2
40 x2 AppellF1[=, =, 1, =, 3x2, —] /
2 4 2 2
, 3 3 5 , 3x2 5 3 7 , 3x? 5 7 , 3x2
(-2+3x?) |10 AppellF1[ =, =, 1, =, 3x?, —| +6x?AppellF1[ =, =, 2, —, 3x?, —| +9x?AppellF1[ =, —, 1, —, 3x?, —|
2 4 2 2 4 2 2 4 2 2

Problem 1089: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

X2
dx
J(2+3x2) (-1+3x2)%*

Optimal (type 3, 61leaves, 1step):

3 3

Ar‘cTan 2 Ar‘cTanh 2

~143x2) Y4 ~143 x2) 1/“

3 v_ 3 v_
Result (type 6, 134 leaves):
5

5 3 3 , 3x? 5 5\ 34
10 x3 AppellFl[ =, =, 1, =, 3x?, —| / 3(-2+3x%) (-1+3x%)
2 4 2 2
3 3 , 3x2 5 3 7 , 3x2 5 7 7 , 3%
10 AppellF1[ =, =, 1, =, 3x?, =] +3x? |2AppellF1[ =, =, 2, —, 3x?, =] +3AppellF1[ =, —, 1, —, 3x?, —|
2 4 2 2 2 4 2 2 2 4 2 2

Problem 1090: Result unnecessarily involves higher level functions.

J ! dx
(-2+3x?) (—1+3x2)3/4

Optimal (type 4, 127 leaves, 4 steps):

w
w

7 X 2
Ar‘cTan Ar‘cTanh 1+ ~1+3 x2
~1+3%?) 1"‘ -143%2) 1"‘

2W 2W 2+/3 x

2 1:3x2 ) E1lipticF[2ArcTan[(-1+3x2)"*], 1]
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Result (type 6, 129 leaves):

1 3 3 3 x2
2xAppellF1[ =, =, 1, =, 3x?, —/—| / (-2+3x%) (-1+3x2)%*
2 4 2 2
1 3 3 , 3x2 3 3 5 , 3x2
2AppellFl|—, =, 1, =, 3x?, =] +x? [2AppellF1[—, =, 2, =, 3X%,
2 4 2 2 2 4 2

Problem 1091: Result unnecessarily involves higher level functions.

dx

1
sz (-2+3x2) (—1+3x2)3/4

Optimal (type 4, 149leaves, 9steps):

3

(-1+3x2)Y* 1 |3 5
-+ = | = ArcTan[——— = ArcTanh|[—————] -
2 X 4 2 ( 14 3X2 1/4 -1+ 3X2>1/4

V3 % (1+m) EllipticF[ZAr‘cTan[(—1+3x2)1/4}, i]

N|w

[1+\ -1+3 x2
2 X
Result (type 6, 132 leaves):
1 3 1 3 x?
([ZAppellFl[—— =,1, =, 3x%, —X} / x (-2+3x?) (—1+3x2)3/4
2 4 2 2
1 3 1 , 3x2 1 3
2 AppellFl[- =, =, 1, =, 3x?, = | +3x* |2 AppellF1[—, =
2" a 2 2 274

Problem 1092: Result unnecessarily involves higher level functions.

dx

1
Jx“ (-2+3x2) (—1+3x2)3/4

Optimal (type 4, 165leaves, 13 steps):

| +3AppellF1| =,

3
2

3 , 3X
» 2, =, 3x%, ——| +3AppellF1
2 2

N|I—‘
5N
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- 1143 | % [147/-1+3x% | EllipticF[2ArcTan[ (-1+3x2)"*], 1]
3 3 3 X (1+\/—1+3XZ
=~ | = ArcTanh| ] -
81 2 (-1+3x2)%* 8 x
Result (type 6, 134 leaves):
3 1 , 3x? 3 5 S\ 3/4
[2Appe11F1[-—, =1, -, 3%, ] / 3x3 (-2+3x%) (-1+3%%)
24 2 2
3 3 3 x2 1 3 1 3 x? 1 7 1 3 x?
(ZAppellFl[, =, 1, - =, 3x%, ~——] +3x* |2AppellFl[-—, =, 2, =, 3x?, | +3AppellF1[- =, —, 1, =, 3x?, —] })
274 2 274 2 2 274 2 2

Problem 1093: Result unnecessarily involves higher level functions.

dx

J(ex)”2 (c+dx?)

(a+bx2>3/4

Optimal (type 3, 173 leaves, 7 steps):

(8bc-7ad)e (ex)*? (a+bx?)¥* d(ex)”/? (a+bx?)"*
+

+

16 b? 4be
3a(8bc-7ad) e5/2Ar‘cTan[M] 3a(8bc-7ad) e5/2Ar‘cTanh[M]
Ve (arbx?)V* Ve (arbx?)V*
32 pil/4 - 32 pil/4

Result (type 5, 97 leaves):
1
16b% (a+bx?)**

2

)

3/4
) Hypergeometric2Fi |

e(ex)¥?|-(a+bx®) (7ad-4b (2c+dx?)) +a(-8bc+7ad) {1+ 3
4

a

Problem 1094: Result unnecessarily involves higher level functions.

dx

J\/eix (c+dx2)

T

Optimal (type 3, 136 leaves, 6 steps):
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(4bcf3ad)\/?Ar‘cTan[b—1’m\L] <4bc73ad)\/FAr‘cTanh[b—m\L]

d (ex)3/? (a+bx2)1/4 \/?<a+bx2)1//“ \/?(a+bx2)1/“

2be 4p7/4 4p7/4
Result (type 5, 80 leaves):

x e x (Bd (a+bx?) + (4bc-3ad) (1+ :—XZ)BM Hyper‘geometr‘icZFl[i, i, i, —M})

6b (a+bx2) ¥

Problem 1095: Result unnecessarily involves higher level functions.

c+dx?
J dx
(ex)/% (a+ bx2)3/4

Optimal (type 3, 113 leaves, 6 steps):
d ArcTan | M] d ArcTanh [ b—lﬂ'*@]

2c¢C <a+bx2)1/4 e (a+bx2>1/4 e (a+bx2)1/4

- +
ae \/e—x b3/4 e3/2 b3/4 e3/2

Result (type 5, 77 leaves):

X

2 2 bx2)3/4 . 3 3 7 b x2
-6c (a+bx?) +2adx (1+ 2 ) Hyper‘geometr‘1c2F1[4, 25 - ]

3a (ex)3? (a+bx2>3/4

Problem 1099: Result unnecessarily involves higher level functions.

dx

J(ex)w2 (c+dX2)
(a+bx2>3/4
Optimal (type 4, 180 leaves, 8 steps):
a(1ebc-9ad)e’vex (a+bx?)"* (18bc-9ad)e (ex)¥2 (a+bx?)"*

- + +

12 b3 30 b2

d (ex)%/2 (a+bx2) /3 a¥? (186bc-9ad) e (1+ i)m (ex)3/2EllipticF[iArcmt[%}, 2]

b x? a

Sbe B 12 b5/2 <a+bx2)3/4

Result (type 5, 123 leaves):
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1

60 b3 (a+bx2)3’/4

2 bX2

5
e

e vex [(a+bx2) (45a*°d+4b*>x*> (5c+3dx?*) -2ab (25c+9dx*)) +5a° (lobc-9ad) [1+
a

3/4 1 3
] Hypergeometric2F1[ =, =
4 4

Problem 1100: Result unnecessarily involves higher level functions.

dx

J(ex)”2 (c+dx?)

(a+bx2>3/4

Optimal (type 4, 139 leaves, 7 steps):
2 \3/4
(6bc-5ad)evex (a+bx?)¥* d(ex)¥? (a+bx?)** Va (6bc-5ad) (l*ﬁ)

+ +

6 b2 3be 6 b3/2 (a+bx2)3/4

(ex)3/2EllipticF| i ArcCot [ %] , 2]

a

Result (type 5, 97 leaves):
1
6b% (a+bx2)>*

2

)

3/4
evex |[-(a+bx?) (5ad-2b (3c+dx*))+a(-6bc+5ad) (1+ ] Hypergeometric2F1|

a

Problem 1101: Result unnecessarily involves higher level functions.

c+dx?

J\/e—x (a+bx?)**

dx

Optimal (type 4, 102 leaves, 6 steps):

drex (2 bx?) (2bc-ad) (1+ a )3/4 (ex>3/2EllipticF[iArcCot[%},2]

2
b x a

be Va /b e? (a+bx?)**

Result (type 5, 77 leaves):
2\ 3/4 . 2
dx (a+bx?) + (2bc-ad) x (1+ bTX) Hyper‘geometr‘1c2F1[4l, ‘3:, i, -]

b+ex (a+bx2)3/4

Problem 1102: Result unnecessarily involves higher level functions.

c+dx?
J dx
(ex)%'% (a+ bx2)3/4
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Optimal (type 4, 107 leaves, 6 steps):

3/4 . .
72c<a+bx2)1/4 2+/b (2bc-3ad) (1+;"7) (eX)3/2ElllpthF[iAr‘CCOt[%],2}

a

.
3ae (ex)3? 3a3/2e4 (a+bx2)3/4

Result (type 5, 84 leaves):

X

2 2 bx2)3/4 : 13 5  bx
-2c(a+bx?) +2 (-2bc+3ad) x (1+ 2 ) Hyper‘geometr‘1c2F1[4,4,4,7 ]

3a (ex)5?2 (a+bx2)3/4

Problem 1103: Result unnecessarily involves higher level functions.

c+dx?
j dx
(ex)%2 (a+bx2)>*

Optimal (type 4, 144 leaves, 7 steps):

2c (a+bx?)* 2 (6bc-7ad) (a+bx?)"* 4b*% (6bc-7ad) (1+ba7)3/4 (9X>3/2ElliptiCF[iA"CCOt[%}’2]

a

N _
7ae (ex)7/? 21 a%e3 (ex)3/? 21a°/2eb (a+bx2)3/4

Result (type 5, 107 leaves):

1 2

3/4
2vex |(a+bx?) (3ac-6bcx*+7adx®) +2b (-6bc+7ad) x* |1+ J Hypergeometric2Fi |

21a2e’ x4 (a+bx2>3/4 a

Problem 1104: Result unnecessarily involves higher level functions.

c+dx?
J dx
(ex)13/2 (a+bx2)3/4

Optimal (type 4, 182leaves, 8 steps):

2c(a+bx2)1/4 2 (16bc-11ad) (a+bx2)1/4 4b (10bc-11ad) (a+bx2)1/4
~ N ~

+

1lae (ex)/? 77 a2e3 (ex)7/? 77 a3 e® (ex)3/?
5/2 a \3/4 3/2 R—_— 1 /b x
8b%2 (10bc-11ad) (1+ .2 )"" (ex)>? EllipticF |} ArcCot| =15 2]

77a7/2e® (a+bx2)>*

Result (type 5, 132leaves):

)
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1
Vex

77 a3 e’ x8 (a+bx2)3/4
2 5 b x2
’ ZJ 77]

B

3/4
(2(a+bx2) (20b?>cx*-2abx® (5c+11dx*) +a* (7c+11dx*)) +8b* (-1@bc+1lad) x° (1+ ] Hyper‘geometr‘icZFl[1 3
a 4 4

Problem 1105: Result unnecessarily involves higher level functions.

dx

J(ex)z'/2 (C+dX2)

(a+bx2>5/4

Optimal (type 3, 171 leaves, 7 steps):
(4bc-5ad) e*? Ar‘cTan[M} (4bc-5ad) e3/2ArcTanh[M]

Ve (a+bx2)1/4 e (a+b xz)l//A
+

2b2 (a+bx2)Y* +2be(a+bx2)1“‘ 4b%/% 4 b/

(4bc-5ad)eex d (ex)5?2

Result (type 5, 84 leaves):

evex

1/4
_4bc+5ad+bdx2+ (4bc-5ad) [1+2% Hypergeometric2F1[L, 1, 5 _bx
a yp 4 4 4

a

2 b2 <a+bx2)1/4

Problem 1106: Result unnecessarily involves higher level functions.

c+dx?

[T oo

dx

Optimal (type 3, 122 leaves, 6 steps):
dAr‘cTan[;Lbl’“l X — | dAr‘cTanh[;Lbl’ul eX— |

2 (bc-ad)Vex Ve (asbx2)/* Ve (ashx?) ¥
+ +
abe (a+bx?)** b5/4 /e bS/4 /e

Result (type 5, 71 leaves):

2x (bc ~ad+ad (1+ %)1/4 Hyper‘geometr‘icZFl[i, i—, i—, —M])

ab+ex (a+bx2)1/4
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Problem 1110: Result unnecessarily involves higher level functions.

dx

J(ex)g/2 (C+dX2)

(a+bx2)>/4

Optimal (type 4, 180 leaves, 6 steps):
7a(1@bc-11ad) e’ (ex)¥? (lebc-1lad)e (ex)’/?
- +

+

60 b> (a+bx?)'* 30b2 (a+bx?)"*

d (ex>11/2 ) 3

7a*2? (16bc-11ad) e* (1+ :7)1/4 [e x EllipticE[iAr‘cCot[%], 2]

5be (a+bx?)'* 20072 (a+bx2)M*

Result (type 5, 111 leaves):
1

30 b3 (a+bx2)1/4

e’ (ex)?? (77a2d+ab (76c-11dx*) +2b*x* (5c+3dx*) +7a (-18bc+11lad) (1+

Problem 1111: Result unnecessarily involves higher level functions.

dx

J(ex)s/2 (c+dx?)

(a+bx2>5/4

Optimal (type 4, 142leaves, 5 steps):

a

2

1/4
] Hypergeometric2F1|

1/4 .
(6bc-7ad) e (ex)>? d (ex)72 Va (6bc-7ad) e? (1+b""?) e x Elllptld[iAPCCO‘t[%},z}
+ +
6b% (a+bx?)* 3be (a+bx?)'* 2b°2 (a+bx?)**

Result (type 5, 84 leaves):

1/4
e (ex)3/2 (—6bc+7ad+bdx2+ (6bc-7ad) (1+ ba—xz) Hypergeometr‘icZFl[i, i, i, -

3 b2 (a+bx2)1/4

Problem 1112: Result unnecessarily involves higher level functions.

dx

J\/e—x (c+dx2)

(a + bXZ)S/4

E
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Optimal (type 4, 99 leaves, 4 steps):

d (ex)3/2 (2bc-3ad) (1+ :?)1/4\/ex EllipticE[%Ar‘cCot[%], 2]
be(a+bx2>1/4 Va b2 (a+bx2)M*

Result (type 5, 81 leaves):
2x\ex

1/4
3bc-3ad+ (-2bc+3ad) (1+bT"2) Hyper‘geometr‘icZFl[i,i Z —M])

3ab (a+bx2)1/4

Problem 1113: Result unnecessarily involves higher level functions.

c +dx?
J dx
(ex)3/2 (a+bx2)5/4

Optimal (type 4, 103 leaves, 4 steps):

1/4 .
i 2¢c +2(2bc—ad) (1+ba7) \ex ElllpthEEAr‘cCot[%},z}
aeVex (a+bx?)** 22/b e? (a+bx?) Y/

Result (type 5, 93 leaves):

X

3 4)

-6 (2bcx?+a(c-dx?)) -4 (-2bc+ad) x? (1+bai)1/4Hyper‘geometr~ic2F1[i,% 7 7bx2])

3a2 (ex)¥2 (a+bx2)V*

Problem 1114: Result unnecessarily involves higher level functions.

c+dx?
J dx
(ex)7/% (a+bx2)>*

Optimal (type 4, 144 leaves, 5steps):

)e 2 (6bc-5ad) 4b (6bc-5ad) (1+.2)"" Vex EllipticE[iAr‘cCot[%],Z]
- N -
Sae (ex)¥2 (a+bx?)"* s5a2e3ex (a+bx?)M* 5a°2e* (a+bx2)M*

Result (type 5, 114 leaves):
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1

15a% (ex)7/? (a+bx?)"*

x2 |14 1 3 7 bx?
x [72b%cx*-6a* (c+5dx*) +12ab (3cx*-5dx*) +8b (-6bc+5ad) x* |1+ ] Hypergeometric2F1[~, =, —, - —|
a 4 4" 4" a
Problem 1115: Result unnecessarily involves higher level functions.
c+dx?

J dx

(ex)1/2 (a+bx2)>*
Optimal (type 4, 182leaves, 6 steps):

2¢c 2 (16bc-9ad)

_ N _

9ae (ex)%2 (a+bx?)"* 45a%e® (ex)*? (a+bx2)'*

1/4 .
4b (10bc-9ad) 8b*2 (16bc-9ad) (1+ba7) e x ElllpthE[%Ar‘cCot[%],z}
N

15ae5/ex (a+bx?)¥* 15a7/2e% (a+bx2)**

Result (type 5, 143 leaves):
1

- 2vex [120b°cx®+12ab*x* (5¢c-9dx?) +

45a%e®x° (a+bx?)*

214 1 3 7 bx?
a’> (5c+9dx?) -2a’bx* (5¢c+27dx*) +8b? (-1@bc+9ad) x° (1+ ] Hypergeometric2F1[~, =, —, - —|
a 4> 4’ 4 a

Problem 1116: Result unnecessarily involves higher level functions.

dx

J(ex)S/2 (c+dx?)
(a+bx2)7*
Optimal (type 3, 184 leaves, 7 steps):

_ 5/2 _ b4 ex B 5/2 _bY4ex
2 (bc-ad) (ex)”’? (4bc-7ad)e (ex)¥? (a+bx?)* (4bc-7ad)e Ar‘cTan[ﬁ(asz)l/A (4bc-7ad)e APCTanh[@(anZ);/J

3abe (a+bx2)3/4 6ab? 4 pli/4 4 pll/4

Result (type 5, 85leaves):

e (ex)3/2 (—4bc+7ad+3bdx2+ (4bc-7ad) (1+%‘2)3/4Hyper‘geometr‘icZFl[i, i, ‘7:, —M})

6 b? <a+bx2)3/4
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Problem 1117: Result unnecessarily involves higher level functions.
Jm (c+dx?)

(a+bx2)7/4

dx

Optimal (type 3, 125leaves, 6 steps):
d\/?Ar‘cTan[—\Lbl/l1 eX ] d\/?Ar‘cTanh[—\Lbl’/‘1 eX ]

e (a+bx2)1/" e (a+bx2)1/‘l

2 (bc-ad) (ex)??

3abe(a+bx2)3/4 b7/4 b7/4

Result (type 5, 73 leaves):
2x\ex

3/4
bc-ad+ad (1+ %) Hyper‘geometr-iCZFl[i_J %, i) 7&])

3ab (a+bx2>3/4

Problem 1121: Result unnecessarily involves higher level functions.

dx

J(ex)”2 (c+dx?)
(a+bx?)”*
Optimal (type 4, 192 leaves, 8 steps):
2(bc-ad) (ex)?? 5 (2bc-3ad)e*+ex (a+bx2)1/4
+

3abe(a+bx2)3/4 6 b3

(2bc-3ad) e (ex)5? (a+bx2) Y 5/a (2bc-3ad)e? (1+ bi)3/4 (eX)a/zEllipticF[%Ar‘cCot[%], 2]

x2 a

+
3ab? 6 b5/2 (a+bx2>3/4

Result (type 5, 110leaves):
1 2

6 b3 (a+bx2)3/4

5 b x?
k) _)_—}
4 a

1 3
-, =
4 4

e*+ex |-15a°d+ab (10c-9dx*) +2b>x? (3c+dx2> +5a (—2bc+3ad) [1+
a

3/4
J Hypergeometric2Fi |

Problem 1122: Result unnecessarily involves higher level functions.

dx

J(ex)”2 (c+dx?)

(a+bx2)7/4

Optimal (type 4, 152 leaves, 7 steps):
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)3/4 (e x)3/2 EllipticF[iArcCot[%] , 2]

a

2(bc-ad) (ex)>/? (2bc—5ad)e«/ex (a+bx2>1/4 (Zbc75ad) (1+ba7

3abe(a+bx2)3/4 3ab? 3/a b2 (a+bx2)3/4

Result (type 5, 85leaves):
evex

-2bc+5ad+3bdx?+ (2bc-5ad) (1+%)3/4Hyper‘geometr‘icZFl[i—, i, i, —M])

3 b? (a+bx2>3/4

Problem 1123: Result unnecessarily involves higher level functions.

c+dx?

J\/H <a+bx2)7/4

dx

Optimal (type 4, 116 leaves, 6 steps):

2 (bc-ad)Jex 2(2bcrad) (1+ba7)3/4 (e x)3/2 EllipticF[iArcCot[%], 2]
a
3abe (a+bx?)>* 32%2/b e? (a+bx2) "

Result (type 5, 79 leaves):

2 X

bc-ad+ (2bc+ad) (1 + ba—"z>3/4 Hyper‘geometr‘icZFl[i—, f’:, i, _bx ])

2
3ab+ex (a+bx2)3/4

Problem 1124: Result unnecessarily involves higher level functions.

c +dx?
J dx
(e x)5/2 (a+bx2)7/4

Optimal (type 4, 144 leaves, 7 steps):

2¢ 2(2bc—ad></ex 4\/F(Zbc—ad> (1+ba7)3/4 (eX)3/2EllipticF[iAr‘cCot[%],2}
- - +
3ae (ex)¥2 (a+bx2)¥* 3a%e? (a+bx2)¥* 3a°2e* (a+bx2)?"

Result (type 5, 91 leaves):

3/4
% (—2ac—4bcx2+2adx2+4 (-2bc+ad) x? (1+bai2) / Hyper‘geometr‘icZFl[i, j’:, i, —M])

3a% (ex)%2 (a+bx?)**
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Problem 1125: Result unnecessarily involves higher level functions.

c+dx?
J dx
(e x)9/2 (a+bx2)7/4

Optimal (type 4, 181 leaves, 8 steps):
2¢ 2 (16bc-7ad)

- - +
7ae (ex)7/? <a+bx2)3/4 21a2e3 (ex)3/? (a+bx2)3/4

4 (10bc-7ad) (arbx)Vé 8677 (18bc-7ad) (1+.2)7" (ex)22 ELLipticF |} ArcCot[2*], 2]
21a%e3 (ex)32 . 21a7/2 e (a+bx2)3/4

Result (type 5, 121 leaves):
1

21 a3 e x4 (a+bx2)3/4

bx2)3/* 1 3 5 bx?
Vex |40b?cx*+4abx® (5c-7dx?)-2a® (3c+7dx?) +8b (18bc-7ad) x* |1+ J Hypergeometric2F1[ =, =, =, - —|
a 4’ 4 a4 a
Problem 1126: Result unnecessarily involves higher level functions.
(ex)7/2 (c+dx?)
J dx
(a+bx2)9/4
Optimal (type 3, 221 leaves, 8steps):
2(bc-ad) (ex)*? (4bc-9ad)e’vVex (4bc-9ad)e (ex)®?
- - +
Sabe (a+bx?)>* 2b® (a+bx2)Y* 10ab? (a+bx?)*
(4bc-9ad) e7/2Ar‘cTan[b—m\@“} (4bc-9ad) e”/2ArcTanh| b/ e x — |
Ve (a+bx?)V ) e (a+bx?)V
4b13/4 4b13/4
Result (type 5, 116 leaves):
1
10 b3 (a+bx2)5/4
bx2\1* 1 1 5 bx?
e*+Jex |45a’d+b*x* (-24c+5dx?) +ab (-20c+54dx*) +5 (4bc-9ad) (a+bx?) |1+ X Hypergeometric2F1[~, =, =, ——X]
a 4" 4" 4 a
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Problem 1127: Result unnecessarily involves higher level functions.

dx

J(ex)z’/2 (C+dX2)

(a +b X2>9/4

Optimal (type 3, 149leaves, 7 steps):

de3/2 ArcTan| —2XVex 1 4a3/2 opcTanh | —0Y4vex
2 (bc—ad) (ex)** 2deex [\/?(a*b’@)m] [x/F(amxz)l/J
- +

5abe(a+bx2)5/4 b2 (a+bx2)1/4 bo/4 po/4

Result (type 5, 96 leaves):

1/4
2e+ex (—5a2d+b2cx2—6abdx2+5ad (a+bx?) (1+bal) / Hyper‘geometr‘icZFl[i, i, i, _M])

5 a b2 (a+bx2)5/4

Problem 1132: Result unnecessarily involves higher level functions.

dx

J(ex)ﬂ/2 (c+dx2>

(a +b X2)9/4

Optimal (type 4, 230 leaves, 7 steps):
2(bc-ad) (ex)™? 77a(2bc-3ad)e® (ex)*? 11 (2bc-3ad)e’ (ex)”/?

+ —

5abe(a+bx2)5/4 60 b* (a+bx2)1/4 30 b3 (a+bx2)1/4

(2bc-3ad) e (ex)1/2 77a*? (2bc-3ad) e® (1+b""7)1/4\/ex EllipticE[iAr‘cCot[%}, 2]

a

5ab? (a+bx?)'* 20b°/2 (a+bx2)**

Result (type 5, 139 leaves):
1

30 b* (a+bx2)5/4

e (ex)¥?|-231a’d+ab*x* (176 c - 15dx*) +22a’b (7c-12dx?) +

1/4

b x2 .
Hypergeometric2F1|

k)

2 b3 x* (5c+3dx2) +77a (—2bc+3ad) <a+bx2> (1+

a

Problem 1133: Result unnecessarily involves higher level functions.

dx

J(ex)”2 (c+dx?)

(a+bx2>9/4
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Optimal (type 4, 192 leaves, 6 steps):
2 (bc-ad) (ex)™? 7 (6bc-11lad)e® (ex)??
+

5abe(a+bx2)5/4 30 b3 (a+bx2)1/4

(6bc-11ad)e (ex)”/? 7\/?(6bc—11ad)e4 (1+b"”7)1/4\/ex EllipticE[%Ar‘cCot[%},z]

a

.
15 a b? <a+bx2)1/4 10 b7/2 (a+bx2)1/4

Result (type 5, 116 leaves):
1

15b% (a+ bx2)5/4

2)1/4 1 3 7 bx?
e’ (ex)3? (77a2d+b2x2 (-48c+5dx*) +ab (-42c+88dx*) +7 (6bc-11ad) (a+bx?) (1+ ] Hypergeometric2F1[~, =, —, - —|
a 4 4 a4 a
Problem 1134: Result unnecessarily involves higher level functions.
(ex)®/? (c+dx?)
J dx
(a+bx2)®*
Optimal (type 4, 155leaves, 5 steps):
2 a_ 1/4 . . 1 b x
2 (bc-ad) (ex)”’2 (2bc-7ad)e (ex)¥? 3(2bc-7ad)e (1+ be) e x ElllpthE[zAr‘cCot[Lﬁ |, 2]
S5abe (a+bx2)>* 5ab? (a+bx?)'* 5+/a b%2 (a+bx?)Y*
Result (type 5, 107 leaves):
1 2y 1/4 . 1 3 7 bx?
2e (ex)*?|-7a*’d+3b’cx*+2ab (c-4dx*) + (-2bc+7ad) (a+bx*) |1+ ] Hypergeometric2F1[~, =, —, - —|
5 a b2 <a+bx2)5/4 a 4" 4 4 a

Problem 1135: Result unnecessarily involves higher level functions.
J\/e7x (c+dx?)

(a + bX2)9/4

dx

Optimal (type 4, 114 leaves, 4 steps):

a

2 (bc-ad) (ex)?? 2 (2bc+3ad) (1+ﬁ)wzlmEllipticE[iArcCot[%], 2]

5abe(a+bx2)5/4 5 a3/2 p3/2 (a+bx2)1/4
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Result (type 5, 111 leaves):
1

15a%b <a+bx2)5/4

2\1/4 1 3 7 bx?
2+vex [-3x(2a’d+2b’cx*+3ab (c+dx?)) +2 (2bc+3ad)x (a+bx?) |1+ ) Hypergeometric2F1|~, =, —, - —|
a 4" 4 4 a
Problem 1136: Result unnecessarily involves higher level functions.
c+dx?
J dx
(ex)2 (a+bx2)%*
Optimal (type 4, 142leaves, 5steps):
2¢ 2 (6bc—ad) (e x)3/2 4 (6bc—ad) (1+ba7)1/4\/ex EllipticE[iAr‘cCot[%], 2}
- - +
aeex <a+bx2)5/4 5a2eld <a+bxz)5/4 5a%2+/b e? (a+bx2)1/4
Result (type 5, 120leaves):
1
15a% (ex)*'? (a+bx?)**
bx2)14 1 3 7 bx?
x |-72b%cx*-6a® (5c-3dx?) +12abx® (-9c+dx?) -8 (-6bc+ad) x*> (a+bx?) |1+ X ) Hypergeometric2F1[~, =, -, 7—)(]
a 4" 4 4 a

Problem 1137: Result unnecessarily involves higher level functions.

c +dx?
J dx
(ex)7/? (a+bx2)9/4

Optimal (type 4, 181 leaves, 6 steps):
2¢ 2 (2bc-ad)

- - +

5ae (ex)¥2 (a+bx2)®* s5a2e3 /ex (a+bx2)>*

12 (2bc-ad) 2446 (2bc-ad) (1+ 2] Vex EllipticE[%Ar‘cCot[%}, 2]
a
5a’e3ex (a+bx?)'* 5a’/2e* (a+bx2)M*

Result (type 5, 140leaves):
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1

5a% (ex)7/2 (a+bx?)>*

x |48 b3 c x® - 24ab?x* <—3c+dx2) -23a° (c+5dx2) -

2
1+

1/4
4a’bx* (-5c¢+9dx*) +16b (-2bc+ad) x* (a+bx?) ] Hypergeometric2F1[ —,

a

Problem 1138: Result unnecessarily involves higher level functions.

c+dx?
J dx
(e x)11/2 (a+bx2>9/4

Optimal (type 4, 219leaves, 7 steps):
2¢c 2 (14bc-9ad) 4 (14bc-9ad)

9ae (ex)¥2 (a+bx?)** 45a%e3 (ex)¥2 (a+bx2)¥* 45a’e® (ex)*? (a+bx?)*

8b (14bc-9ad) 16b%2 (14bc-9ad) (1+b%)1/4 [ex EllipticE[iAr‘cCot[%}, 2]
.

a

15 a%e® e x (a+bx2)1/4 15 a%/2 g8 (a+bx2)1/4

Result (type 5, 171 leaves):
1

- 2+/ex [336b*cx®+4a’b?x* (35c-81dx?) +72ab’>x® (7c-3dx?) +a* (5c+9dx?) -
5/4
45 a5 eb x° (a+bx2>

2 bXZ

-2

b x 7
4 a

2a’bx? (7c+45dx2) +16 b? (—14bc+9ad) x8 (a+bx2) 1+

3 2

1/4
) Hypergeometric2Fi |

3
4

IS

a

Problem 1139: Result more than twice size of optimal antiderivative.

J(ex)’" (a+bx*)P (c+dx*)Tdx

Optimal (type 6, 101 leaves, 3 steps):

(ex)™ (a+bx?)P (1+ ba—xz)fp (c+dx?)? (1+ dciz)quppellFl[lg"', -p, -q, 3;’“, —ba—xz, —dc—xz]

e (1l+m)

Result (type 6, 218 leaves):
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1 3 bx? dx?
[ac (3+m) x (ex)™ (a+bx*)P (c+dx2)qupellF1[;m, -p, -9, +m, —7)(, —7)(] /
2 a C
1+m 3+m  bx?2 dx?
(1+m) ac(3+m) AppellFl[—,—p,—q, y - ,——}+
2 2 a c
5 3+m 5+m b x2 d x? 34+m 5+m b x2 d x?
2x? |bcpAppellF1|—, 1-p, -q, , - , - | +adqAppellF1[~——, -p, 1-q, , - , - ]
2 2 a C 2 a [«
Problem 1140: Result more than twice size of optimal antiderivative.
Jx“ (a+bx*)P (c+dx?)%dx
Optimal (type 6, 84 leaves, 3 steps):
1 bx2)P dx?) @ 5 7  bx* dx?
= x° (a+bx2)p[1+ X (c+dx2)q{1+ X) AppellFl[ =, -p, -q, —, - X,— X ]
5 a c 2 2 a C
Result (type 6, 176 leaves):
5 7 b x2 d x? 5 7 b x2 d x?
[7acx5 (a+bx?)? (c+dx?)TAppellF1][ =, -p, -q, —, 2 —X})/ (5 (7acAppe11F1[, -p, -4, —, 2 —7)(} +
2 2 a C 2 2 a C
5 7 9 b x2 d x? 7 9 b x2 d x?
2x* |bcpAppellFl|—, 1-p, -q, =, -——, -—— | +adqAppellFi[—, -p,1-q, =, - ——, - ——|
2 2 a C 2 2 a C

Problem 1141: Result more than twice size of optimal antiderivative.
JXZ (a+bx*)P (c+dx*)Tdx

Optimal (type 6, 84 leaves, 3 steps):

-P 2

2
1x3 (a+bx2)IO [1+ b
3 a

v 12
C

Result (type 6, 174 leaves):

2 2
[5acx3 <a+bX2)p(C+dX2>qupellF1[§J,p)quE b x dx
2

b x2 d x2
6Xz B R R ]
2 a C

5 7
bcpAppellFl| =, 1-p, -q, —
2 2 a C




Problem 1142: Result more than twice size of optimal antiderivative.
J(aerxz)IO (c+dx?)*dx

Optimal (type 6, 79leaves, 3 steps):

bx?\P dx?)1 1 3 b x? d x?
x(a+bx2)p[1+ J (c+dx2)q[1+ } AppellFl[ =, -p, -q, —, , -
a C 2 2 a C
Result (type 6, 172 leaves):
1 3 b x? d x? 3 b x? d x?
[3acx<a+bx2)p(c+dx2)qupe11F1[—,p,q, = -y -] /[BacAppellFl[—,p,q, =, - , - |+
2 2 a C 2 a C
5 3 5 b x2 d x? 3 5 b x2 X2
2 X bcpAppellFl[f, 1-p,-q, — - —, - ] +aquppellF1[f, -p,1-q, = -—, —7]
2 2 a C 2 2 a C

Problem 1143: Result more than twice size of optimal antiderivative.

dx
2

J(a+bx2)p (c+dx?)1

X
Optimal (type 6, 82leaves, 3 steps):

(a+bx2)p(1+ba—"2)fID (c+dx2)q(1+dci)7qupellF1[—§,—P,—q, L, b, dX]

2 a T
X
Result (type 6, 171 leaves):
anp " 1 1 bx? dx? 1 1 bx? dx?
-||ac(a+bx?)? (c+dx?*)9AppellFl[- =, -p, -q, —, - , - ] / acxAppellFl[- =, -p, -q, —, - , - |+
2 2 a c 2 2 a C
1 3 b x2 d x? 1 3 b x2 x?
2x3 |bcpAppellFl| =, 1-p, -q, =, - ——, - | +adqAppellFl[~, -p,1-q, =, - ——, - —|
2 2 a C 2 2 a C

Problem 1144: Result more than twice size of optimal antiderivative.

2\p 2\q
J(a+bx) (c+dx?) ix
X4
Optimal (type 6, 84 leaves, 3 steps):
7 (a+bx?)P (1+ baiz)fp (c+dx?)? (1+ %)ﬂAppellFl[—z, -p, -q, —%, —b:z, —dc"z]

3x3
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Result (type 6, 173 leaves):
2 2 2
[ac (a+bx?)P (c+dx2)qupe11F1[—i, -p, -4, —1, _bix, _dix] / [—3acx3AppellF1[—3, -p, -0, —l, _bix,
2 2 a c 2 2 a
s 1 b x? d x? 1 1 b x? d x?
6x° |bcpAppellFl[-=,1-p, -q, —, - ——, - | +adqAppellFi[- =, -p,1-q, =, - ——, - —| J
2 2 a @ 2 2 a C
Problem 1145: Result unnecessarily involves higher level functions.
st (a+bx*)P (c+dx?)%dx
Optimal (type 5, 242 leaves, 5steps):
(bc(2+p) +ad(2+q)) (a+bx2)1+IO (c+dx2)1*q x2 (a+bx2)1*IO (c+dx2)1+q
- + +
2b2d? (2+p+q) (3+p+q) 2bd (3+p+q)
((bzc2 (2+3p+p®) +2abcd (1+p) (1+q) +a®d® (2+3q+q*)) (a+bx2)1+p (c+dx?)f
b dx?) )\ d b x2
[M Hypergeometric2F1[1+p, -q, 2+p, M]]/ (20°d? (1+p) (2+p+q) (3+p+q))
bc-ad bc-ad
Result (type 6, 160 leaves):
2 2
[Zacx6 (a+bx?)? (c+dx?)9AppellF1[3, -p, -q, 4, —b—x, —d—X] /
a c
b x? d x? b x? d x?
(3 [4acAppe11F1[3, -p, -q, 4, -——, - | +bcpx?AppellFl[4,1-p, -q, 5, - ——, - |+
a c a c
5 bx? dx?
adqx®AppellFl[4, -p,1-q,5, -——, - —] )
a c

Problem 1146: Result unnecessarily involves higher level functions.
JXE‘ (a+bx*)P (c+dx*)Tdx

Optimal (type 5, 146 leaves, 4 steps):
(a+bx2)MP (c+dx2)™? 1

2bd<2+p+q) 2b2d<1+p> (2+p+q)

d (a+bx2)

b (c+dx2>
bc-ad

-q
(bc(1+p)+ad(1+q)) (a+bx2)1+p (c+dx2)q( " y J Hypergeometric2F1[1+p, -q, 2+p, -
c-a
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Result (type 6, 159 leaves):

b x2 d x? b x2 d x?
[Bacx4 (a+bx?)? (c+dx?)9AppellF1[2, -p, -q, 3, —7)(, —7)(] / (4 [BacAppellFl[Z, -p, -q, 3, —7)(, —7)(] +
a c a c
b x? d x? b x? d x?
x* |bcpAppellF1(3,1-p, -q, 4, -——, -——| +adqAppellF1(3, -p,1-q,4, -—, - —]
a c a c
Problem 1148: Result more than twice size of optimal antiderivative.

(a+bx?)P (c+dx?)?

J dx
X
Optimal (type 6, 97 leaves, 3 steps):
1+ b (cedx?) | 79 d (a+b x? +bx2
(a+bx?)™P (c+dx?)? (ﬁ) AppellF1[1+p, -q, 1, 2+p, 7{;% %}
2a (1+p)
Result (type 6, 225leaves):
(bd (-1+p+q) x* (a+bx?)? (c+dx*)?AppellFl|[-p-q, -p, -q, 1-p-q, —i, —L] /
x? d x?
5 a c
(2 (p+q) (bd (-1+p+q) x*AppellFi[-p-q, -p, -4, 1-p-q, - ——, - ——| -
bx? dx?
a c a c
adpAppellFl[1-p-q,1-p, -q,2-p-q, -——, -— | -bcqAppellF1[1-p-q, -p,1-q, 2-p-q, - ——, - — | ]
b x? d x? b x? d x?

Problem 1149: Result more than twice size of optimal antiderivative.

dx

(a+bx?)P (c+dx?)?
J x3
Optimal (type 6, 98 leaves, 3 steps):

i . )
b (a+bx2)1+ID <c+dx2)q (J—Lbbcctda’: ) AppellF1[1+p, -q, 2,2+p, 74—”[)1:’;2 , axbhxt ZXZ]

2 a2 <1+p)

Result (type 6, 225leaves):



494 | 1.1.2 Quadratic.nb

[bd(72+p+q) (a+bx?)P (c+dx?)TAppellF1[1-p-q, -p, -q, 2-p-4q, - 2 ,—L} /
bx> dx?
a c
(2(—1+p+q> (bd (-2+p+q) x*AppellFi[1-p-q, -p, -G, 2-p-q, - ——, - —— | -

bx2 dx
a C
adpAppellF1[2-p-q,1-p, -q,3-p-q, - —

a C
=
b x2 d x?

| -bcqAppellFi[2-p-q, -p,1-G,3-p-q, - ——

bx2 7dx2

]

|

Problem 1150: Result more than twice size of optimal antiderivative.

J4a+bﬂ)P¢+dxqq

x>

dx

Optimal (type 6, 100 leaves, 3 steps):

+d x2 -q b x2 +b x2
b2 <a+bx2)1+Io (c+dx?)1 (%) AppellF1[1+p, -q, 3, 2+p, —d—l()%i, %]
2a° (1+p)
Result (type 6, 228 leaves):
[bd(—3+p+q) (a+bx?)P (c+dx?)TAppellF1[2-p-q, -p, -, 3-p-4q, - 2 ,—L} /
bx> dx?
(2(—2+p+q)x2 bd(—3+p+q>szppellFl[z—p—q,—p,—q,3—p—q,—i —L]—

)
b x2 d x?2
a

a C
adpAppellFi[3-p-q,1-p, -q,4-p-q, -

, -——] -bcqAppellF1[3-p-q, -p,1-q,4-p-q, -
b x2 d x?

bx2 7dx2

]

|

Problem 1154: Result more than twice size of optimal antiderivative.

(a+bx?)? (c+dx?)°
=

Optimal (type 6, 89leaves, 3 steps):

2/ex (a+bx2)ID (1+ b%)” (c+dx2>q (1+ dcxz)quppellFl[i, -p, -9, i, _bx? M}

dx

a C
e

Result (type 6, 179 leaves):
1 5 b x? d x? 5 b x? d x?

[1eacx(a+bx2)p<c+dx2)qupellF1[—,p,q, =, - y =] / Vex |5acAppellFl[~, -p, -q, =, - ——, - —| +
4 4 a C 4 a C

5 5 9 b x2 d x2 9 b x2 d x?
4 x bcpAppellFl[f, 1-p, -q, — -—, —7] +aquppellF1[f, -p,1-q, = -—, —7]
4 4 a C 4 4 a C
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Problem 1155: Result more than twice size of optimal antiderivative.

dx

J<a+bx2)p (c+dx?)?

(ex)32

Optimal (type 6, 89leaves, 3 steps):

bx? | P dx 1 bx>  dx?
72(a+bx2)p(1+TX) <c+dx2)q(1+T’() AppellF1]- b P A s - ax,— CX}
evex
Result (type 6, 179 leaves):
1 3 bx2 dx? 1 3 bx2 dx?
—([6acx<a+bx2)p(c+dx)qupellFl[ =, -p, -0, —,——X,——X] / (ex)3/? (BacAppellFl[ =, -p, -0, —,——X,— X |+
4 4 a C 4 4 a C
5 3 7 bx* dx? 3 7 bx* dx
bcpAppellF1|~, 1-p, -q, —, -——, -—— | +adqAppellF1[~, -p,1-q, —, - —, —7]
4 4 a C 4 4 a C

Test results for the 115 problemsin "1.1.2.5 (a+b x*2)*p (c+d x"2)"q (e+f x"2)"

Problem 23: Result unnecessarily involves imaginary or complex numbers.
J(a+bx2) (c+dx2>3/2xle+fx2 dx

Optimal (type 4, 544 leaves, 7 steps):
(7adf (2d2e2—7cdef—3c21:2) -b (8d3e3—19cd2e2f+9c2def2—6c3f3)) xc+dx2

+

105d2 f2\/e + £x2
(7adf (de+3cf) -b(4d?e?-6cdef+6c2f2)) xVc+dx® Ve+fx?
105 d 2 '
(bde—2bc-F+7ad1‘:)x(c+dx2)3/2\/m+bx(c+dx2)5/2\/m+
35df 7d
(\/? (7adf (2d*e’-7cdef-3c?f?) -b (8d*e®*-19cd’e®f+9c’def? -6 F)) /c+dx? EllipticE|[ArcTan| V_X})ldi} /
o c

e¥? (7adf (de-9cf)-b(4d?e?-9cdef-3c22)) Vc+dx? EllipticF[Ar‘cTan[%], 1-4¢]
e

C+dX2
105 d* £°/2 \Je+fx?

c (e+1:x2

105d £5/2 | el aTE e

c (e+fx?)
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Result (type 4, 373 leaves):
1

105d [ ¢ B3/c+dx® Ve+fx?
C

d f x (c+dx2) (e+Fx2) (7ad-F<6c-F+d (e+3fx2>) +b <3c2-F2+3cd-F (3e+8-Fx2) +d? (—4e2+3e-Fx2+15-F2x4)>) +ie
c

d x? f x? L , . d cf
(7adf (2d*e’-7cdef-3c?f?) +b (-8d’e’+19cd’e*f-9c?def’+6C7F)) |1+ 1+ EllipticE[i ArcSinh| —x],d—}—
c e c e

2 2
ie(-de+cf) (14adf(de3cf)+b(8d2e215cdef+3c2f2))\/1+dx Jufx EllipticF[i ArcSinh| 9x},;—f]
c e c e

Problem 24: Result unnecessarily involves imaginary or complex numbers.
J(a+bx2) \/c+dx2 \/e+fx2 dx

Optimal (type 4, 381 leaves, 6 steps):
(Sad-F (de+c-F) -2b (dzez—cdef+c2fz)) xVc+dx? (bde—Zbc-F+5ad-F) xvVerdx® Verfx?
+ +

15d> f/e+ fx2 15df
bx<c+dx2)3/2\/m e (5adf(de+cf)-2b (d?e?-cdef+c2f2)) Vc+dx? EllipticE[Ar‘cTan[%}, 1-492

5d
15¢2 fpr2 | eloanl g
c (e+fx?)

e¥2 (bde+bcf-10adf) Vc+dx? EllipticF[Ar‘cTan[%], 1- ‘j—i]
e

152 |eledd)l o

c (e+fx?)

Result (type 4, 267 leaves):
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|9 fx(cedx?) (e+fx?) (bcfesadfebd (es3fx)) s
C

2 2
je(Sadf(de+cF)+2b(d2e2cdef+c2f2))\/1+dx Jufx E1liptice[i Arcsinh| | & x], 5] -
C e C

de

2 2
ie(-de+cH (—2bde+bcf+5adf)\/1+dx \/1+fx Elliptick[i Arcsinh[ | & x], <7 / 15a |2 efcian Jerfx
C e C C

de

Problem 25: Result unnecessarily involves imaginary or complex numbers.
J<a+bxz) e+ fx?
Ve+dx?

dx

Optimal (type 4, 283 leaves, 5steps):

(bde-2bcf+3adf)xVc+dx> bx+c+dx® Ve+fx?
. -
3d2Ve+ fFx2 3d

e (bde-2bcf+3adf) Vc+dx? EllipticE[Ar‘cTan[%], 1- ‘:f] (bc-3ad)e¥?+c+dx? EllipticF[Ar‘cTan[@
e

B Ve
3d2/F | eledX) (Uixz) Ve +fx2 3cd/f ,J_Le (“ixi) Vet fx2
C [e+T X C [e+T X

Result (type 4, 212leaves):

d ] d x? f x? L ) . d cf
b [ = fx (c+dx?) (e+fx2)+1e(—bde+2bc-F—3adf)\/1+ \/1+ EllipticE[i ArcSinh| | = x],
c C

[s1-2g]

c . de)

2 2
Jibe(—de+c-F)\/1+dX \/1+FX EllipticF[i ArcSinh| gx],;i} / 3d 91:\/c+dx2 \/e+-Fx2
c e c e c

Problem 26: Result unnecessarily involves imaginary or complex numbers.
J(a+bx2) Verfxd

(c +dx2)3/2

dx
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Optimal (type 4, 271 leaves, 5steps):
(2bc-ad) fxVc+dx? (bc-ad) xVe+fx?

cd?e+fx? cdc+dx?
(2bc-ad) Ve VF Ve+dx? EllipticE[Ar‘cTan[@}, 1-9¢] be¥2+/c+dx? EllipticF{Ar‘cTan[@], 1-49¢]
e cf Ve cf
N
c d? e—g“i—xjg—\/eﬂcxz cdVf l—(—)—e(“ixz) Ve +fx?
C (e+TX C (e+TX

Result (type 4, 192 leaves):

; dx? fx? L. . . d cf
-i(2bc-adje [1+ 1+ EllipticE[i ArcSinh|[ | = x|, —] -
C e C de

2 2 3/2
(bc-ad) gx(e+1°x2)—j1e\/1+dx \/1+fx EllipticF [i ArcSinh| gx],;—f} /[cz[g] \/c+dx2 \/e+1"x2
\/c c e \/c e c

Problem 27: Result unnecessarily involves imaginary or complex numbers.
J(a+bx2) Ve+fx?

(c+dx2)5/2

dx

Optimal (type 4, 274 leaves, 4 steps):
(bc-ad) xerfxz (d(bcr2adje-c(2bcrad)f)Verfe EllipticE[ArcTan[%}, 1- <]

de
- 32 i
2
3cd (c+dx?) 3202 (de-cf) Vrdx® c (e+fx?)
e (c+dx?)

(bc-ad) e¥2V/Ff \c+dx? EllipticF[ArcTan[@], 1-4¢]
Ve

cf

3c?d (de-cf) eledX] o X2

c (e+fx?)

Result (type 4, 297 leaves):
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1

d x(e+fx2> (ad(—3cde+2c2f—2d2ex2+cdfx2)+bc(czf—dzex2+2cdfx2>)+
3c3(§)3/2 (-de+c¥) (c+dx2)3/2\/m c
2 2
ie(ad(-2de+cf)+bc(-de+2cHf)) (c+dx2)\/1+dx \/1+-FX E1lipticE[i ArcSinh | /9 x],;:—f}—
c e c e

) d x? f x2 L ] . d cf
i(bc+2ad)e(-de+cf) (c+dx2)\/1+ \/1+ EllipticF[i ArcSinh| —x},d—]
c e \[ ¢ e

Problem 28: Result unnecessarily involves imaginary or complex numbers.
J<a+bxz) e+ fx?

(c+dx2)7/2

dx

Optimal (type 4, 385Ileaves, 5steps):
(bc-ad) xVe+fx* (ad(4de-3cf)+bc(de-2cf))xVe+fx?

+

S5cd (c+dx?)®? 15¢%d (de-cf) (c+dx?)’?
(2bc (d®e*-cdef+c?f?) +ad (8d°e*-13cdef+3c*f?)) \/e+fx? EllipticE[Ar‘cTan[v\/F_X],1—:—f]/
C e
eB/Z\F (2ad (2de-3cf) +bc (de+cf)) Vcrdx? EllipticF[Ar‘cTan[%},l—g—ﬂ

e+1‘x2
[15c5/2d3/2 de 2. Jc+dx? ;
C+dX

Result (type 4, 379 leaves):

15c3d(de—c-F)2 eledx) \fa i fx2

c (e+fx?)
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1

15 ¢4 (%)3/2 (de-cf)? (c+dx®)®?Jerfx?

\/;x(eJrFxZ) (3c2 (bc-ad) (de—cf)z—c<de—cf) (ad (4de-3cf)+bc(de-2cf)) (c+dx?) -

(Zbc (dzez—cdeerczfz) +ad (8d2e2—13cdef+3czfz)) (c+dx2)2) +

d x? f x2?
ie(c+dx2)2\/1+ \/1+
C e
cf

(-de+cf) (bc(-2de+cf)+ad(-8de+9cf)) EllipticF[i ArcSinh| /9 x|, —]

(2bc (d®e*-cdef+c?f?) +ad (8d°e*-13cdef+3c?f?)) EllipticE[i ArcSinh| d x|, :—f} -
C e

C de

Problem 29: Result unnecessarily involves imaginary or complex numbers.

J(a+bx2) A/ c+dx? (e+fx2>3/2d1x

Optimal (type 4, 543 leaves, 7 steps):
(7ad1C (3d2e2+7cdef—2c2f2) -b (6d3e3—9cd2e2f+19c2de1‘:2—8c3f3)) x+ ¢ +dx?

+

105d3 f/e+fx2
(14adf (3de-cf) +b (3d2e?-15cdef+8c?2)) xVc+dx? Ve+fx?
105d? f i
(3bde-4bcf+7adf) x (c+dx?)*?Ve+fx? bx(c+dx?)>? (e+fx?)*?
35 2 ' 7d )
Ve (7adf (3d*e?+7cdef-2c2f?) -b (6d°e’-9cd?e?’f+19c?def’ -8 f)) \/c+dx? EllipticE[Ar‘cTan[\/\/—iX},l ji}/
e

(c+dx?)
105 d° £3/2 \Je+fx?

C (eJr-Fx2

105 d2 £3/2 | el (o2

c (e+fx?)

Result (type 4, 372leaves):
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1

105 c2 (%)5/2-F2\/c+dx2 Ve + fx?

- d f x (c+dx2> <e+fx2) (4bc2f2—3bcdf(3e+fx2) -7adf (6de+cf+3dfx2> -3bd? <e2+8efx2+51‘2x4)> -ie
C

d x? f x? L , . d cf
(7adf (3d*e®’+7cdef-2c?f*) +b (-6d’°e’+9cd’e®f-19c*def’+8C7 7)) |1+ 1+ EllipticE[i ArcSinh[ | = x], —] +
C e c de
2 2
ie(-desc) (-7adf (3de<c) b (6d?e-6cdefrac’®)) |1+ 1. Elliptice[iArcsinh] 9x},:—{]
c e c e

Problem 30: Result unnecessarily involves imaginary or complex numbers.

dx

(a+bx?) (e+fx2)3/2
e
Optimal (type 4, 400 leaves, 6 steps):

(10adf (2de-cf) +b (3d?e?-13cdef+8c?f2)) x/c+dx? (3bde-4bcf+5adf)x/c+dx? Ve+fx?

+ +

15d3Verfx? 15d?

bxm<e+fx2)3/2 \E(leadf(zde—cf)er(Sdzez 13cdef+ 8c21‘2 )\/c+dx2 ElllpthE[Ar‘cTan[%] 1—d—e]

- +

5d
15d3/f | ¢ c+ixz Ve + fx?
Cc (e X

e¥2 (5ad (3de-cf)-b(6cde-4cf))Vc+dx? EllipticF[ArcTan[%], 1—3—?}
e

15cd2~/F | &led¥l e Exe

c (e+fx?)

Result (type 4, 275leaves):
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L x(cedx?) (esfx) (4bcF-Sadf-3bd(2e:fx)) -
C

2 2
e(l@adf(Zdecf)+b(3d2e213cdef+8c2f2))\/1+dx Jufx EllipticE[i ArcSinh| }9 x},;—’c]+
c e c e

2 2 5/2
e(-de+cH (—3bde+4bcf—5adf)\/1+dx \/1+fx EllipticF [i Arcsinh| | & x], Z—f} /(158[—] fFlcrdx® Jerfx?
C e C e

Problem 31: Result unnecessarily involves imaginary or complex numbers.

dx

j(a+bx2) (e+fx?)*?

(C +CIX2>3/2

Optimal (type 4, 369 leaves, 6 steps):
f(bc(7de-8cf)-3ad(de-2cf))xc+dx® (4bc-3ad)fxVc+dx? Ve+fx?

+ —

3cdierfx2 3cd?
(bc—ad)x(e+fx2)3/2 \/?\/?(bc<7de78cf)73ad(de72cf))\/c+dx2 EllipticE[Ar‘cTan[%},lf‘z—i]
- +
cd/c+dx?

3cdd [ eledd) e Ex?

c (e+fx?)

e¥2 (3bde-4bcf+3adf) Vc+dx? E111pt1cF[Ar‘cTan[L},1—d—e]

Ve cf
3cd*/f le“i; Ve +fx?

Result (type 4, 248 leaves):
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1

3d3Vecrdx2 Verfx?

d d , d x? f x2
- = x (e+fx?) (Bad(decF)+bc(3de+4cf+dfx2))+1e(3ad(de2cf)+bc(7de+8cf))\/1+ \/1+
\/c \[ ¢ C e
L. ) . d cf ) d x2 f x2 L. ) . d cf
EllipticE[i ArcSinh| /— x|, —] -1 (4bc-3ad)e(-de+cf) \/1+ \/1+ EllipticF|i ArcSinh|[ | = x], —|

C de C e C de

Problem 32: Result unnecessarily involves imaginary or complex numbers.

dx

j(a+bx2) (e+fx?)*?

(c+dx2>5/2

Optimal (type 4, 373 leaves, 6 steps):
f(bc(de-8cf)+2ad(de+cf))xVc+dx? (bc(de-4cf)+ad(2de+cf))xVe+fx?

3c2d3e+fx? 3c2d?+/c+dx?
(bc—ad)x(e+fx2)3/2 \/?\/?(bc<de—8cF)+2ad(de+c-F))\/c+dx2 EllipticE[ArcTan[%},l—‘Zfﬂ
+ +

3cd (c+dx2)3/2

e (cedx)
3cdd [ SledXl oy

c (e+fx?)

(4bc-ad) e¥2+/f /c+dx? EllipticF[Ar‘cTan[@], 1-4¢]

Nry cf

e (cdx?)
322 [eledX) o

c (e+fx?)

Result (type 4, 296 leaves):
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1
3d* (c+dx?)? e+ fx2

2 2
e(2ad(de+cf)+bc(de+8cf))<c+dx2)\/1+dx \/1+fx EllipticE[i ArcSinh| gx},;—f]+
c e \| e

2 2
je(—ad(Zde+cf)+bc(—de+4c-F))<c+dx2)\/1+dx \/1+fx EllipticF|i ArcSinh| gx},z—f]
c e \| e

Problem 33: Result unnecessarily involves imaginary or complex numbers.

d

3/2
—] { gx(e+1cx2) (bc(—4c2f+d2ex2—5cdfx2)+ad(c2f+2d2ex2+cd<3e+2fx2)))—
C C

dx

j<a+bxz) (e+fx2)3/2
(C+dX2>7/2

Optimal (type 4, 376 leaves, 5steps):

(d (bc+4ad) e-c (4bc+ad) F) xve+fx? (bc—ad) X (e+fx2)3/2

+

15 c2 d2 (c+dx2>3/2 5cd(c+dx2)5/2

(bc(2d°e*+3cdef-8c*f’) +ad (8d*e’-3cdef-2c*f)) \Je+fx? EllipticE[Ar‘cTan[\/?X], l—ﬂ]

/

Jo de
(e +Fx2) e3/2\/?(bc(de—4cf)+ad(4de—cwc)>\/c+dx2 EllipticF[Ar‘cTan{@],l—d—e]
15 c5/2d5/2 w/c+dx ’ - Ve of

c+dx2)

15c3d? (de-cf) eleedX) /o Ex2

(e+fx

Result (type 4, 382leaves):
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1

15c2d® (de - ¢ f) (c+dx2)5/2\/e+fx2

\F \/?x(eJr-sz) (3c2 (bcfad) (de—cf)z—c(de—cf) (bc (de—7c-F>+2ad (2de+c-F)> (c+dx2)+

(ad <—8d2e2+3cdef+2c2f2> +bc (—2d2e2—3cdef+8c21‘2)) (c+dx2)2) -

. 2 dx? fx2 N , d cf
ie(c+dx?)® 1+ 1+ (ad (-8d*e’*+3cdef+2c?f?) +bc (-2d*e*-3cdef+8c’?)) EllipticE[i ArcSinh| —x],d—}+
C e C e
(de-cf) (ad(8de+cf)+2bc (de+2cf)) EllipticF|iArcSinh| /9 x|, :—f] ]
c e

Problem 34: Result unnecessarily involves imaginary or complex numbers.

dx

J<a+bxz) <e+'FX2)3/2
(c+dx2)9/2

Optimal (type 4, 531 leaves, 6 steps):

(d(bc+6ad)e-c(4bc+3ad) f) xVe+fx?

35 ¢2 g2 <c+dx2)5/2

+

(bc(4d2e?+cdef-8c2f2) +3ad (8d?e?-5cdef-2c2f)) xVe+fx2 (bc-ad) x(e+fx2)3/2

- +

105c3d? (de-cf) (c+dx?)*? 7cd (c+dx?)’?
((6ad(8d3e312cdzez-F+2c2de-F2+c31:3)+bc(8d3’e35cd2e2155c2de-F2+8c3-F3))x/eercx2 EllipticE[Ar‘cTan[\/?X},l:f}/
Ve e
f 2
105c7/2d5/2 2 c+dx? e+ X -
C+dx2>
L. e de
e*2+/f (3ad (8d’e*-11cdef+c?f?) +2bc (2d?e?’-cdef+2c?f?))/c+dx® EllipticF|ArcTan| e ] 1——{] /
e C

d 2
195c4d2(de—cf)2 (e +dx \Je+fx?

(e+1‘x2
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Result (type 4, 545 leaves):
1

105 c3 d3 (de—cﬂ2 (c+dx2)7/2\/e+1‘:x2

\/7 |4 x (e+fx?) (15c3 (bc-ad) (de—c1:)3—3c2 (de—c-F)Z(bc (de-9cf)+2ad (3de+cf)) (c+dx?) -

C (de—cf) (bc (4d2e2+cdef—8c21‘:2) +3ad (8d2e2—5cdef—2c2f2)) (c+dx2)2—

d x?

C

(6ad (8d’e®-12cd’e®f+2c?def?+ ) +bc (8d’e*-5cd?’e®’f-5c*def?+8c*f?)) (c+dx2)3) +ie (c+dx2)3 1+

2
1+ (6ad (8d°e®-12cd?’e*f+2c?def’+ ) +bc (8d°e®-5cd’e®f-5c’def?+8c>f?)) EllipticE[i ArcSinh| /9 x|,
e C
cf . L. . . d cf
d—] - (-de+cf) (3ad(-16d*e’+16cdef+c?f?) +bc (-8d*e’+cdef+4c?f?)) EllipticF[iArcSinh|[ [ = x|, d—]
e C e

Problem 35: Result unnecessarily involves imaginary or complex numbers.

dx

J<a+bxz) (C+dx2)5/2
Verfx®

Optimal (type 4, 551 leaves, 7 steps):
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(7adf (8d*e*-23cdef+23c2f2) -b (48d°e®-128cd’e?’f+103c?def2-15c3f3)) xVc+dx?

105d f3 e+ fx*
(28adf (de-2cf) -b(24d2e?-43cdef+15c2f2)) x/c+dx? Ve+fx?
105 3 .
(6bde-5bcf-7adf) x (c+dx?)*?*Ve+fx2 bx(c+dx?)*? e+ fx?
35 f2 ’ 7f i
Ve (7adf (8d?e’-23cdef+23c?f2) -b (48d°e’-128cd?e?f+103c?def?-15c3 %)) /c+dx? EllipticE[Ar‘cTan[\/—\/iX},1—2—;3:} /
e

+

2
105d f7/? giera@x) (c+dx; \J e+ Fx?

C (e+fx2

\/?(7a-F(4d2 >-11cdef+15c*f?) -be (24d’°e*-6lcdef+45c*f?)) y/c+dx* EllipticF [ArcTan|

2
10572 | S1S1EX) (c+dx ; \Je+fx?

C (e+fx2

Result (type 4, 386 leaves):
1

105 | ¢ fVcrdx® Ve+fx?

d f x (c+dx2) (e+1°x2> (7adf(—4de+11cf+3dfx2) +b (45c2f2+cdf(—61e+45fx2) +3d? (8e2-6efx2+5f2x4))) -
C

ie (7adF (8d2e2—23cdef+23c2fz) +b (—48d3e3+128cd2e2f—103c2de1°2+15c3~F3))

dx? fx? N . d cf, |
1+ 1+ EllipticE[i ArcSinh| | = x|, —]+1i (-de+cf)
c e c de

2 2
(4be(12d2e226cdef+15c2fz>7af(8d2e219cdef+15c2f2))\/1+dx \/1+fx EllipticF[i ArcSinh| gx],ﬂ}
C

C e de
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Problem 36: Result unnecessarily involves imaginary or complex numbers.

dx

(a+bx?) (c+dx?)??
R
Optimal (type 4, 396 leaves, 6 steps):

(10adf (de-2cf) -b (8d2e?-13cdef+3c?f2)) x/c+dx* (4bde-3bcf-5adf)xVc+dx® Ve+fx?

- +

15df2/ e+ f x? 15 2

bx(c+dx2)3/zm Ve (10adf (de-2cf) -b (8d?e?-13cdef+3c2f2)) Vc+dx? EllipticE[ArcTan[%], 1-49¢
+

5f
15d /2 | eled?) S

c (e+fx?)

cf

Ve (5af(de-3cf)-b(4de’-6cef))Vc+dx? EllipticF[Ar‘cTan[@}, 1—d—e}
e

15 F5/2 | eledX] fog e

c (e+fx?)

Result (type 4, 279 leaves):

1

d -Fx(c+dx2) (e+fx2> <5adf+b(—4de+6cf+3dfx2)) -
\| ¢
15 l% B3Vcrdx® Verfx?

2 2
e(—lead-F(de—ch)+b(8d2e2—13cde-F+3c2F2))\/1+dx \/1+FX EllipticE[i ArcSinh| gx],ip
C

C e de

, d x? f x? L _ . d cf
i(-de+cf) (Saf(zde3cf)+be(8de+9cf))\/1+ \/1+ EllipticF[i ArcSinh| —x],d—]
c e \[ ¢ e

Problem 37: Result unnecessarily involves imaginary or complex numbers.

J<a+bx2) vec+dx?
Ve s fx?2

Optimal (type 4, 282 leaves, 5steps):

dx
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(2bde-bcf-3adf) xVc+dx* bxyc+dx? Ve+fx2

- + +
3dfVe+fx2 3f
Ve (2bde-bcf-3adf)/c+dx? EllipticE[Ar‘cTan[?],l—gfi] Ve (be-3af)c+dx? EllipticF[Ar‘cTan[%],lf‘:ﬁ]
e e
3d 32 e C+dX /e+'FX2 3 £3/2 e C+dX /e+'FX2
C efxZ c(e +x2)

Result (type 4, 215leaves):

d ] d x? f x? L , . d cf
b | = fx (c+dx?) (e+-Fx2)—1e(—2bde+bcf+3adf)\/1+ \/1+ E1lipticE[i ArcSinh| —x],d—}+
c C e C e

2 2
i(2be-3af) (—de+c-F)\/1+dX \/1+FX EllipticF[i ArcSinh| 9x],:—ﬁ / 3 91:2\/c+dx2 \/e+1:x2
c e \/c e c

Problem 38: Result unnecessarily involves imaginary or complex numbers.

a+bx?
J dx
Verdx? Verfx?

Optimal (type 4, 206 leaves, 4 steps):
b x /7c a2 b Ve \c+dx? EllipticE[ArcTan| L} 1- gie} ave "c+dx? EllipticF|ArcTan| L} 1-9¢]

dve+fx?
: dVE [T VerfxE V[ HeT Vet

Result (type 4, 131leaves):

, d x? f x? L. ' . d cf L , . d cf
- 1\/1+ \/1+ beElllptlcE[nAr‘cSmh[ fx],—}+(fbe+af) ElllpthF[]lAr‘CSIHh[ fx],f} /
C e C de C de
d
S fferdx® Jerfx2
C
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Problem 39: Result unnecessarily involves imaginary or complex numbers.

J a+bx? dx
(c+dx2)3/2x/e+fx2
Optimal (type 4, 209 leaves, 3 steps):
(bc-ad) Ve+fx? E111pt1cE[Ar‘cTan[L} 1- i} Ve (be-af)c+dx? EllipticF[Ar‘cTan[@}, 1-9¢]

_ . Ve cf
\/7\/7(defmc Ve +dx? Ce*:)i C\F(defcf) e—E%Xz))—\/eﬂcxz
e (c+dx c (e+fx

Result (type 4, 206 leaves):

d d x? f x2 d cf
- (bc—ad)x(e+fx2)+i(bc—ad)e\/1+ \/1+ EllipticE[iArcSinh| | = x|, —] -
c c e c de

nja

2 2
a(de+cf)\/1+dx \/1+-Fx EllipticF[i ArcSinh| gx],;—f] /[d(fde+cf)\/c+dx2 \/eJr-Fx2
c e c e

Problem 40: Result unnecessarily involves imaginary or complex numbers.

J a+bx? dx

(c+dx?)* e+ fx?

Optimal (type 4, 284 leaves, 4 steps):
(bc-ad) xVerfrd (2ad (de-2cf) +bc (de+cf)) Ve+fx? EllipticE[Ar‘cTan[%}, 1-<f

— + —

3/2
¢ (de-cf) {erdx?) 3632/T (de-cf)PVerdx |l

e (C+d Xz)

Ve (2bce+ade—3acF) Ve+dx? EllipticF[Ar‘cTan[@}, 1—dfe]

Ve cf

3c? <de—C'F)2 eledX] JaE X2

c (e+fx?)

Result (type 4, 302 leaves):
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1

gx(e+1cx2) (bc(2c2f+d2ex2+cdfx2)+ad(—5c2f+2d2ex2+cd(3e—4fx2))>+
\| ¢
3 2 /% (de-cf)? (c+dx?)>?+ 2

e+fx
2 2
e(2ad(de-2cf)+bc(de+cf)) (c+dx2)\/1+dx \/1+-FX EllipticE[i ArcSinh| 9x],;:—-':]Jr
c e c e

. d x? f x2 Lo ] . d cf
i(-de+cf) (bce+2ade-3acf) (c+dx2)\/1+ \/1+ EllipticF[i ArcSinh| —x},d—]
c e \| ¢ e

Problem 41: Result unnecessarily involves imaginary or complex numbers.

J a+bx? dx
(c+dx2)7/2\/e+fx2
Optimal (type 4, 401 leaves, 5 steps):
(bc-ad) xVe+fx? (4ad (de-2cf)+bc(de+3cf))xVe+fx?
+

+

c(de-cf) (c+dx?)®? 15¢2 (de-cf)? (c+dx2)??
(bc(2d°e*-7cdef-3c*f?) +ad (8d’e’-23cdef+23c*f?))/e+fx? EllipticE|ArcTan| d X],l—;—f] /
C e
£ 2
15c5/2v_ de-cf)’+/c+dx? (e +Fx -
C+dX2>
Ve Vf (bce(de-9cf)+a(4d?e®-11cdef+15c2f?)) /c+dx? EllipticF[Ar‘cTan[\/v?_X},1—d—i} /
e C

d 2
15 ¢3 (de—cf)3 (e +dx \Je+fx?

(e+1‘x2

Result (type 4, 393 leaves):
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1

15 c3 /% (de—cf)3 (c+dx2>5/2\/e+1cx2

\/?x(eJrFxZ) (3c2 (bc-ad) (de—cF)2+c<—de+cf> (4ad(de-2cf)+bc(de+3cf)) (c+dx?) +

d x?

C

(ad (-8d*e®*+23cdef-23c>f?) +bc (-2d*e’+7cdef+3c??)) (c+dx2)2) i (c+dx2)2 1+

2
1. % e(ad(-8d*e’+23cdef-23c>f?) +bc (-2d’e®’+7cdef+3c?f?)) EllipticE i ArcSinh| gx},;:—-F]Jr
e \[ ¢ e
(de-cf) (2bce(de-3cf) +a (8d°e*-19cdef+15c*f?)) E1lipticF[i ArcSinh| d x|, :i]
\| ¢ e

Problem 42: Result unnecessarily involves imaginary or complex numbers.

dx

J(a+bx2) (c+dx?)>?

(e+fx2)3/2

Optimal (type 4, 501 leaves, 7 steps):



1.1.2 Quadratic.nb | 513

(5a1c (8d?e?-13cdef+3c?f?) -2be (24d2e2—44cdef+19c2f2)) X+ c+dx2 (be—af) X (c+dx2)5/2

15ef e fxd eferfrd
d(be(24de-23cf)-5af (4de-3cf))xVc+dx? Ve+fx? d(6be-5af)x (c+dx?)>?/e+fx?
+ +
15ef? 5ef?
{(Baf(8d2e2—13cdef+3c2f2) -2be (24d’e’-44cdef+19c?f?)) \/c+dx* EllipticE[ArcTan| \/—X]) 1—d—i] /
e c
d 2
15+/e 772 c+ X e+ fx?
(e+fx2
X de

Ve (10adf (2de-3cf)-b(24d’°e*-41cdef+15c*f?)) \/c+dx* EllipticF|[ArcTan|

s ]:1—;]

/

c+dx2
15 f7/2 \Je+fx?

C (e+1cx2

Result (type 4, 369 leaves):
1

15 l% eftcrdx® VerFfx?

4 fx (c+dx?) (5af (-6cdef+3c*f>+d’e (4e+fx?))+be(-15c2f+cdf (4le+11Ffx?) -3d* (8e*+2efx*-f2x*))) -
C

C e de

_ d x? f x? L ) . d cf
1de(5af(8d2e213cdef+3c2f2)+2be<24d2e244cdef+19c2f2)>\/1+ \/1+ EllipticE[i ArcSinh|[ | = x|, —] -
\| ¢

C e de

2 2
e(-de+cf) (5adf(—8de+9cf)+b(48dzez—64cdef+15c2f2>)\/1+dx \/1+fx EllipticF[i ArcSinh| 9x],ﬁ]
\[ ¢

Problem 43: Result unnecessarily involves imaginary or complex numbers.

dx

J(a+bx2) (c+dx?)®?

(e+fx2>3/2

Optimal (type 4, 358 leaves, 6 steps):
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(be (8de-7cf)-3af(2de-cf))x/c+dx* (be-af)x (c+dx2)3’/2
3ef2\e+fx? efve+fx?

(be(8de-7cf)-3af(2de-cf)) Vc+dx? EllipticE[Ar‘cTan[%], 1—;}

+

d(4be-3af)x/c+dx® e+ fx?

+

3ef?
3/e 572 [eledd) ey

c (e+fx?)

Ve (abde-3bcf-3adf] /crdx ELLiptick [ArcTan[<Tx], 1 2¢]

e

dZ
352 [eledl) fmee

c (e+fx?)

Result (type 4, 260 leaves):

/9 fx(c+dx®) (3af(-de+cf)+be(4de-3cf+dfx?)) -
c
dx? fx? o . . d cf
Jide(3a-F(2de+c-F)+be(8de+7c-F))\/1+ \/1+ EllipticE[i ArcSinh| fx},df]—
c e \| ¢ e

2 2
e (-de+cf) (—8bde+3bcf+6adf)\/1+dx \/1+fx EllipticF i ArcSinh| gx],;—f} / 3 ge1‘°3\/c+dx2 \/e+1"x2
c e \/c e \/c

Problem 44: Result unnecessarily involves imaginary or complex numbers.

J(a+bx2)m

(e +'FX2)3/2

dx

Optimal (type 4, 258 leaves, 5steps):
(be-af) xVc+dx* (2be-af)xvc+dx?

efe+fx? efVe+fx?
(2be-af) Vc+dx? EllipticE[Ar‘cTan[@}, 1- di] bve Vc+dx? EllipticF[Ar‘cTan[@}, 1- di]
e cf e cf
+
Ve g2 [ eledd) ey 2 |eledX) e e
c (erfx?) c (exfx?)

Result (type 4, 208 leaves):



d . d x2 £ x2 o . ) d cf
'F(—be+a'F)x(c+dx2)—1de(2be—a-F>\/1+ \/1+ EllipticE[i ArcSinh[ | = x|, —] -
C C e C de
2 2
e(2bde+bcf+adf)\/1+dx \/1+fx E11ipticF [i ArcSinh 9x],;—{} / |2 erfcad Jer e
c e c e c

Problem 45: Result unnecessarily involves imaginary or complex numbers.

J a+bx dx

Verdx® (e+fx?)??

Optimal (type 4, 209 leaves, 3 steps):
(be-af) Vc+dx? EllipticE[Ar‘cTan[@], 1-49¢] (bc-ad) Ve Ve +dx? EllipticF[Ar‘cTan[%], 1- 492

Ve cf cf
\/?\/?(de—cf) i(:i; Verfx2 C\/?(dE—C'F) i(?:zz e+ fx2

Result (type 4, 212leaves):

d ) d x2 f x2 o . ) d cf
-F(be+a~F)x(c+dx2)1de(beaf)\/1+ \/1+ EllipticE[i ArcSinh|[ | = x], —] -
C C e C de

2 2
Jibe(—de+cf)\/1+dx Jufx E1lipticF [ ArcSinh | gx],;—f} / G et desce)Jcrd Jerfr
C e C e C

Problem 46: Result unnecessarily involves imaginary or complex numbers.

J a+bx? dx
(c+dx2)3/2 (e+-Fx2>3/2

Optimal (type 4, 272 leaves, 4 steps):

1.1.2 Quadratic.nb | 515
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(bc-ad)x VE (2bce-ade-acf) Vc+dx? EllipticE[Ar‘cTan[%], 17i—i]

+

de-cf dx? fx? (crdx?)
clde-cf]Verdx Vesfx cve (de-cf)? [l gl

c (e+fx?)

Ve (bde+bcf-2adf)c+dx? EllipticF[Ar‘cTan[@}, 1-49¢]

Ve cf

cVFf (de—cf)2 eledx) \fa i fx2

c (e+fx?)

Result (type 4, 262 leaves):

d d X (a (c2f2+cd1:2x2+d2e <e+-Fx2)) -bce (cf+d (e+2fx2))) -
\[ ¢ [\ ¢
. d x? f x? L ) . d cf
1de(2bce—a(de+cf))\/1+ \/1+ EllipticE[iArcSinh|[ | = x|, —] -
C e C de

de (de—c:1“>2\/c:+dx2 \/e+-Fx2

. d x? f x2 L . . d cf
i(bc-adje(-de+cf) |1+ 1+ EllipticF[i ArcSinh[ | = x|, —] /
C e C de

Problem 47: Result unnecessarily involves imaginary or complex numbers.

J* a+bx? dx
(c+dx2)5/2 (e+fx2>3/2

Optimal (type 4, 375leaves, 5steps):
(bc-ad) x (2ad (de-3cf) +bc(de+3cf))x

- + +

3c(de-cf) (c+dx2)3/2\/e+1:x2 3 2 (de—c1=)2\/c+dx2 e+ fx?

et

N3 (bce(de+7cf)+a(2d2e?-7cdef-3c?2)) Vc+dx? EllipticE[Ar‘cTan[l%], 1-de
e

3c2/e (defcf)3 elerdX®) S E X2

c (e+fx?)

Ve V/f (ad(de-9cf)+bc(5de+3cf))Vc+dx? EllipticF[ArcTan[%], 1-49¢]
e

cf

3¢? (de—c-F)3 eledx) o fx2

c (e+fx?)
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Result (type 4, 428 leaves):

1

d X (-bce (3c3f+d’ex? (e+fx*) +cd®fx?® (4e+7fx*) +c*df (5e+11Fx%)) +
\| ¢
3¢2 l% e (fde+cf)3 (c+dx2>3/2\/e+1‘x2

a (3c“1“3+6c3d1=3x2—2d“e2x2 <e+fx2) +c2d*f (8e2+8eFx2+3F2x4> +cdie (—3e2+4efx2+7fzx4))> -

2 2
ide (bce(de+7cf)+a(2d’e’-7cdef-3c*f2)) (c+dx2>\/1+dX \/1+fx EllipticE|i ArcSinh| d x|, ;—F]—
c e \| e

2 2
e (-de+cf) (2ad(de—3cf)+bc(de+3cf))(c+dx2)\/1+dx \/1+FX EllipticF[i ArcSinh| gx],i}
\/c

C e de

Problem 48: Result unnecessarily involves imaginary or complex numbers.

J* e+ fx? dax
Va+bx? (c+dx?)*?
Optimal (type 4, 209 leaves, 3 steps):
(de-cf) Va+bx?* EllipticE [Ar‘cTan[l@} ,1-2¢] /e (be-af)~a+bx? EllipticF [Ar‘cTan[l@} , 18]

NS ad N3 ad
- +
\/?\/?(bcfad) c<a+3x2 Ve+dx? aﬁ(bcfad) c(a+2x2 v +dx?
a(cC X a(c X

Result (type 4, 212leaves):

b ) b x2 d x? L . . b ad
—d(de—cf)x<a+bx2)—1bc<—de+cf)\/1+ \/1+ EllipticE[i ArcSinh| | = x], —] -
a a c a bc
2 2
c(bc+ad)f\/1+bx \/1+dx EllipticF[i ArcSinh| Ex],‘:fd} /[ b cd(-bc+ad) \/a+bx2 \/c+dx2
a c \/a c \/a

Problem 49: Result unnecessarily involves imaginary or complex numbers.

e+ fx?
J dx
va-bx? (c+dx2)3/2
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Optimal (type 4, 247 leaves, 8 steps):

“Ja Vb (de-cf) [1- b x2 mEllipticE[ArcSin[@}, 7ﬁ}
° Va

(de—c-F) x+a-bx?
.
C (bc+ad) Ve+dx?

cd(bc+ad)\/a—bx2 1+dciZ

ﬁf\/lba—xz \/1+dc—"2 EllipticF[Arcsin[%}, -2d]

bc

Vb dVa-bx? Vc+dx2
Result (type 4, 220 leaves):

b i b x2 d x? L . . b ad
——d(de—cf)x(a—bx2)+1bc(—de+cf)\/1——\/1+ EllipticE[iArcSinh|[ [-= x|, - —] -
a a c a bc

2 2
jc(bc+ad)f\/1bx\/1+dx EllipticF[i ArcSinh| b x],fz—d] / b cd(bc:Jrad)\/a—bx2 \/c+dx2
a c \| a c \| a

Problem 50: Result unnecessarily involves imaginary or complex numbers.

J e+ fx? dax
Vaibx® [c-dx?)??
Optimal (type 4, 237 leaves, 8 steps):

(de+cf) xVarbx® (de+cf) Va+bx? ll—dc—xz EllipticE[Ar‘cSin[%},—:—;} e\/1+bai2 \/1—‘1%2 EllipticF[Ar‘cSin[%],—:—;]
+

c(bc+ad) Vec-dx? \E\H(borad) 'u%m Ve Vd Va+bx? Ve-dx?

Result (type 4, 213 leaves):
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b o b x2 d x? L , . b ad
—d(de+cf)x(a+bx?)-ibc (de+cf) |1+ 1- —— EllipticE[i ArcSinh[ | = x|, - —] +
a a C a bc
2 2
c(bc+ad)f\/1+bx \/1d—x EllipticF[i Arcsinh[ | 2 x}f:—d} / ® cdfbcrad) Jarbe o dx
a c a c a

Problem 51: Result unnecessarily involves imaginary or complex numbers.

e+fx
J dx
Va-bx* (c-dx?)*?

Optimal (type 4, 242 leaves, 8 steps):

e s cf) xa B (de+cf)Va-bx2 [1-9¢ EllipticE[ArcSin[%], oc] eJlb:z \/1‘1:2 EllipticF[Ar‘cSin[%], ol
+ - c <
- + +
c(bc—ad)\/c—dx2 | b x2 Ve /d va-bx® \Jc-dx?
Ve A/d (bc—ad) 1—TX Ve-dx?

Result (type 4, 221 leaves):

b i b x? d x? L . . b ad
——d(de+c-F)x(a—bx2)+1bc(de+cf)\/1——\/1——E111pt1cE[1Ar‘c51nh[ -= x|, — ]+
a a c a bc

2 2
c(—bc+ad)f\/1—bx\/1—dx E1liptick [i Arcsinh[ |- 2 x},ﬂ]/ -E cd (-bc+ad)\Ja-bx® \Jc-dx?

a C a bc

Problem 52: Result unnecessarily involves imaginary or complex numbers.

a+bx?
J dx
\/2+dX2 \/3+'FX2

Optimal (type 4, 191 leaves, 4 steps):
Xﬂ/72+dxz V2 b2 +dx? EllipticE| Ar‘cTan[L} 1-24] av2+dx? E111pt1cF[Ar‘cTan[L}, 1- 24

2f 2f

+

dvV3+fx?
: dVF L 3 V2B e
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Result (type 4, 81 leaves):
i |3bEllipticE[i Ar‘cSinh[Ld *], 251+ (-3b+af) EllipticF[JlAr‘cSinh[Ld x], ﬁ])
vz 3d V2

V3 Vd f

Problem 53: Result unnecessarily involves imaginary or complex numbers.
(a+bx?) V2+dx?
e
Optimal (type 4, 262 leaves, 5steps):
(6bd-2bf-3adf)xV2+dx® LbxV2dx? V34X

dx

+

3dfV/3+Fx2 3f
V2 (6bd-2bf-3adf) V2+dx EllipticE[ArcTan[%},Lﬁ] V2 (b-af) V2+dx? EllipticF[ArcTan[%},Lii}
3df3/2 ii—f V3 fx? £3/2 /i‘:—ﬁ V3 Fx?
Result (type 4, 142 leaves):
L |bva fx2edx® f3oEx -
3+/d f2
. .. . . Vd x 2f . L ) . x, 2f
i3 (6bd-2bf-3adf) EllipticE[i ArcSinh| 1, —] +i+/3 (3d-2F) (-2b+af) EllipticF[i ArcSinh| 1, —]
Jz © 3d V2 3d

Problem 54: Result unnecessarily involves imaginary or complex numbers.

J(a+bx2) \/2+dx2 \/3+'Fx2 dx

Optimal (type 4, 356 leaves, 6 steps):
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(5adf (3d+2f) -2b (9d*-6df+4f2)) xV2+dx* (3bd-4bf+5adf)x/2+dx® /3+Fx2

+ +

15d2 F /3 + Fx2 15df

bx (2+dx2)2 3 fxz V2 (5adf(3d+2F) -2b (9 -6df+af)) V2. d EllipticE[Ar‘cTan[%},1—3d]

5d
15d2 £2/2 [ 24X (/3050
3+f x2

V2 (3bd+2bf-10adf) V2+dx? EllipticF[Ar‘cTan[%], 1-24]

2f

5d 32 Z*dx V3 Fx2

Result (type 4, 186 leaves):

Vd Fx+/2+dx? \[3+Fx2 (2bF+5adf+3bd (1+Fx2)) +

15d%/2 £2
iV3 (-5adf (3d+2f)+2b (9d*-6df+4f)) EllipticE|i ArcSinh| /e X}, E] -
~ 2 3d
i3 (3d-2f) (-6bd+2bf+5adf)EllipticF[i Arcsinh[ L2 X], 2F]
/2 3d

Problem 55: Result unnecessarily involves imaginary or complex numbers.
J -vVb2-4ac +2cx?
\/1+

dx

2cx? 14 2cx?

-b-+/b%-4ac -b++/b%-4ac
Optimal (type 4, 113 leaves, 2 steps):

Vb-b?-4ac (b+/b?-4ac | Elliptick[Arcsin[—2olex ], bulmac ]
Jb— fo? aac b+\/b2—43c

V2 e
Result (type 4, 104 leaves):

b-vVb?-4
_zjﬁa\/ c EllipticE[jAr‘cSinh[\/?\/ : X]: \/7“}
-b+

b2-4ac -b+vb%-4ac b+vb2-4ac
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Problem 56: Result unnecessarily involves imaginary or complex numbers.
J -vb2-4ac +2cx?
\/1+

dx

2
2cx? 14+ 2cx

b-+/b%*-4ac b+/b%-4ac
Optimal (type 4, 526 leaves, 5 steps):

b-bI_aac 1 rex (b \/'b 4ac)\/b +Vb2-4d4ac —29¢ — EllipticE[ArcTan| —L2fcx },72”’2’4“}
R A e oo pfiiase PR
14+ 2cx?
bi/b2-4ac \/7\/? b:[bzaac 2cx?

2cx?
1+ b+\/ b’-4ac
b+\/b2-4ac

(b b2-4ac ) \Vb+/b2-4ac e — EllipticF[ArcTan|[ —2<X 1, - Zm]
T v

1+ 2cx?

b2 2
_bfbraac i 1, 202
1t — b+y/b*-4ac

b+\/ b2-4ac

V2 e

Result (type 4, 203 leaves):

1 b-+b%2-4
- i (b+x/b2—4ac ) E1lipticE[i ArcSinh[v/2 . x|, -
V2 c -vb2-4ac b++Vb%2-4ac
b-/b%*-4ac

b-b2-4
2+/b?-4ac EllipticF[iArcSinh[+/2 : x|, ac |
-Vb?-4ac b++vb%-4ac

Problem 64: Result unnecessarily involves imaginary or complex numbers.
J(c+dx2)5/2\/e+fx2

a+bx?

dx

Optimal (type 4, 608 leaves, 14 steps):
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d (7ce*2‘%ez+3cdi) xVe+dx® (bc-ad) (bde+4bcf-3adf)xVc+dx?

15ber Fx? ’ 6% e Fx? )
d(bc-ad)xVcrdx? Ve+fx? 2d(de-3cf)xcrdx? Verfx? d>xVc+rdx? (e+fx?)??
3p? ) 15bf : 5bf )
Ve (15a2d*f2-5abdf (de+7cf) +b? (-2d?e’+12cdef+23c2 %)) \/c+dx? EllipticE[ArcTan[?X],ld:] /
e C

e (cdx) — +de3/2 (-40abcdf+15a%d?f+b?c (-de+34cf)) Vc+dx? EllipticF[Ar‘cTan[%}, 1—‘2—?:} )

c(e+fx2) e [cdnt)
153 ¢ F3/2 | eledX] eyl

c (e+fx?)

15 b* £3/2

(bc-ad)?e*2~/c+dx? EllipticPi] 1—— Ar‘cTan[Q}, 1-9¢]

e cf
| e (crdx?)
abdc+/f ec+fx2 e+ fx?
Cc (e

Result (type 4, 456 leaves):
1

15 a b* /% f2/c+dx® Ve+rfx?

~iabde (15a2d2f2—5abdf (de+7cf) +b? (—2d2e2+12cdef+23c2fz>) 1+

dx? fx? R , d cf
1+ ElllpthE[]L Arc51nh[ - x], —] -
c e c de

a (45a2bcd2f3—15a3d3f3+5ab2df(dzez—cdef—chfz) +b3 (2d3e3—13cd2e2f+11c2de-F2+15c3F3))

2
1+ EllipticF[i ArcSinh| 9x],:—’c]ﬂc ab’d 9x(c+dx2> (e+fx?) (11bcf-5adf+bd (e+3fx?)) -
e C e c
, 3 d x? f x? .. _.:bc . d cf
154 (bc-ad)’f (be-af) |1+ 1+ EllipticPi[—, i ArcSinh| | = x], —|

C e ad C de

| 523
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Problem 65: Result unnecessarily involves imaginary or complex numbers.
J(CerX2)3/2\/e+'FX2

a+bx?

dx

Optimal (type 4, 400 leaves, 7 steps):

2 ipti VFE x de
(bde+4bcf—3adf)x4/c+dx2 dxVerdx® Verifxl ﬁ(bde+4bcf—3adf) Ve+dx E111pt1cE[Ar‘cTan[ﬁ],l—cf]
N _
3p2/e+ fx? 3b
. 3p2/F [ eled®l e
s . A~ f de 2 . . . be F de
d(5bc-3ad)e*2+/c+dx? EllipticF|ArcTan| ﬁx}, 17ci} (bc-ad)?e¥2+/c+dx? E111pt1cP1[1fai,Ar‘cTan[ ﬁx}, 17;
+
3b2c/f e“ixz Vet fx? ab2cf ec*ixz Vet fx2
cle X cle X

Result (type 4, 346 leaves):

1 ) d x? f x2 L ] . d cf
~iabde (bde+4bcf-3adf) |1+ 1+ EllipticE[i ArcSinh|[ | = x], —] -
d e C de
3ab3 /g fcrdx® Ve fx?

d x? f x? d cf
a(—6abcdf2+3a2d2fz+b2(—d2e2+cdef+3c2fz>)\/1+ \/1+ EllipticF[i ArcSinh| | = x], —] +
c e c de

2 2
flavza |4 x(cedx) (esfx?) -3 (bcad)z(beaf>\/1+dx Jufx Ellipticei| 25, i arcsinh| | & x], €T
C c e ad c de

Problem 66: Result unnecessarily involves imaginary or complex numbers.

dx

J\/c+dx2 e+ fx2

a+bx?

Optimal (type 4, 321 leaves, 6 steps):



3 .. JE x de
Xmix/?\/?\/c+dx ElllptlcE[Ar‘cTan[ﬁ},lf ]
b\/e+'FX2 b e C+dX

c (e+'F x?)

Ve +fx?

de32+/c+dx2 ElllpthF[ArcTan[L]: 1- ‘Le] (bc—ad) e3/2+/c+dx? EllipticPi[l— Zf, Ar‘cTan[%], 1- ‘LE]

cf

e

cf

+

beF | el Veh abeVF [ ool verre
Cc (e X C (e+T X

Result (type 4, 184 leaves):

, d x? f x2 o ' . d cf
-1 [1+ 1+ abdeEllipticE[iArcSinh|[ | = x|, — ]+ (bc-ad)
C e d de

N . . d cf .. . bc . . d cf
afEllipticF|i ArcSinh| | = x|, —] + (be-af) EllipticPi[—, i ArcSinh|[ | = x|, —|
C de ad C de

Problem 67: Result unnecessarily involves imaginary or complex numbers.

J Verfx?
(a+bx2) Ve+dx?

dx

Optimal (type 4, 102 leaves, 1step):
e¥2+/c+dx? EllipticPi[1- :—i, ArcTan| @} ,1- d—e}

e cf

e (crdx?)
ac~/f [eleddl oy

c (e+fx?)

Result (type 4, 143 leaves):

, d x? f x? L . . d cf .. _..bc . d cf
-1 1+ 1+ afEllipticF|i ArcSinh| | = x|, —] + (be-af) EllipticPi[—, i ArcSinh| | = x|, —
C e C de ad C de

b\/?\/CerXZ \/e+-Fx2
c
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/ abz\/;\/mrdx2 \/e+fx2
c

1/
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Problem 68: Result unnecessarily involves imaginary or complex numbers.

I

a+bx?) (c+dx2)3/2

Optimal (type 4, 209 leaves, 3 steps):

Vd Ve +fx? EllipticE[Ar‘cTan[@], lfi} be3?2+c+dx? E111pt1cP1[ Ar‘cTan[@], 1—@]
NS de Ve cf
+
Ve (bc-ad) Vc+dx? ﬁ ac(bc-ad)Vf i?i; Ve+fx?

Result (type 4, 347 leaves):
1

d(-bc+ad) Verdx? Verfx?

f x? . . . . d cf . d x?
fex+ad ffx +iade 1+ EllipticE[iArcSinh| | = x|, —]+ia (-de+cf) |1+
e C de C
f x2 L _ . d cf , d x? f x? .. _./bc . d cf
1+ E111pt1cF[1 Ar‘cSmh[ — x], 7] +ibce |1+ 1+ E111pt1cP1[f, ]lAf‘CSlnh[ — x], 7] -
e C de C e ad C de
. d x2 f x2 .. _.:bc . d cf
iacf [1+ 1+ EllipticPi[—, i ArcSinh|[ [ = x], —|
C e ad @ de

Problem 69: Result unnecessarily involves imaginary or complex numbers.

iy

a+bx?) (c+dx2)5/2

Optimal (type 4, 401 leaves, 6 steps):



dxVe+fx?

c(bc-ad) (c+dx2)3/2

\/?(bc(Sde 4cf)-ad(2de-cf))Ve+fx? EllipticE[Ar‘cTan[—\L} 1-

e
NS de
.
3¢¥2 (bc-ad)? (de-cf) Verdx? E:Zi)
de32+/f /c+dx? EllipticF[Ar‘cTan[L] 1—de] b2e3/2+/c+dx? E111pt1cP1[ APcTan[@],l—gf]
+
3c? (bc-ad) (de-cf) :J(%z;i Ve+fx? ac(bc-ad)?/f liji; Ve+fx?
Result (type 4, 427 leaves):
1
3ac? l% (bc-ad)? (-de+cf) (c+dx?)>?Ve+fx2
(d
ac
c

3/2
] x(e+fx) (bc(6cde—5c f+5d2ex2—4cdfx2)+ad( 3cde+2c?f-2d?’ex?+cdfx ))—

2 2
jade(ad(zdecf)+bc(5de+4cf))(c+dx2)\/1+dx thx

d cf
EllipticE[iArcSinh[ | = x], —] -
C e C de

2 2
a(-de+cf) (2ad2e+bc(—5de+3cf)>(c+dx2)\/1+dx \/1+fx EllipticF[i ArcSinh| gx},;—f]—
c e \| ¢ e
2 2
3ibc® (be-af) (-de+cf) <c+dx2)\/1+dx \/1+-Fx EllipticPi[%, i ArcSinh| d x|, cf
c e a \| ¢

— ]

de

Problem 70: Result unnecessarily involves imaginary or complex numbers
J Ve+fx2
(

dx
a+bx2) (c+dx2)7/2

Optimal (type 4, 630 leaves, 9 steps):
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dxe+fx? d(bc(9de-8cf)-ad(4de-3cf))xe+fx? b2 /d e+ fx? EllipticE[Ar‘cTan[%],l—i]
- - - +
c(bc-ad) (c+dx2)5/2 15 c2 (bc—ad)2 (de-cf) <c+dx2)3/2

W(bc—ad) Ve +dx? ¢ (erf )

e c+dx2>

(\/d_ (ad (8d°e*-13cdef+3c?f*) -2bc (9d’°e®-14cdef+4c?f2)) \Je+fx EllipticE [ArcTan|

e+-Fx2
15c5/2(b de—cwC \Jc+dx?

<c+dx2)

+

de3’2+/f (bc (9de-11cf)-2ad (2de-3cf)) Vc+dx? EllipticF[Ar‘cTan[%}, 1—d—e]
e

15 ¢3 (bc—ad)z(de—cﬂ2 eledx) \fa i fx2

c (e+fx?)

b e32~/c+dx? EllipticPi[1- >%, ArcTan| @} ,1- 98]

cf
d
3| eledd) ey
c (e+fx?)

Result (type 4, 584 leaves):
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1

15ac3 /% (bc—ad)3 (de—c-F)2 <c+dx2)5/2\/e+fx2

adfx(e+fx2) (3c2 (bc—ad)z(de—cﬂerc (bc-ad) (-de+cf) (ad (4de-3cf)+bc(-9de+8cf)) (c+dx®) +

(abcd (—26d2e2+41cdef—11c2f2) +a?d? (8d2e2—13cdef+3c2f2> +b%c? (33d2e2—58cdef+23c2f2)) <c+dx2)2) -

d x? f x2
j(c+dx2)2\/1+ \/1+
C e
cf

b2 c? (33d2e?-58cdef+23c? ) ) EllipticE[iArcSinh[ | d x|, —] -

@ de

ade (abcd (—26d2e2+41cdef—11c2f2) +a?d? (8d2e2—13cdef+3c2f2) +

(de—cf) -a(2abcd’e (13de—14c-F) +atd3e (—8de+9cf) +b2c? (—33d2e2+49cdef—15c2f2)>

L ) . d cf .. _..bc . . d cf
EllipticF[iArcSinh| | = x], —]+15b°c® (be-af) (-de+cf) EllipticPi| —, i ArcSinh| | = x], —]
C de ad C de

Problem 71: Result unnecessarily involves imaginary or complex numbers.

d23/2 _F23/2
J(c+ x2)2'% (e + fx?) ix

a+bx?

Optimal (type 4, 659 leaves, 14 steps):
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(bc-ad)?f2xvc+dx* 2(bc-ad)f(2de-cf)xVc+dx? (3d?e?+7cdef-2c2f2) x/c+dx?

pdverfxd 307 de s fx ) 1564 e Fx? )
(bc—ad)fxx/c+dx2 e+ fx2 2(3de—cf)xx/c+dx2 e+ fx2 fx(c+dx2)3/2m
3 b2 i 15b : 5b )
VE x de

Ve (15a%d*f2-20abdf (de+cf) +3b? (d®e?+9cdef+c?f2))/c+dx? EllipticE[ArcTan|

J»1-—]

Je i

/

[15b3dﬁ /7(32“2)(2; e+ fx?
c (e+fx?

(bc-ad)?e*? (be-af)/c+dx? EllipticPi[1- b—i, ArcTan[@}, 1-49¢]

a Ve cf
abdc/f /%E%)L Ve +fx?

Result (type 4, 445leaves):
1

15 a b* /% fc+dx® Ve+rfx?

2 2
—Jiabe(15a2d2f2—20abdf(de+c-F)+3b2(d2e2+9cde-F+c2F2))\/1+dx \/1+fx EllipticE i ArcSinh]| gx],i]—
\| ¢

1503 c/F | &led¥l e Fx?

c (e+fx?)

C e de

d x?

ia (715a3d2f3+15a2bdfz (de+2cf) -3b3%e (d2e2+cdef—7c2fz) +5ab?f (d2 2—7cdef—3c2f2)) 1+
C

fx2 N _ d cf d
1+ EllipticF[i ArcSinh| | = x], d—] +flab? | = x(c+dx?) (e+fx*) (-5adf+3b(2de+2cf+dfx?)) -
e C e C
2 2
15i (bc-ad)? (beaf)z\/1+dx JMFX Ellipticpi[b—c, i ArcSinh | /9 x|, ﬂ]
c e ad c de

e¥? (15a2d?f+3b2c (8de+3cf) -5abd (3de+5cf)) Vc+dx? EllipticF[ArcTan[¥YEX], 1 d¢
e
N /
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Problem 72: Result unnecessarily involves imaginary or complex numbers.
Jm (e +Fx2)>2

a+bx?

dx

Optimal (type 4, 403 leaves, 7 steps):

2 . . f x de
f(4bde+bcf—3adf)xm ExVerd Verf \/?\/?(4bde+bcf—3adf)\/c+dx ElllpthE[Ar‘cTan[Lﬁ],l— ]
+ - +

3b2d/e+ f x2 3b e (crdx?)

3b%d (

Ve +fx?

Ve Af (5be-3af) Vc+dx? EllipticF[Ar‘cTan[@}, 1- di] c3/2 (be—a-F) Ve+fx? EllipticPi[1- d Ar‘cTan[@], 1- Q]

Ve cf Ve de
+

3p2 [ eledX) e ab2/d ecrdx? | clefX)

c (e+fx?) e c+dx2)

Result (type 4, 739leaves):
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abrc |4 efxiabtd | L efxiavie |4 ey

1
c c c
3ab3 % Verdx? Verfx?

d x?2 f x2 d cf

2 d 5 st : :
ab’d |~ f*x’>-iabe (4bde+bcf-3adf) [1+ 1+ EllipticE[i ArcSinh|[ | = x], —] -
C C e C de
- 2 4 £2 2 d x? fx? . . . d cf
ia(3a’df’-3abf (de+cf)+b’e(-de+dcf)) [1+ 1+ EllipticF[i ArcSinh|[ | = x], —] -
C e @ de
3 d x? f x? .. _..bc . d cf o d x? f x?
3ib3ce? |1+ 1+ EllipticPi|—, i ArcSinh[ | = x|, —] +3iab’de* |1+ 1+
C e ad C de C e
.. . bc . . d cf A d x? f x? .. . bc . . d cf
ElllptlcPl[f, 11Ar‘c51nh[ - x}, 7] +61abcef [1+ 1+ E111pt1cP1[f, 11Ar'c51nh[ — x], 7] -
ad d de C e ad c de
- d x? f x? .. _..bc . d cf L, 5 d x? f x?
6ialbdef |1+ 1+ EllipticPi[—, i ArcSinh|[ | = x|, —]-3ia’bcf® [1+ 1+
C e ad [« de ¢ e
.. _..bc . d cf 3o d x? f x? .. _./bc . d cf
ElllptlcPl[f, ILAF‘CSlnh[ - x}, 7] +31a’df 1+ 1+ E111pt1cP1[f, 11Ar'c51nh[ — x], 7]
ad d de d e ad C de

Problem 73: Result unnecessarily involves imaginary or complex numbers.

J (e+fx2)3/2 4
X
(a+bx2) Ve +dx?

Optimal (type 4, 328 leaves, 6 steps):
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P JE x de

2y JCrdx? ) Ve f3/2+/c+dx? EllipticE|ArcTan| ﬁx], 1-9%]
bdve+fx? e (crdx?)

bd c (e+fx?)

\/e+Fx2

e3/2\/?mEllipticF[Ar‘cTan[%], 1- ‘:f] ) e3/2 (be—af) mEllipticPi[l— Zf, Ar‘cTan[%}, 1- Sf]

e (crdx?) e (crdx?)
be [eledX) SN2 abcF | eledXl o Ex2

c (e+fx?) c (e+fx?)

Result (type 4, 184 leaves):

, d x? f x2 o ' . d cf
- 1\/1+ \/1+ abefEllipticE[iArcSinh|[ | = x|, — ]+ (be-af)
C e C de
afElLiptick[iarcsinh| | & x], S5] 4 (be-a#) Ellipticei[ 25, i arcsinh] | & x], <] / av? |4 \[crax Jer
C de ad c de C

Problem 74: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

j( (e +Ffx2)*? i

a+bx2) <C+dX2)3/2

Optimal (type 4, 224 leaves, 3 steps):

(de-cf) Ve+fx? EllipticE[Ar‘cTan[%}, 1- i} e¥2 (be-af) mElllptlcPl[l— oe Ar‘cTan[Q], 1- :—i}
- +
\/—\/—(bc—ad)\/c+dx2 :?:f) ac (bc-ad) \/— /i?if e+ fx?

Result (type 4, 492 leaves):
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1

abd (-bc+ad) Vc+dx? Ve+fx?

d d d d ; d , 5 d x2 £ x2
— |labd | — e?x-abc |— efx+abd |— efx®*-abc —fxfnabe(fde+cf) 1+ 1+
C C C C C C e

N . . d cf , d x? f x? L , . d cf
EllipticE[iArcSinh| | = x|, —]+ia(-acf’+be(-de+2cf)) |1+ 1+ EllipticF|[i ArcSinh| | = x|, —] +

C de C e C de

s d x? f x? .. _./bc . d cf . d x? f x?
ib“ce 1+ 1+ E111pt1cP1[f,11Ar‘c51nh[ fx],f}—21abcef 1+ 1+
C e ad C de C e

.. _..bc . d cf o d x? f x? .. _..bc . d cf
EllipticPi[—, i ArcSinh|[ | = x], — | +ia?cf® |1+ 1+ EllipticPi[—, i ArcSinh[ | = x|, —]
ad C de C e ad C de

Problem 75: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

j( (e +fx2)*? i

a+bx2) <C+dX2)5/2

Optimal (type 4, 391 leaves, 6 steps):
(de-cf) xVerfrd (bc(5de-cf)-2ad(de+cf)) Ve+fx? EllipticE[Ar‘cTan[%}, 1-<f

- +
3/2
c(bc—ad) <C+dX2) 3c3/2\/F<bC—ad)2m c (e+fx?)

e (c+dx?)

e3/2/f \/c+dx? EllipticF[Ar‘cTan[%], 1- ‘Z—i] be¥2 (be-af)Vc+dx? EllipticPi[1- Ar‘cTan[%], 1- gf]
+
3c2(bc-ad) elesdX) \SoTEy2 ac(bc-ad)?f eledX) JoEx2
c (e+fx?) c (e+fx?)

Result (type 4, 999 leaves):
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1

3ac? l% (bc—ad)2 (c+dx2)3/2\/e+fx2

d d)3/2 d d)3/2 d d d
3aZcd? fezx—6abc3[f] e?x+2abc? fefx+a2c3(f) efx-5abcd® | — e?2x*+2a%d® | — e?x?+5a%cd? | — efx®-
C C C C \| ¢ C C

d 3/2 d d 3/2 d d
5abc3(—J efx>+2abc? —-F2x3+a2c3(—) f2x3_-5abcd? efx +2a’d® |— efx’+2a%cd?* | — f2x°+
c c c c c
s (dV32 o dx2 f x2 L _ . d cf
abc [—] f2x>+iae(bc(-5de+cf)+2ad(de+cf)) (c+dx?) 1+ EllipticE[iArcSinh|[ | = x|, —] -
C e C de
5 d x2 f x2 L . . d cf
a(-de+cf) (5bce-2ade-3acf) (c+dx?) [1+ 1+ EllipticF[i ArcSinh|[ | = x|, —] -
C e C de
Ly 3 d x? f x? .. _./bc . d cf . 3 d x? f x2
3ibc’e 1+ 1+ ElllpthPl[f, JlAf‘CSlnh[ — x], f}+61abc ef |1+ 1+
C e ad C de C e
.. _..bc . d cf 5 3.0 d x? f x? .. _..bc . d cf
EllipticPi[—, i ArcSinh|[ | = x|, —]-31ia’cf [1+ 1+ EllipticPi[—, i ArcSinh| | = x|, —] -
ad C de C e ad C de
a2 d x? f x? .. _..bc . d cf , 5 5 d x? f x?
3ib2c?de?x? |1+ 1+ EllipticPi[—, i ArcSinh[ | = x|, —] +6iabc’defx® |1+ 1+
C e ad C de C e
.. . bc . d cf 9 ied 2 d x? f x2 .. . bc . d cf
EllipticPi[—, i ArcSinh[ | = x|, — ] -3ia’?c?df*x* |1+ 1+ EllipticPi[—, i ArcSinh|[ [ = x|, —]
ad C de @ e ad C de

Problem 76: Result unnecessarily involves imaginary or complex numbers.

J< e6x)?

a+bx2) (c+dx2)7/2

Optimal (type 4, 639 leaves, 9 steps):
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(de-cf) x\Ve+fx? (3bc (3de-cf)-2ad (2de+cf)) xVe+fx? b\/?(befaf) Ve+fx? EllipticE[Ar‘cTan[%},lf—

C

c(bc-ad) (c+dx2)5/2 15c2(bc—ad)2(c+dx2)3/2

\/?(bc—ad)3\/c+dx2

/

d x cf

\/? ])17;]

((ad (8d?e’-3cdef-2c’f?) -3bc (6d’e’-6cdef+c*f’))/e+fx* EllipticE|ArcTan|

+

e+-Fx2
[15c5/2\/?( c—ad de—C'F A/ c+dx?

(c+dx2)

e32+\[f (3bc (3de-2cf)-ad(4de-cf)) Vc+dx? EllipticF[Ar‘cTan[%], 1—d—e]
e

15c3(bc—ad)2(de—cf) eledx) \Ja i fx2

c (e+fx?)

b?e*?2 (be-af) Vc+dx? EllipticPi|1- Ar‘cTan[@} ,1-9¢]

Ve cf
e (crdx?)
ac(bc-ad) 3F | eledX] ey
cewcx2

Result (type 4, 570leaves):

c [e+fx?

e (c+dx?)
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1

15ac3 /% (bc—ad)3 (de—c-F) (c+dx2)5/2\/e+fx2

a\/?x(eJrfo) (3c2 (bc—ad)2 (de—c-F>2+c (bc-ad) (-de+cf) (3bc(-3de+cf)+2ad(2de+cf)) (c+dx?) +

(a2d2 <8d2e2—3cdef—2czfz) +3b%2c? (11d2e2—11cdef+c2f2) +2abcd (—13d2e2+3cdef+7c2fz)> (c+dx2)2> + 1 (c+dx2>2

d x? f x?
1+ 1+
e s . d cf
E1lipticE[iArcSinh|[ | = x|, —]+ (de-cf)
c de
EllipticF[i ArcSinh| d x|, ﬂ} -15bc? (be—a-F)ZEllipticPi[b—c, i ArcSinh| /9 x|, S]
C de ad C de

Problem 77: Result unnecessarily involves imaginary or complex numbers.

J (c+dx2)5/2 ;
X
(a+bx2) Ve +fx?

ae (—3b2c2 (11d2e2—11cdef+c2fz) +a?d? (—8d2e2+3cdef+2czfz) -2abcd (—13d2e2+3cdef+7c2fz)>

a <3b2c2e (11de—8cf) +atd%e (8de+cf) +abc (—26d2e2—7cdef+15c2f2))

Optimal (type 4, 621 leaves, 12 steps):
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d(bc—ad)x«/c+dx2 2d<de_2mc>xﬂﬁ+dxz PxVcrdx Verfxd d(bcfad)\/?x/chdx2 EllipticE[Ar‘cTan[%},l,_
- +

2./ 2 A/ 2 3bf
bsvVe+fx 3bfve+fx b2/ /e((mix;} Nrowvs
Cc (e+T X
2d+/e (de-2cf) Vc+dx? EllipticE[Ar‘cTan[@], 1-9¢] d (bc-ad) e Vc+dx? EllipticF[Ar‘cTan[@], 1- 492
Ve cf Ve cf
. _
3bf3/2 e(“zxz Ve +fx? b2 F [ eledx) C+:Xz Ve +fx?
cle X Cc (e X
2 T VE x de 3/2 2 2 S 3 DA bc Vd x cf
d\/?(de—Bcf) Ve+dx E111pt1cF[Ar'cTan[\E},l—cf] 2 (bc-ad)*Ve+fx E111pt1cP1[1—ad,Ar‘cTan[\E],l—de
+
3b 32 e(c*ix Verfx ab?/d evcrdx® | Sl e*sz)
e x? c+d X

Result (type 4, 350 leaves):

1 d x? f x2 d cf

-iabd’e (-2bde+7bcf-3adf) |1+ 1+ EllipticE[i ArcSinh|[ | = x], —] -
C e C de
3ab3 l% f2y/c+dx® JVe+fx2
2 2
iad (32202 .3abdf (de-3cf)+b? (2d%e®-Bcdef+9c2f)) |1+ 25 1.7 Enviptice[iarcsinn[ |2 x],;—f]+
c e c e
3/2 2 2
f abzcd[g] x (c+dx?) <e+fx2)—3i<bc—ad)3f 1+dx 1+fx EllipticPi[b—c,iAr‘cSinh[ d x|, i]
C C e ad C de

Problem 78: Result unnecessarily involves imaginary or complex numbers.

J <c+dx2)3/2 4
X
(a+bx2) Ve+fx?2

Optimal (type 4, 319leaves, 6 steps):



1.1.2 Quadratic.nb | 539

dxVeidx dve Vc+dx? EllipticE[Ar‘cTan[%}, 17d—e}

c+dx?

cf
- +
b+e+fx? R
v o [ttt erra
d/e Vc+dx? ElllptlcF[Ar‘cTan[L} 1—‘%} 3?2 (bc-ad) Ve+fx? EllipticPi[l—%, Ar‘cTan[%],l—;i}
c a c e
+
b/Ff /e“ixz Ve+fx? abydevc+dx? g%)i
Cc (e X e (c+d X

Result (type 4, 197 leaves):

. d x? f x? . _ ) d cf . . ) d cf
-]i 1+ 1+ abd?eEllipticE|iArcSinh| | = x|, —] -ad (bde-2bcf+adf) EllipticF[iArcSinh|[ | = x|, —]+
o e c de o de
(bc-ad)?fEllipticpi[ 25, i arcsinh| | & x], ¥ / av? |4 g ferdan \Jerfr
ad c de C

Problem 79: Result unnecessarily involves imaginary or complex numbers.

J Ve +dx?
(a+bx2) Verfod

dx

Optimal (type 4, 102 leaves, 1step):
c>2+/e+fx? EllipticPi[1- :—;, ArcTan| 3@} ,1- ﬁ}

N de

a/d evec+dx? < [erf?)

e (c+d xz)

Result (type 4, 143 leaves):

, d x? f x? L . . d cf .. _..bc . d cf
-1 1+ 1+ adEllipticF|i ArcSinh| | = x|, —] + (bc-ad) EllipticPi[—, i ArcSinh|[ | = x|, —| /
C e C de ad C de
d
b fJCerxZ \/e+-Fx2
c
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Problem 80: Result unnecessarily involves imaginary or complex numbers.

1
J dx
(a+bx?) Verdx? Vet fx?

Optimal (type 4, 100 leaves, 3 steps):

\-c \/1+dc—"Z \/1+‘ce—"2 EllipticPi[z—;, Ar‘cSin[@], ﬁ}

Vo 17 de

a/d Vcrdx? Ve fx?
Result (type 4, 101 leaves):

J'L\/1+M \/1+ﬁ EllipticPi[b—c, i ArcSinh| | d x|, i]
C e ad c de
a l% Verdx?: Verfx?

Problem 81: Result unnecessarily involves imaginary or complex numbers.

1
dx
J(a+bx2) (c+dx2)3/2\/e+1°x2

Optimal (type 4, 344 leaves, 5 steps):

d3/2+/e+fx? EllipticE [Ar‘cTan [ 3%] , 1- Zi]
c e

Ve (bc-ad) (de-cf)Verdx2 | ClefXl

e (c+dx?)

dv/e (bde-2bcfradf)Vcrdx? EllipticF[ArcTan[YEX], 1-9¢] p2c¥2+ e fx2 EllipticPi[1- ¢, ArcTan[Y2X], 1. <f]

Ve cf . N de
c(bc-ad)?VF (de-cf] [Ho0 Ve fx aVd (be-ad)teverax | cebd
c (e+fx c+d x

Result (type 4, 365 leaves):
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1

ad (-bc+ad) (de-cf)Vec+dx? Ve+fx?

d dy3/2 dy32 _ . d x? f x? L . d cf
= acd(—) ex+acd(—) fx*+iad’e |1+ 1+ EllipticE|i ArcSinh| | = x|, —] +
c c c c e

c de
. d x? f x? L . . d cf . d x? f x?
iad(-de+cf) [1+ 1+ EllipticF[i ArcSinh| | = x], —] +ibcde [1+ 1+
c e c de C e
.. _./bc . d cf L d x? f x? .. . bc . d cf
E111pt1cP1[f, ]lAf‘CSlnh[ — x], 7} -1bccf |1+ 1+ E111pt1cP1[f, ]lAI"CSlnh[ — x], 7]
ad C de c e ad C de

Problem 82: Result unnecessarily involves imaginary or complex numbers.

1
dx
J(a+bx2) (C+dx2)5/2\/e+'l:x2
Optimal (type 4, 435leaves, 8steps):
x Ve d*2 (bc (5de-7cf)-2ad (de-2cf)) Ve+fx? EllipticE[Ar‘cTan[%}, 1- i]

3¢ (be-ad) (de-cf) (crdxt)™ 362 (be-ad)? (de-cf)2erdnd | Clestel

e (C+d X2>

dv/e Vf (ad(de-3cf)-2bc (2de-3cf))crdx? ELlipticF[ArcTan[ ], 1 9]
e

+

3¢ (bcfad)2 (defcf)2 eledx) \fa i fx2

c (e+fx?)

b2~/ -c \/1+¢ \/1+‘ce—)‘2 EllipticPi[:—;, Ar‘cSin[@], <]

c _c de

avd (bc-ad)?/c+dx® e+ fx2
Result (type 4, 433 leaves):
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1

3ac? l% (bc—ad)2 (de—cf)2 (c+dx2>3/2\/e+1cx2

3/2
acd (*) x (e+fx?) (bc(-6cde+8c’f-5d’ex’+7cdfx?) +ad(-5c*f+2d’ex’+cd (3e-4Ffx*)))+
c

C e de

2 2
jadze(Zad(de—2c-F)+bc(—5de+7c-F))(c+dx2)\/1+dx \/1+fx EllipticE[i ArcSinh| 9x},ﬂ]Jr
\| ©

2 2
iad(-dexcf) (ad(zde3cf)+bc(5de+6cf))(c+dx2)\/1+dx \/1+-Fx Elliptick[i Arcsinh[ | 2 x], 5] -
C

C e de

2 2
31 b2 c? (de—cf)z(c+dx2)\/1+dx \/1+fx EllipticPi[b—c,iAr‘cSinh{ 9x],ﬂ]
C e ad C de

Problem 83: Result unnecessarily involves imaginary or complex numbers.

J( (c+dx?)>? i

a+bx?) (e+fx2)3/2

Optimal (type 4, 980 leaves, 14 steps):
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+

(bc-ad) (bde+4bcf-3adf)x\Vc+dx? (be(6d’e*-7cdef-c2f?) -af (8d2e?-13cdef+3c2f?))x\Vc+dx?

+

3b(be-af)?e+fx2 3ef (be-af)?e+fx?

(de—c1:)x(c+dx2)3/2 d(bc—ad)xx/c+dx2 e+ fx? d(a-F(4de—3c-F)—be(3de—2c1‘>)xx/c+dx2 Ve + fx2
+ +

e(be_af)w/e.;.fxz 3(be—a1‘)2 3ef(befaf)2

de]

2 . . :{fx
— 4 -F_ -F A ) - —
(bC ad) Ve (bde+ bc 3ad ) Ve +dx ElllpthE{ rc an[ ] 1
N cf

e

3b\/?<be—af)2 eledX] o X2

c (e+fx?)

v x d_e]

l1-

Ve cf

(be (6d”’e*-7cdef-c®f?) -af (8d°e*-13cdef+3c®f))+/c+dx> EllipticE[ArcTan|

/
de]

d(5bc-3ad) (bc-ad)e*2+/c+dx? EllipticF{Ar‘cTan[%], 1-22
e

d 2
3+/e /2 (be-af)? (e dx «/e+-Fx

C <e+-Fx2

3bcx/?(be—af)2 elcd®) . fafx2

c (e+fx?)

Ve (2adf<2de—3cf) -b <3d2e272cde'F73c2-F2)> Ve +dx? EllipticF[Ar‘cTan[%}, 1—‘:{]
.

3F/2 (be-af)? | el o fy2

c (e+fx?)

(bc-ad)®e’2+/c+dx? EllipticPi|1- f Ar‘cTan[%} , 1- g_i}

abcf (be—af)2 eledX] o fx2

c (e+fx?)

Result (type 4, 352 leaves):
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ab? l% ef? (be-af) Verdx? Ve fx2
2 2
iabde(adzef+b(2d2e22cdef+c2f2>)\/1+dx \/1+fx Elliptice[i Arcsinh| | & x], S5 -
c e C de
o d x? f x? L , . d cf
iad’e (be-af) (-2bde+3bcf-adf) [1+ 1+ EllipticF[i ArcSinh| | = x|, —] -
c e c de
2 2
flab? | (decf)zx(c+dx2)+j<bcad)3e~F\/1+dX Jufx Ellipticpi[b—c,jArcSinh[ d x], ﬂ}
4 e ad c de

Problem 84: Result unnecessarily involves imaginary or complex numbers.

(c+dx?)??
J(a+bx2) (e+Fx2)3?2 o

Optimal (type 4, 223 leaves, 3 steps):
(de-cf) Vc+dx? EllipticE[Ar‘cTan[%], 17%] c? (bc-ad) Ve+fx?* EllipticPi[1- Ar‘cTan[@] 1—%]

e

n|a

+

\E\F(be—af) i?:; Ve +fx? a/d e (be a-F Ve +dx? Z?:zz

Result (type 4, 304 leaves):

d ] d x? f x? L , . d cf
ab —f(de—cf)x(c+dx2)—1abde(—de+cf)\/1+ \/1+ EllipticE[i ArcSinh| —x],d—}—
\| ¢ c e \/c e

o d x? f x? L , . d cf
iad’e (be-af) [1+ 1+ EllipticF[i ArcSinh| | = x|, —] -
c e c de
2 2
j(bcad)zef\/1+dx \/1+fx Ellipticpi[ 25, i Arcsinn| | 2 x], ¥ / ab |2 ef(be-af)fordx? \JerFx?
C e ad c de 4
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Problem 85: Result unnecessarily involves imaginary or complex numbers.
J Ve+dx?
<

a+bx2) (e+fx2)3/2

dx

Optimal (type 4, 209 leaves, 3 steps):

VF AVe+dx? EllipticE[Ar‘cTan[@], lfdfe} bc32+e+fx? E111pt1cP1[ Ar‘cTan[@], 1—i]
Ve cf Je de
+
Ve (be-af) :J(%z}\/eﬁzxz avde(be-af)/c+dx? ﬁ

Result (type 4, 207 leaves):

d 5 ] d x? f x? L ] . d cf
-a |~ fx(c+dx’)-iade [1+ 1+ EllipticE[i ArcSinh|[ | = x|, —] -
C C e C de
2 2
i(bc—ad)e\/1+dx \/1+fx EllipticPi[bfc,iAr‘cSinh[ d x|, i] / a /9 e(be-af) \/c+dx2 \/e+1‘:x2
C e ad C de C

Problem 86: Result unnecessarily involves imaginary or complex numbers.

1
dx
J(a+bx2) Ve +dx? <e+fx2)3/2

Optimal (type 4, 344 leaves, 5steps):
£3/2/c+dx? EllipticE[ArcTan[*Ex], 1 d¢]

Ve cf ~
\/?(be—aﬂ (de—c-F) elerdX®) S E X2
c (e+fx?)
Ve Vf (2bde-bcf-adf) Vc+dx? EllipticF[Ar‘cTan[@}, 1-49¢] b?e¥?2+/c+dx? EllipticPi[1- Ar‘cTan[@}, 1-49¢]
Ve cf Ve cf
+
c(be-af)?(de-cf) iéii; Ve +fx? acVf (be-af)? i—g%g—\/eﬁ:xz

Result (type 4, 221 leaves):
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d _, 5 , d x2 f x2 L . . d cf
-a |~ fx(c+dx*) -iadef [1+ 1+ EllipticE[i ArcSinh|[ | = x|, —] -
c C e C de
2 2
Jibe(de+cf)\/1+dx \/1+fx EllipticPi[b—c,jAr‘cSinh[ 9x},i] / a 9e(fbeJrawc) (defcf)\/c+dx2 \/e+fx2
C e ad C de C

Problem 87: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J ! dx
(a+bx?) (c+dx2)3/2 (e+fx2)3/2

Optimal (type 4, 539 leaves, 8 steps):
b2/ f c+dx? EllipticE[Ar‘cTan[%], 1- dfe}

d? x

C (bc—ad) (defcf) Verdx? Vet fx?

(bc—ad)zx/?(befaﬂ eledx) \fa i fx2

c (e+fx?)

d/f (2bc2f-ad (de+cf)) Vec+dx? EllipticE[Ar‘cTan[%], 1—d—e}
e

c<bc—ad)2\/?(de—cf)2 eledx) o Fx2

e*Fx

dZ\E(bde—Bbc-FJrZad-F)\mEllipticF[ArcTan[%],l,%ﬁ b3 32 /e - Fx? EllipticPi|1- ArcTan[%},Li}
+
c(bc-ad)’*\/f (de-cf)? e fevdxt) “dxz Ve+fx? aVd (bc-ad)?e(be-af)Vc+dx? ¢ (exfx?] e“CXZ
c (e+fx?) e (c+dx?)

Result (type 4, 1284 leaves):

\/c+dx2 \/e+1‘:x2

d3? x 3 x

c(bc-ad) (-de+cf)? (c+dx?) e(be-af) (de-cf)? (e+fx?)

1
. . . d cf .. , . d cf
EllipticE|i ArcSinh|[ | = x|, —| - EllipticF[i ArcSinh[ | = x|, —]
(¢ de c de

c(bc-ad)e(be-af) (—de+c1:)2\/c+dx2 Ve + fx2

2 2
\/(c+dx2> (e+-Fx2) Jibd3e3\/1+dx \/1+{X
C e




1.1.2 Quadratic.nb | 547

[ (9 [ dx] (e 2
C
DL g3 a2 d x? fx2 s . . d cf .. , . d cf
iad’ef |1+ 1+ E111pt1cE[11 Ar‘c51nh[ - x}, 7] —E111pt1cF[11 Ar‘c51nh[ - x}, 7]
C e C de C de
d
[/\/(c+dx2) (e+fx?) jbczdefz\/1+
C
N . . d cf .. _ . d
[ElllptlcE[l ArcSinh| | = x|, —] - EllipticF[iArcSinh| | = x]
d de [
2 2
[iacdzefz\/lerX \/1+-FX
C e
+ +

[ (9 [cvdx] [erFx)
c f
%\/(C+dxz> (e+fx2>
]].bCZde'Fz\/ J iz EllipticF[i ArcSinh]| /c x|, i] 21'1acd2e1‘:2J1+dc"2 J1+:"2 EllipticF[i ArcSinh| l% x|, i}

- +

[ (c+dx?) (e+Ffx?) ﬁ\/(c+dx2) (e+Fx2)

i b2 ¢ d? e3J J £C Ellipticpi[ e, iArcSinh[\Ex], <*]
a l% \/(c+dx2) (e+fx2)

+

/[\/g\/(c+dxz> (e+fx2)

.. . . d cf L _ . d cf
EllipticE[iArcSinh|[ | = x|, —| - EllipticF[i ArcSinh|[ | = x|, —|
c de d de

jbcheZF\/uW \/1+”2 EllipticF[i ArcSinh| [ ¢ x|, <F]
c e c de

/
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2jb2c2de2'FJ1 dxt J1+i E111pt1cP1[ 2¢, iArcSinh| [ 4 x], <£]
o c de
\/7\/ c+dx?) (e+fx?)
jbzc3ef2\/1+(1)(z \/1+f><2 E111pt1cP1[ C,JlAr‘cSmh[ /d x], Q}
e C de
a | ¢ \/c+dx2 ) (e+fx?)

Problem 88: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J = dx
<a+bx2) <C+dxz)5/2 (e+fx2)3/2

Optimal (type 4, 814 leaves, 11 steps):
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d? x

C (bc—ad) (de—cf) (c+dx2)3/2\/e+fx2

d2 (bc(5de-9cf)-2ad (de-3cf))x b% £3/2+/c + d x? EllipticE[Ar‘cTan[%}, 1—%‘2]

+

2 -~ 2 _ 2 2 2
3¢t (be-ad)® (de-cf) Ve dnt Ve fx® G2 e (beoaf] (de-cf) | TP eTE

c (e+fx?)

v x 17d7e]

\E]J cf/

bzx/?\/? (2bde-bcf-adf) mEllipticF[Ar‘cTan[%}, 17‘:—i]
e

d/f (bc <5d2e2—7cde-F—6c2-F2) —ad <2d2e2—7cdef—3c2fz)) A c+dx? EllipticE[Ar‘cTan[

d 2
[3c2 (bc—ad)zx/?(de—cf)3 (c+rdx v e+ fx?

c(e+1‘:x2 e
c(bc—ad)z(be—af)z(de—cf) eled) \foa i fx2
c (e+fx?)
dzx/?\/?<bc(7de—15cf)—ad(de—9cf))\/c+dx2 EllipticF[Ar‘cTan[%],l—‘c‘—i]
.
3c? (bc-ad)? (de-cf)’ e(:iz Ve + fx2
b% e3/2/c +d x? ElllptlcPl[ i’ Ar‘cTan[%},l—gfﬂ
c(bc—ad)zxﬁ(befaw“)2 %)L\/e+Fx2
Result (type 4, 2744 leaves):
d3 x d3 (—5bcde+2ad2e+1Obc2f—7ach)x £4x
\/c+dx2 \/e+-Fx2 - - " .
c(bc-ad) (—de+cw‘=)2(c+dx2)2 3¢? (bc—ad)z(—de+cf)3(c+dx2) e(be—af) (de—cf)3(e+-Fx2>

1
3¢? (bc—ad)ze (be-af) (—de+c-F>3'\/c+dx2 e+ fx?

2 2
51'1b2cd4e4\/1+dX \/1+fx
C e
d .
[ - \/(c+dx2) (e+Fx2> - 21abd5e4\/1+
\| ¢

J(c+dx?) (e+fx2)

L. ) . d cf Lo ) . d cf

EllipticE[i ArcSinh|[ | = x|, —| - EllipticF[i ArcSinh|[ | = x|, —]

c de c de

2 ‘FXZ
1+

e
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d

e T . d cf e T .
[ElllpthE [iArcSinh|[ | = x|, —] - EllipticF[i ArcSinh| | —
c

cf
de C X]’de]

2 2
lejb2c2d3e3f\/1+dx thx
c e
2 2
[ 9\/(c+dx2) (e+Fx?) 211abcd4e3f\/1+dx \/1+fx
c c e
. . . d cf .. . . d cf
[ElllpthE[l ArcSinh[ | = x|, —] - EllipticF[i ArcSinh| | = x|, —]
C de [ de
2 2
{Zia2d5e3f\/1+dx \/1+fx
c e
2
[ 9\/(c+dx2) (e+Fx?) \/1+FX
c e
e T . d cf e . . d
[ElllptlcE[l Ar‘cSmh[ — x}, 7] - E111pt1cF[1 Ar‘cSmh[ —
C de C
2 2
[7ja2cd4ezfz\/1+dx \/1+fx
c e
d
[/ J(crdx?) (e« fx2)
c
2 2
[3jbzc4def3\/1+dx \/1+-FX
c e
d
[ —\/(c+dx2) (e+Fx) 6jabc3d2ef3\/1+
c

+

d x?

C

+

1Ojabc2d3ezfz\/1+

cf
)

d x?
+
C

f x2
1+
e

e T . d cf e T ) d
ElllpthE[Jl Ar‘cSmh[ — x], di] - ElllpthF[Jl Ar‘cSmh[ — x],
(¢ e C

o , ld cf Y . d
EllipticE[i ArcSinh| | = x], d—] —ElllptlcF[JLAr‘cslnh[\/jx];
C e C

L _ d cf e s . d
[ElllptlcE[1 Ar‘cSmh[ - x], 7} —E111pt1cF[11 APCSlnh[ - X},

C de C

o ' d cf e s . d
ElllpthE[n Ar‘cSmh[ - x], di} —ElllptlcF[n Ar‘cSmh[ - X],

C e o

/[\/?\/(c+dx2) (e +Fx2)

cf
de

/[\/g\/(cndxz) (e+Fx?)

cf
de

]

/[\/?J(CMXZ) (e+Fx?)

cf
de

]

cf
de

]

/

/



[EllipticE[iAr‘cSinh[ /9 x|, Z—f] - EllipticF[i ArcSinh| /9 x|, ;—f] /[ /9 J(crdx®) (e+fx2)
C e C e C

[31a2c2d3ef3\/1+dxz Jlﬂcxz [EllipticE[iArcSinh[ 12 %], S5 CErlipticF[i Arcsinh] /9 X, <]
) )
C e C de d de
4]‘1b2c2d3e3-F\/1+chZ Jlﬁexz E1lipticF[i Arcsinh[ [ ¢ x], <f]
[ 1L [lerdx) (e
C

. _
l% \/(c+dx2) (e+fx?)
J'Labcd“e3’1‘:\/1+M \/1+i EllipticF[i ArcSinh| [ ¢ x], <F]
c e c de
/% \/(c+dx2) (e+fx?)
9jbzc3dzezfz\/1+ﬁ \/uﬁ EllipticF[iArcSinh[ [ ¢ x], <]
4 e 4 de
+
l% \/(c+dx2) (e+fx?)
Zjabc2d3e2f2\/1+dxz \/1+‘C"2 EllipticF[jAr'cSinh[ |4 x], Q}
c e c de
4
l% \/(c+dx2) (e+fx?)
]-l‘-,,chfle%cZ\/lJrM \/1+ﬁ EllipticF[iAr‘cSinh[ |4 X], g}
C e c de
l% \/<c+dx2) (e+fx?)

/

1.1.2 Quadratic.nb | 551



552 | 1.1.2 Quadratic.nb

3jb2c4def3J1+ﬁ Juﬁ EllipticF [i ArcSinh|[ [ ¢ x], <f]
c e c de
N
\/g\/(ordxz) (e+fx?)

15]1abc3d2ef3\/1+dx2 \/1+‘°X2 EllipticF[iArcSinh| | ¢ x], <f]
C e [« de

ﬁ\/(udﬂ) (e+fx2)

91‘1a2c2d3ef3'\/1+—d"2 \/1+’c—"2 EllipticF[i ArcSinh| /Q x|, ‘Cf}
c e c de
+

ﬁ\/(ude) (e +fx2)

31’1b3c2d3e4J1+d"2 JlJr’c"2 ElllpthPl[bc, ]lAI“CSlnh[ [ 4 x}, g]
e d c de

\/7\/ c+dx?) (e+fx?)

91’1b3c3d2e31‘:J1 axt \/1+’ce"2 ElllpthPl{b;,lAr'cSmh[ lc x|, <

[ 4 \/ c+dx2 e+fx2)

91'1b3c4de2f2\/1 dx* \/1+% E111pt1cP1[ ,iAr‘cSinh[ l% x|, <

(\/ (:+dx2 e+-Fx2)

31‘1b3c5ef3\/1 dx \/1+’CX2 E111pt1cP1[bc,1Ar‘c51nh[ |4 x], cf
e d c de

]

\/7\/ C+dX2 e+fx2)



1.1.2 Quadratic.nb | 553

Problem 89: Result unnecessarily involves imaginary or complex numbers.

dx

J(1+X2)3/2 2 + x2

a+bx?
Optimal (type 4, 242 leaves, 7 steps):
(a-2b) xV2+x®  x+/Tix® V2ix2 V2 (a-2b) V2+x? EllipticE[ArcTan(x], ]
e 3b ’

(3a-7b) V2+x* EllipticF[ArcTan(x], 2] (a-2b) (a-b)/2+x* EllipticPi[1- 2, ArcTan(x], ;]

+

342 b21+x2 20 V2 ab2+/1+x? 20¢

1+x2 1+x?

Result (type 4, 204 leaves):

! ab?x/1+x? y[2+x* +3ia(a-2b) bEllipticE[iAr‘cSinh[L}, 2] -
3ab? V2
ia(3a’-9ab+7b?) EllipticF|i ArcSinh[L], 2] +31ia’ EllipticPi[Q, jArcSinh[L], 2] -
V2 2 V2
. s pip2b . x . s pi2b . x . s pir2b . x
121 a®b EllipticPi[~—, i ArcSinh|——], 2] +15 i ab? EllipticPi[~—, i ArcSinh|[——], 2] - 6 i b® E1lipticPi| —, i ArcSinh|[—], 2|
a V2 a V2 a V2

Problem 90: Result unnecessarily involves imaginary or complex numbers.
Jmmd

a+bx?

X

Optimal (type 4, 192 leaves, 6 steps):
X2 %2 . V2 \/2+x? EllipticE[ArcTan[x], ﬂ . V2 +x? EllipticF[ArcTan[x], ﬂ ) (a-2b) V2 +x2 EllipticPi[1- g, ArcTan[x], ﬂ
bvV1+x?

bvV1+x? 2:x2 V2 b1+ x2 20¢ V2 ab1+x2 20

1+x2 1+x2 1+x2

Result (type 4, 71leaves):

1 1 b 1
i |-2abEllipticE|i ArcSinh[x], =]+ (a-b) |aEllipticF[iArcSinh[x], —| - (a-2b) EllipticPi|—, i ArcSinh[x], —|

V2 ab? 2 2 a 2 )J
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Problem 91: Result unnecessarily involves imaginary or complex numbers.

J V2 x2
V1+x? (a+bx?)

dx

Optimal (type 4, 58 leaves, 1 step):
2+/1+x? EllipticPi[1- 22, Ar‘cTan[%] , 1]

a

Result (type 4, 50 leaves):
i (a EllipticF[i ArcSinh[x], ﬂ - (a-2b) EllipticPi[S, i ArcSinh[x], i] )

2 ab

Problem 92: Result unnecessarily involves imaginary or complex numbers.
J V2ix?

(1+x2)3/2 (a+bx?)

dx

Optimal (type 4, 121 leaves, 3 steps):
V2 V2 +x% EllipticE[ArcTan(x], %] 2b+/1+x? EllipticPi|1- z?b’ Ar‘cTan[%], -1]

(a-b) Vi+x? % a(a-b) 2**"2\/2+x2
+X +X
Result (type 4, 122 leaves):
1 2x\V2+x? 1 1
T 2142 EllipticE[i ArcSinh([x], —| - i+/2 EllipticF[i ArcSinh(x], —] -
2a-2b| 1.2 2 2

b
i~/2 EllipticPi[—, i ArcSinh([x], —|+
a 2 a

2iV/2 b EllipticPi[g, i ArcSinh[x], %] ]
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Problem 93: Result unnecessarily involves imaginary or complex numbers.
J ra

(1+x2)5/2 (a+bx2)

dx

Optimal (type 4, 215leaves, 6 steps):
x V21X 2 (a-2b) V2+x? EllipticE [ArcTan[x], i]

+ —

(a-b)2y1ix |22

14+x?

3(a-b) (1+x%)%?

/2 \/2+x% EllipticF[ArcTan(x], ﬂ 2b2~/1+x? EllipticPi[1- 2?", Ar‘cTan[é], -1]

+

3 (a-b)Vi+x? 22 a(a—b)2 %\/2+x2

1+x%

Result (type 4, 357 leaves):

1 [SaZX\/1+X2 \V2+x2 —14abxA/1+x% A\2+x2 +6a2x3J1+x® Af2+x% —12abx®/1+x%> \J2+X% +

6a(a-b)* (1+x2)?

612 a(a-2b) (1+x?)*EllipticE[i ArcSinh([x], 1} ~iv2 a(4a-7b) (1+x?)?EllipticF[i ArcSinh(x], l] +
2 2

b 1 b 1
3i+/2 abEllipticPi[—, i ArcSinh[x], =] -61i+/2 b?EllipticPi[—, i ArcSinh[x], =] +

a 2 a 2
. 2 . . . b . . 1 . 2 2 . . . b . . 1
6i+2 abx E111pt1cP1[f, i ArcSinh[x], f] ~121+/2 b?x E111pt1cP1[f, i ArcSinh[x], f] +
a 2 a 2
. 4 . . . b . . 1 . 2 4 . . . b . . 1
3i+/2 abx E111pt1cP1[—, 1 ArcSinh[x], —] ~61i+2 b¥x E111pt1cP1[—, 1 ArcSinh[x], —]
a 2 a 2

Problem 94: Result unnecessarily involves imaginary or complex numbers.

dx

J\/2+dx2 V3 4+ fx?

a+bx?

Optimal (type 4, 298 leaves, 6 steps):
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2 . . f x 3d

FxVaidx V2 Vf N2+dx ElllptlcE[Ar‘cTan[Lﬁ ], 1-24]
bv3+fx?

3+f x2

3dV2+dx? EllipticF[ArcTan[%}, 1-24] 3 (2b-ad)V2+dx® EllipticPi[1- 2, Ar‘cTan[%], 1-24]

2f

+

VZ bVE |2 3 VZ abyE | 2 3 e

3+f x2 3+f x2

Result (type 4, 134 leaves):

1 73abdEllipticE[ler‘cSinh[\/?X], E] +
V3 ab2+/d V2 oo 3d
(-2b+ad) afEllipticF[ﬂArcSinh[ﬁX]: 21, (3b-af) Ellipticei[ >, “'"CSi”h[ﬁX}’ 2%

Problem 95: Result unnecessarily involves imaginary or complex numbers.

J V2 +dx2
(a+bx2) 3 fx2

dx

Optimal (type 4, 93 leaves, 1 step):

. . . 2b d 2f
27/3+ Fx? EllipticPi[1- 22, Ar‘cTan[%] ,1- 2]

V3 avd Vardx | 262

2+d x?
Result (type 4, 94 leaves):
i (adEllipticF[iArcsinh[YEX], 2£) . (2b-ad) EllipticPi[ 22, i ArcSinh[YeX], ﬁ])
2 ¥E3

2b
3d ad
V3 ab+/d

Problem 96: Result unnecessarily involves imaginary or complex numbers.

1
J dx
(a+bx2)\/2+dx2 \/3+fX2

Optimal (type 4, 49leaves, 1step):



EllipticPi[ 2%, ArcSin| f?] 2
V3 a+/-d
Result (type 4, 52 leaves):

i EllipticPi[2®, i Ar‘cSinh[%] , 2]

3d
V3 a/d

Problem 99: Result unnecessarily involves imaginary or complex numbers.

X

J\/cdx2 Ve + fx?

(a+bx2)2

Optimal (type 4, 359 leaves, 11 steps):
dx? ot s [ A/d x cf
NN P e e Ve d ll—dc Ve +fx? ElllpthE[APCSln[&],—de]

i
2a(a+bx2) [

2 f x2

2abyVc-dx 1+—e

\/?\/?(be+af>J1d:Z J1+{:2 EllipticF [Arcsin[Y4X], _<f]

Nr de

2ab2+vc-dx? e+ fx?

d \Jc de

\/?(bzce+a2d1c)\/1—dc—"2 \/1+‘ce—"2 EllipticPi[—:—c, Ar‘cSin[@},—ﬁ}

2a2b2+/d Ve-dx® Ve+fx2

Result (type 4, 422 leaves):
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1-9¢ J1, 2% EllipticE[iArcSinh[ [-¢ x], -<f
1 cex dex? cfx3 dfx® e < de
- + - +

2avc-dx2 Je+fx2 |a+bx? a+bx? a+bx* a+bx?

ic [-4¢ (be+a-F)J1—dX2 J1+H2 EllipticF[i ArcSinh| [-¢ x],—g}
c c e [ de

b2

ax: £x2 c [-4 =
e\/l : \/1+ > EllipticPi[- d,nArcslnh[ S x], -5

d 3/2
C

c\/d f\/ldxz \/1+‘sz EllipticPi[- %€, i ArcSinh[ [-¢ x|, - <F]
c c e ad c de
b2

Problem 100: Result unnecessarily involves imaginary or complex numbers.

dx

j\/c+dx2 Ve + fx?
(a+bx2)2

Optimal (type 4, 381 leaves, 8steps):

2 . . f x _d_e
Fx/cid XVCrdE Verifxl Ve Vf Vecrdx E111pt1cE[Ar‘cTan[Lr],1 ]
- + + +

2abe+fx? 2a (a+bx?)

2ab e_((%xi))_ e+ fx?
Cc (e+T X

d\/?\/?mEllipticF[Ar‘cTan[l%},1—d—e} \-c (che-ade)\/udc—Xz \/“TX ElllptlcPl[ Arcsln[%}, &
e

cf

+

bt [eledel o 2a2b2+/d Vc+dx2 Ve+fx2

c (e+fx?)

Result (type 4, 401 leaves):
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1 cex dex3 cfx3 dfx°
+ + + +

2avc+dx® Ve+fx2 |a+bx? a+bx? a+bx> a+bx?

/ \/ \/ —XZ EllipticE i ArcSinh]| /c x|, i] ic /% (be+af) \/1+dc—xz \/1+fe—xz EllipticF|i ArcSinh| l% x|, ﬁ]

b2

jceJndxz J1+fxz EllipticPi[ %S, i ArcSinh| [ ¢ x], <f] iac [¢ fJudxz J1+fxz EllipticPi[ 2, i ArcSinh[ [ x], <f]
c e ad c de c c e ad c de
+
b2
a |¢
C

Problem 101: Result unnecessarily involves imaginary or complex numbers.

1

J(a+bx2)2\/cdx2 Ve + fx?

dx

Optimal (type 4, 426 leaves, 11 steps):
L cf
b2x Ve dxE Verfx bve Vd _[1-9 e fx? ElllptlcE{Ar‘csln{ ], - 5]
+
a(bc+ad) (be-af) (a+bx?)
2a(bc+ad) (be-af) Vc-dx* |1

WW\/l-dC—XZ \/1+‘°T" EllipticF [Arcsin[Y4x], - <f]

N3 de

2a (bc+ad) Ve-dx? e+ fx?

Ve (b2ce-3a’df+ab (2de-2cH) \/ \/ +—" E111pt1cP1[ Ar‘cSln[%},—i]
C

2a2+/d (bc+ad) (be-af) Ve-dx? Verfx?

Result (type 4, 773 leaves):
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b2xc-dx2 Ve+fx? 1

- +

2a(bcrad) (-be+af) (a+bx?) 2a(bc+ad) (-be+af)Vc-dxZ Ve

) d x? f x2 L. ) . d cf L. ) . d cf
nbde\/l—— \/1+ [ElllpthE[lAl"CSlnh[ -= x|, - —] - EllipticF[i ArcSinh| |-— x], - —|
c e c de c de
jadf\/l—dxz\/1+‘cxz EllipticF[iArcSinh[ |- 9 x], - <f]
[ —E\/(c—dxz) (e+fx?) i - i °
\[ ¢

+ +
l—% J(c—dxz) (e+fx?)
jlbzce\/l-M \/1+ﬁ EllipticPi[-2¢, i ArcSinh[ [-¢ x], - <f]
C e ad [ de
a /—f \/(c—dxz) (e+Fx2)
Zjbde\/ldcxz Jlﬁexz Ellipticpi[- %, i ArcSinh[ [-¢ x], - <]
l—% \/(c—dxz) (e+Fx?)
21'1bc1:\/1—M \/1+i EllipticPi[- %€, i ArcSinh[ [ -9 x|, - <F]
d e ad c de
l—% J(c—dxz) (e+fx?)
Biadf\/l—ﬁ \/1+ﬁ EllipticPi[-2¢, i ArcSinh[ [-¢ x], - <f]
c e ad c de
l—% \/<c—dx2) (e+fx2)

/

J(c-dx?) (e+fx2)
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Problem 102: Result unnecessarily involves imaginary or complex numbers.

1
J dx
(a+bx2)2\/c+dx2 Ve + fx2

Optimal (type 4, 485 leaves, 8steps):
bfxc+dx? b2xVc+dx2 Ve+Ffx2

- +

2a (bc-ad) (be-af) Je:fxd 2a(bc-ad) (be-af) (arbxt]

bve vV Ve+dx? EllipticE[Ar‘cTan[l%], 1- g—ﬂ dve Vf Vec+dx? EllipticF[Ar‘cTan[%], 1-9¢]
e e

cf
N
2a(bc-ad) (be-af) eledx) \fafx2 2c (bc-ad) (be-af) eledx) \fo fx2
c (e+fx2) c (e+fx2)

V-c (bzc:e+3a2d-F—2ab(de+c-F))\/1+dcXz J1+f:2 EllipticPi[:f;,ArcSin[%},ﬁ]

2a2+/d (bc—ad) (be—a-F) Ve+dx? Ve+fx?

Result (type 4, 587 leaves):
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1

2a(-bc+ad) (-be+af)Vcrdx® e+ fx?

b2cex b?dex? b?2cfx® b2dfx® d d x? f x2 L . . d cf
+ + + +ibc |— e [1+ 1+ ElllptlcE[1Ar‘CSlnh[ - x}, 7] -
a+bx? a+bx?* a+bx? a+bx? c C e c de
. d d x? f x? L . . d cf
ic |~ (be-af) |1+ 1+ EllipticF[i ArcSinh|[ | = x|, —] -
C C e C de

+21bc e |1+

ib2ce [1+9¢ 1, 2% E1lipticPi[2S, i Arcsinh[ [ ¢ x], <F]
c e ad c de d d x? fx?
d 1
C

2jbch1+ﬁ J1+fxz EllipticPi[ %S, i ArcSinh[ |2 x|, <
cf c e ad c

L. orbc . d
EllipticPi[—, i ArcSinh[ | = x|, —] +

ad C de
| d
C

d x? f x? .. _.:bc . d cf
1+ E111pt1cP1[f, JlAr‘cSmh[ — x}, 7]
C e ad C de

3iac f |1+

n |

Problem 104: Unable to integrate problem.

dx

J\/a+bx2 Ve +dx?
Verfx2

Optimal (type 4, 545 leaves, 7 steps):
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e Vde-cf Varbx? [ <X E11ipticE[Arcsin| fdecfx ] (bcade
dxva+bx® e+ fx? \/7\/ Vas m P [ [@W} a(defcf)}

- +

2f+/c+dx? £ [eleoel e e

a (c+d x?)

bve (de-cf) Verdx? J—lz e E1lipticF[Arcsin|Ybe2fx | (oeadie ]

(a+b x?) rm (be-af)
2dfbe_af |2l o Fy?

cVe (bde-bcf- adf) Va+bx? < lesfx) EllipticPi[ je

e (c+dx?) decf’

2adf/de-_cf /i%)l Verfx2

Ar‘cSin[ de-cf x _ (bc—ad)c)e]

)
Ve /c+dx2 a(de-cf

Result (type 8, 36 leaves):

dx

j\/aerx2 Ve +dx?
e+ fx?

Problem 105: Unable to integrate problem.

J Ve +dx?
\/a+bx2 \/e+fx2

dx

Optimal (type 4, 163 leaves, 2 steps):

ce Va+bx2 M)L EllipticPi [

s Ar‘cSin[ de-cf x _ (bc—ad)e}

Je /c+dx2 ’ a (de-cf)
avde-cf |leX) Joeye

a (c+dx?)

Result (type 8, 36 leaves):

J Ve +dx?
Va+bx? e+ fx?

dx
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Problem 106: Unable to integrate problem.

J Vve+dx?
(a+bx2)3/2\/e+1‘:x2

dx

Optimal (type 4, 148 leaves, 2 steps):

e Ve +dx? a—(ﬂ)— EllipticE[ArcSin| ~Peafx 1, (bc adie]
x?) Je b2 (be-af)

avbe-af |2ed¥l o fx2

c (a+bx?)

Result (type 8, 36 leaves):
J* Ve+dx?
(a+bx2)3/2\/e+fx2

dx

Problem 108: Unable to integrate problem.

dx

J\/a+bx2 e+ dx?

(e+fx2)3/2

Optimal (type 4, 484 leaves, 8steps):

Ve Vde-cf Va+bx? EllipticE|ArcTan| fdecfx

(de-cf) xVa+bx?

Ve AJe+fx? ’

_(bc-ad)
a(de-cf)

]

- +

2 2
efvc+dx? Ve+fx o [clavel g
2 (crdx?)
c*2 (be-af)a+bx? EllipticF|ArcTan| de—cf x - “’C’ad)e]

e A/ e+fx? ’ a(de-cf)
aefde_cf |2l gy

a (c+dx?)

bc~e Va+bx? c—(ﬂ))— E111pt1cP1[

APCSln[ de-cf x _ (bc-ad)

)
Ve fcidx a(de-cf)

]

af-Jde-cf | <l0Xl o fx2

a (c+dx?)



Result (type 8, 36 leaves):

dx

J\/a+bx2 Ve +dx?

(e+1‘:x2)3’/2

Problem 109: Unable to integrate problem.

J Ve +dx?
Varbe (e fx2]??

dx

Optimal (type 4, 319leaves, 5steps):

(bc-ad) e

Ve Vde-cf Va+bx? EllipticE|ArcTan| 4ot

(de-cf)xVa+bx?

WW]’

a(de-cf)

]

_ 2 2 2
e(be-af)Vc+dx? Ve+fx e(be-af) clabx) ro e

a (c+dx?)

c*2~/a+bx? EllipticF[ArcTan| decfx - {beadie]

Ve A e+fx? ? adech
2
aeJde-cf |la®Xl o gy?

a (c+dx?)

Result (type 8, 36 leaves):
J Ve+dx?
Va+rbx? (e+fx?)?

dx

Problem 111: Unable to integrate problem.

dx

J\/c+dx2 Ve + fx?
\Va+bx?

Optimal (type 4, 541 leaves, 7 steps):

1.1.2 Quadratic.nb | 565
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Ve Vbc-ad | HedX) JaEye EllipticE[ArcSin| ~peadx | clbe aﬂ]
xVec+dx2 Ve+fx2 c (a+bx?) (bc-ad)

Ve AJarbx?
2+ a+bx? 2bvVeidx? a (erfx?)

e a+bx)

(bc-ad) Ve (2be-af)Vc+dx® M)L E111p‘c1cF[Ar‘c51n[J:’e:‘;xxZ (b;:‘:)f ]

2b2c~/be-af | 2ed¥l o fx2

Ar‘cSin[ bc-ad x c (be- af)]

v A/a+bx? (be-ad)

a(adf-b(de+cf)) Vc+dx? ae“cx) E111pt1cP1[

2b2+/c Vbc-ad /% Ve+fx2

ad’

Result (type 8, 36 leaves):

dx

j\/Cerx2 Ve + fx?
\Va+bx?

Problem 113: Unable to integrate problem.

J Va+bx?
Verdx?: Ve fx?

dx

Optimal (type 4, 159 leaves, 2 steps):
Ar‘c51n[ bc-ad x c (be- a‘F)]

2 a e+'Fx
avc+dx l -y ElllptlcPl P e ad
Ve +/bc-ad I‘LE%X;L Ve+fx?
C (a+b X

Result (type 8, 36 leaves):

J Va+bx?
Verdx? Verfx?

dx
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Test results for the 51 problemsin "1.1.2.6 (g x)"m (a+b x*2)"p (c+d x"2)"q (e+f x"2) r.m"

Problem 28: Result unnecessarily involves higher level functions.

dx

J (ex)™ (A+Bx?)

(a+bx2)2 (C+dx2>

Optimal (type 5, 206 leaves, 5 steps):
(Ab-aB) (ex)™" 1

;
2a(bc-adje(a+bx’) 2a>(bc-ad)’e (1+m)
2
(Ab(bc(1-m)-ad(3-m))+aB(ad(1-m)+bc(1+m))) (ex)*"Hypergeometric2Fi[1, 1+m) 3+m} 7b—X] -
2 2 a

d (Bc—Ad) (ex)m Hyper‘geometr‘iCZFl[l, 1?'", 3;'", _dez}

c (bc—ad)ze (1+m)

Result (type 6, 377 leaves):

) 1+m 3+m  bx* dx? 1+m 3+m  bx? dx?
acx (ex)"||A(3+m)*AppellF1| , 2,1, ,——,——}/ (1+m) |ac (3+m) AppellF1| , 2,1, e e
2 a C 2 a C
; 3+m 5+m b x? d x? 3+m 5+m b x? d x?
2x? |adAppellF1[—, 2, 2, , - —, - | +2bcAppellFl[~—, 3,1, —, - —, - —| +
2 2 a C 2 2 a C
5 3+m 5+m b x? d x? 3+m 5+m b x? d x? 5
B (5+m) x* AppellF1[——, 2, 1, e / ac (5+m) AppellFl| ——, 2, 1, s o m ] - 2x
2 2 a C 2 2 a C
5+m 7+m  bx? dx? 5+m 7+m  bx? dx? 2\ 2 5
adAppellFl[——, 2, 2, ,——, - | +2bcAppellFl[—, 3, 1, s m s =] /((3+m) (a+bx?) (c+dx))
2 a C 2 2 a C

Problem 29: Result unnecessarily involves higher level functions.

dx

J (ex)™ (A+Bx?)
(

a+bx2)3 (c+dx2)

Optimal (type 5, 342 leaves, 6 steps):
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(Ab-aB) (ex)™n (Ab (bc (3-m)-ad (7-m))+aB(ad(3-m)+bc (1+m))) (ex)" 1
+ +

4a(bc7ad>e<a+bx2)2 8a2<bc—ad)2e(a+bx2> 8 a3 (bc—ad)3e(1+m)
(Ab (a®d? (15—8m+m2) -2abcd (5—6m+m2) +b? c? (3—4m+m2)) +aB (b*c? (1—m2) -2abcd (3+2m-m*) -a*d? (3—4m+m2)))

1+m 3+m bx2. 92 (Bc-Ad) (ex)™Hypergeometric2Fi|1, 1;'“, 3*T'", _M}
(e x) "™ Hypergeometric2F1[1, , , - ] + c
2 2 a c(bc—ad)se(1+m)

Result (type 6, 377 leaves):

5 l1+m 3+m b x2 d x? 1+m 3+m b x? d x?
acx (ex)"||A(3+m)*AppellF1[——, 3, 1, ,——,——}/ (1+m) |ac (3+m) AppellF1l[——, 3, 1, A e
2 2 a C 2 2 a C
) 3+m 5+m b x2 d x? 3+m 5+m b x2 d x?
2x? |adAppellF1[~——, 3,2, —, - —, - | +3bcAppellFl[—, 4,1, —, - —, - —| +
2 a C 2 2 a C
5 3+m 5+m b x2 d x2 3+m 5+m b x2 d x? 5
B (5+m) x> AppellFl[ ——, 3,1, —, - —, - —| / ac (5+m) AppellF1| , 3,1, s -y -] - 2x
2 2 a C 2 a C
5+m 7+m b x2 d x? 5+m 7+m b x2 d x?
(adAppellFl[L, 3,2, — =, -2, oS ] s 3bcappellFl T, 4,1, S, 20 ST ]JJ/((3+m) (a+b52)? (c+dx?))
2 2 a C 2 2 a C

Problem 34: Result unnecessarily involves higher level functions.

dx

J (ex)™ (A+Bx?)
(

a+bx2) (c+dx2)2

Optimal (type 5, 205 leaves, 5 steps):

(Bc-Ad) (ex)b b (Ab-aB) (ex)"Hypergeometric2Fi|1, 1;'", 3;'“, —ba—xz} 1
+ +
2c (bc-ad)e (c+dx?) a(bc-ad)’e (1+m) 2c¢? (bc-ad)®e (1+m)
2
(bc(Bc(1-m)-Ad(3-m))+ad(Ad(1-m)+Bc(1+m))) (ex)*"Hypergeometric2Fi[1, 1;m, 3;m, _de]
Result (type 6, 377 leaves):
) 1+m 3+m  dx*? bx? 1+m 3+m  dx?2  bx?
acx (ex)" (A(3+m) AppellF1| , 2,1, R T /((1+m) ac (3+m) AppellF1| —, 2, 1, y e ——] -
2 C a 2 2 C a
3+m 5+m d x? b x? 3+m 5+m d x? b x?
2 x? (bcAppellFl[—, 2, 2, , - —, - | +2adAppellF1[—, 3, 1, , - —, —]] +
2 C a 2 2 C a
3+m 5+m dx? b x? 3+m 5+m dx? b x? ,
(B(5+m) x? AppellFl[ —, 2, 1, —, - ,-})/(ac(hm) AppellF1| , 2,1, s -y -]~ 2x
2 2 [« a 2 C a
2 2 2 2
(bcAppellFl[S%m, 2,2, 7;"', -d—x, _bx ]+2adAppe11F1[5ﬂ, 3,1, 7+—m, -d—x, -b—x] ]J]/((3+m) (a+bx?) (c+dx2>2)
c a 2 2 c a
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Problem 35: Result unnecessarily involves higher level functions.

dx

J (ex)™ (A+Bx?)
(

a+bx2)2 (c+dx2)2

Optimal (type 5, 304 leaves, 6 steps):

d (Abc-2aBc+aAd) (ex)" (Ab-aB) (ex)™n" 1
+ +
2ac(bc-ad)?e (c+dx?) 2a(bc-adje(a+bx’) (c+dx’) 2a%(bc-ad)’e (1+m)
2
b (Ab(bc(1-m)-ad(5-m))+aB(ad(3-m)+bc (1+m))) (ex)""Hypergeometric2Fi|1, 1+m, 3+m’ —bix]—
2 2 a
2
! d(bc(Bc(3-m)-Ad(5-m))+ad(Ad(1-m)+Bc (1+m))) (ex)""Hypergeometric2F1[1, 1+m, 3+m} _d_x]
2¢? (bc-ad)’e (1+m) 2 2 c

Result (type 6, 375leaves):

5 1+m 3+m b x2 d x2 1+m 3+m b x?2 d x2
acx (ex)"||A(3+m)*AppellF1[——, 2, 2, ,7—,7—}/ (1+m) |ac (3+m) AppellFl|——, 2, 2, e e
2 a C 2 a C
5 3+m 5+m b x2 d x2 3+m 5+m b x2 d x?
4x* |adAppellF1| —, 2, 3, , ——, - | +bcAppellF1| —, 3, 2, s m——y — ] +
2 a C 2 2 a C

; 3+m 5+m b x? d x? 3+m 5+m b x? d x? 5
B (5+m) x* AppellF1|——, 2, 2, e / ac (5+m) AppellFl[——, 2, 2, s oy — | - 4x

2 a c 2 2 a c

5+m 7+m b x? d x? 5+m 7+m b x? d x?
(adAppellF1[+, 2, 3, ;,—7,— ]+bcAppellF1[;, 3, 2, ;,— , -] ]]]/((3+m) (a+bx2)2(c+dx2>2)
2 2 a C 2 2 a C

Problem 36: Result unnecessarily involves higher level functions.

dx

J (ex)™ (A+Bx?)
(

a+bx2)3 (c+dx2)2

Optimal (type 5, 491 leaves, 7 steps):
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d(A(4a2d?-b*c? (3-m) +abcd (11-m)) -aBc (ad (11-m) +bc (1+m))) (ex)™"
.

. 8a’c (bc-ad)’e (c+dx?)
(Ab-aB) (ex)™nm (Ab(bc (3-m)-ad (9-m))+aB(ad(5-m)+bc (1+m))) (ex)™" 1
+ +
a(bcfad)e(a+bx2)2(c+dx2) 8 a2 (bc—ad)ze(a+bx2) (c+dx?) 8 a3 (bc—ad)4e(1+m)
b(aB(b®c® (1-m?)-2abcd (5+4m-m?) -a*d* (15-8m+m?)) +Ab (a®d® (35-12m+m*) ~2abcd (7-8m+m?) +b*c® (3-4m+m*)))
1+m . 1+m 3+m b x2 1
(ex)™" Hyper‘geometr1c2F1[1, R , - +
2 2 a 2c? (bcfad)4e(1+m)
2
d*> (bc (Bc (5-m) -Ad (7-m)) +ad (Ad (1-m) +Bc (1+m))) (e x) " Hypergeometric2F1|1, 1+m, 3+m, dix}
2 2 C
Result (type 6, 379leaves):
" ) 1+m 3+m bx* dx? 1+m 3+m  bx? dx?
acx (ex) (A(3+m) AppellF1| , 3,2, e /((1+m) c (3+m) AppellF1| , 3,2, e e
2 a c 2 a c
5 3+m 5+m b x? d x? 3+m 5+m b x? d x?
2x (ZadAppellFl[, 3, 3, e | +3bcAppellFi| L4, 2, s m—— ~—] )+
2 C 2 a C
) 3+ 5+m X 3+ 5+m b x2 d x2
(B (5+m) x? AppellF1[ —, 3, 2, B )/( (5+m) AppellFl| —, 3, 2, e e
2 2 2 a C
) 5+m 7+m bx2 5+ 7+m b x? d x?
2x?* |2adAppellF1| —, 3, 3, ,7—,7 }+3bcAppe11F1[ , 4,2, s =y =] ]]]/((3+m) (a+b
2 a C 2 a C
x?)? (c+dx?)?)
Problem 41: Result unnecessarily involves higher level functions
(ex)™ (A+Bx?)
j dx
(a+bx?) (c+dx2)3
Optimal (type 5, 333 leaves, 6 steps):
(Bc-Ad) (ex)™n (bc(Bc(3-m) -Ad (7-m)) +ad (Ad(3-m)+Bc (1+m))) (ex)™"
+ +
c(bcfad)e<c+dx2)2 8 c2 (bc—ad)ze(c+dx2>
b? (Ab-aB) (ex)™" Hypergeometric2F1|1, 1;’", 3;"', —b:z] ) 1
8c3 (bc—ad>3e(1+m)
(3+2m-m?) +Ad (5-6m+m?)))

a(bcfad)3e(1+m)
Ad (5-m)) (3-m)-a*d®> (1-m) (Ad (3-m) +Bc (1+m))+2abcd (Bc
1+m 3+m dxz]

(b>c® (Bc (1-m) -

)

(e x) '™ Hypergeometric2F1[1, s
2 2 C
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Result (type 6, 377 leaves):

) 1+m 3+m  dx? bx? 1+m 3+m  dx?2  bx?
acx (ex)"||A(3+m) AppellF1| ,3,1, ,—7,—7}/ (1+m) ac(3+m)AppellF1[7, 3,1, A T
2 C a 2 2 C a
) 3+m 5+m d x2 b x?2 3+m 5+m d x2 b x?2
2x% |bcAppellF1[ —, 3, 2, , - —, - | +3adAppellfFi[—, 4, 1, s m s -] +
2 2 C a 2 2 C a
5 3+m 5+m d x? b x2 3+m 5+m d x? b x2 5
B (5+m) x?AppellFl[——, 3,1, —, - —, - —| / ac (5+m) AppellFi| , 3,1, s -y — ] - 2x
2 2 C a 2 C a
5+m 7+m d x? b x? 5+m 7+m d x? b x? ) 2\ 3
bcAppellF1[>—, 3, 2, ,———, -——] +3adAppellF1[>—, 4,1, ——, - ——, - =] /((3+m) (a+bx?) (c+dx?) )
2 2 C a 2 2 C a

Problem 42: Result unnecessarily involves higher level functions.

dx

J (ex)"™ (A+Bx?)
(

a+bx2)2 (c:+dx2)3

Optimal (type 5, 452 leaves, 7 steps):

d (2Abc-3aBc+aAd) (ex)™" (Ab-aB) (ex)n"
4ac(bc-ad)?e (c+dx?)? +2a(bc—ad)e(a+bx2) (c+dx2)2+
d(A(4b?c?-a*d* (3-m) +abcd (11-m)) -aBc (bc (11-m)+ad (1+m))) (ex)™" 1
8ac? (bc-ad)’e (c+dx?) +2a2 (bc-ad)*e (1+m)
b? (Ab (bc (1-m)-ad (7-m)) +aB (ad (5-m +bc (1+m))) (ex) ™ Hypergeometric2F1|[1, lem 3+em LRSS =
2 2 a 8c? (bc-ad)*e (1+m)

d(b*c® (Bc (3-m)-Ad (7-m)) (5-m) -a*d* (1-m) (Ad(3-m)+Bc(1+m))+2abcd (Bc (5+4m-m?)+Ad (7-8m+m?)))

1 . 1+m 3+m d x?
(e x) " Hypergeometric2F1[1, , » =]
2 2 c

Result (type 6, 379 leaves):
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) 1+m 3+m bx* dx? l+m 3+m  bx? dx?
acx (ex)™ | |A(3+m) AppellFl[——, 2, 3, ,—7,—7}/ (1+m) ac(3+m)AppellF1[7, 2,3, e e
2 a C 2 a c
5 3+m 5+m b x? d x? 3+m 5+m b x2 d x?
2x? |3adAppellF1| —, 2, 4, , - —, - | +2bcAppellFl|—, 3, 3, Y +
2 a C 2 2 a C
5 3+m 5+m b x? d x? 3+m 5+m b x? d x?
B (5+m) x* AppellF1[——, 2, 3, e / ac (5+m) AppellFl[——, 2, 3, e e
2 a C 2 a C

5 5+m 7+m b x2 d x2 5+m 7+m b x2 d x2
2x? |3adAppellF1| —, 2, 4, - —, - | +2bcAppellFl|—, 3, 3, ,—,—}]}]]/((3+m) (a+b
2

2 a C 2 2 a C

xz)2 (c+dx2)3)

Problem 43: Result unnecessarily involves higher level functions.

dx

J (ex)™ (A+Bx?)
(

a+bx2)3 (c+dx2)3

Optimal (type 5, 665 leaves, 8steps):
d(A(2a?d>-b*c? (3-m) +abcd (13-m)) -aBc (ad (11-m) +bc (1+m))) (ex)™"

N
8aZc (bc—ad)se (c+dx2>2

(Ab-aB) (ex)™™ (Ab(bc (3-m)-ad(11-m))+aB (ad (7-m) +bc (1+m))) (ex)™™
4a(bc-ad)e(a+bx?)? (c+dx?)? 8a? (bc-ad)?e (a+bx?) (c+dx?)?
(d (A(bc+ad) (b*c*(3-m)+a*d*(3-m)-2abcd(9-m))+aBc (2abcd (11-m) +b>c? (1+m) +a*d* (1+m))) (ex)l*'“)/

1
8 a3 (bc—ad)se (1+m)
b2 (aB (bzc2 (1-m*) -2abcd (7+6m—m2> - a%d? (35—12m+m2)) +ADb (azd2 (63—16m+m2) -2abcd (9—10m+m2) +b? c? (3—4m+m2>))

1 . 1+m 3+m b x? 1
(e x) **""Hypergeometric2F1 [1, R , - +

2 2 a 8c3<bc—ad)5e(1+m)
d* (b*c* (Bc (5-m) ~Ad (9-m)) (7-m) -a®d®> (1-m) (Ad (3-m) +Bc (1+m))+2abcd (Bc (7+6m-m*) +Ad (9-10m+m?)))

. . 1+m 3+m dx?
(ex)™" Hyper‘geometr‘1c2F1[1, s > —7]
2 2 o

+

(Sazc2 (bc—ad)“e <c+dx2)

Result (type 6, 375leaves):
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) 1+m 3+m bx* dx? l+m 3+m  bx? dx?
acx (ex)™ | |A(3+m) AppellFl[——, 3, 3, ,—7,—7}/ (1+m) ac(3+m)AppellF1[7, 3, 3, , - , - | -
2 2 a C 2 2 a C
5 3+m 5+m b x2 d x? 3+m 5+m b x2 d x?
6 x? |adAppellFl| —, 3, 4, , - —, - | +bcAppellF1[ ——, 4, 3, R +
2 a C 2 2 a C

5 3+m 5+m b x2 d x? 3+m 5+m b x2 d x? 5
B (5+m) x* AppellF1|——, 3, 3, e / ac (5+m) AppellFl[——, 3, 3, I

2 a C 2 a C

5+m 7+m b x2 d x? 5+m 7+m b x2 d x?
(adAppellFl{Jr, 3, 4, : , - —, - ]+bcAppe11F1[;, 4, 3, : Y ]]]/((3+m) (a+bx2)3 (c+dx2>3)
2 2 a C 2 2 a C

Problem 47: Result more than twice size of optimal antiderivative.

J(GX)m (a+bx?)P (A+BxX?) 4
X

c+dx?

Optimal (type 6, 162 leaves, 6 steps):

(Bc-Ad) (ex)™™ (a+bx?)P (1+ :i)‘pAppellFl[%m, -p, 1, Bm, 0 4]

_ 2 a C N
cde (1+m)
2\ -p . . . 2
B (ex)¥™ (a+bx?)P (1+ bTX) Hyper‘geometr‘1c2F1[1Tm, -p, 32"', —bTX]
de (1+m)
Result (type 6, 446 leaves):
a1p 5 1+m 3+m b x? d x? 1+m 34m b x? d x?
x (ex)" (a+bx*)? |-aBc (3+m)AppellF1[7,—p, 1, y - — ]+aAcd<3+m>AppellF1[7,—p, 1, , - , - |+
2 2 a C 2 2 a C
bx2)\P 5 1+m 3+m b x2 d x?
B |1+ (c+dx?) |ac (3+m) AppellF1| —, -p, 1, - —, - |+
a 2 2 a C
5 3+m 5+m b x? d x? 3+m 5+m b x? d x?
2x* |bcpAppellF1[~—,1-p,1, —, - ——, - ——] -adAppellF1[ ——, -p, 2, s m s =]
2 2 a C 2 2 a C
. 1+m 3+m b x2 5 1+m 3+m b x2 d x?
Hypergeometric2F1 | y -Ps y -] / d(1+m) (c+dx?) |ac (3+m) AppellF1[—, -p, 1, , - , - |+
2 2 a 2 2 a C
) 3+m 5+m b x? d x? 3+m 5+m b x2 d x?
2x? |bcpAppellF1|—, 1-p, 1, , - ——, -——] -adAppellF1|——, -p, 2, e
2 2 a C 2 2 a C

Test results for the 174 problemsin "1.1.2.8 P(x) (c x)*m (a+b x"2)"p.m"
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Summary of Integration Test Results

2916 integration problems

A - 1988 optimal antiderivatives

B - 36 more than twice size of optimal antiderivatives
C - 885 unnecessarily complex antiderivatives

D - 7 unable to integrate problems

E - 0 integration timeouts



